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Abstract: Analysis of a 3D spatial double physical pendulum system, coupled by two
universal joints is performed. External excitation of the mechanism is realized
by axial periodic rotations of the first joint of the pendulum. System of ODEs
is solved numerically and obtained data are analyzed by a standard approach,
including time series, phase plots and Poincaré sections. Additionally, FFT (Fast
Fourier Transform and the wavelet transformation algorithms have been applied.
Various wavelet basic functions have been compared to find the best fit, e.g. Morlet,
Mexican Hat and Gabor wavelets. The so far obtained results allowed for detection
ofa number of non-linear effects, including chaos, quasi-periodic and periodic
dynamics, as well the numerous and different bifurcations. Scenarios of transition
from regular to chaotic dynamics have been also illustrated and studied.

1. Introduction

This paper presents the model and its numerical simulations of a simple 3D double physical
pendulums, under variable axial excitations. The periodic torque in axial direction is the only external
force considered and realized as a variable angular velocity of the pivot point of first pendulum.
Damping force in each joint is modeled by introduction of linear damping characteristic.

Following the subject of current scientific publications related to the multiple physical pendulum
use and analysis one can say that it deals mainly with simplified constructions having specific
configurations. When searching for the available papers with regard to the pendulum model presented
here, we have not detected those considering a double pendulum as a system of rigid bodies, where
the only excitation source has been associated with axial vibrations.

Many papers aimed on investigations of the spatial pendulums mostly deal with the single
spherical pendulum and its variants, e.g. using a single rigid body cylinder model [1-3] or using
simple mathematical pendulum in space ([4], [5])-

More complex spatial pendulum configurations are studied as an objects of nonlinear analysis,
but rather to test or develop a control and stabilization techniques, e.g. general model of inverted
multiple mathematical pendulum control using single torque [6] or a moving cart [7] or inverted
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double rigid body pendulum being the most similar to the construction presented in our paper
but controlled by four external torques [8].

Another wide area of application of the pendulum models deals with damping and stabilization
phenomena. However here also one can found no spatial multibody pendulums, but rather simplified
mathematical pendulums, like a double mathematic pendulum model [9].

Lastly, multiple physical pendulums, often very complex, are sometimes used for modeling
biological systems, especially human limbs. One can see the natural similarity of these two (bio-)
mechanical systems. Unfortunately, in this scientific research pendulums are mainly used to map real
body movements, so the main goal is to develop a proper control algorithm, e.g. inverted pendulum
models of human gait [10] or to model some body characteristic by similar configuration
of pendulums, like kicking power calculated by a similar model of a double physical pendulum [11].

Some additional vibration analysis techniques, like Continuous Wavelets Analysis are also
presented in our paper. This investigation method is widely used in mechanical vibration analysis,
including chaotic dynamics of beams [12], gears and bearings fault detection methods ([13], [14]),
carrying out stability analysis during earth-quakes [15] or even brain oscillations effects using EEG
and wavelets [16].

This paper presents the results of numerical computations of a complex mechanical system using
both classical and non-classical (wavelets) techniques. A lot of nonlinear behavior effects of

the system is observed and discussed, using multiple graphical interpretation.

1.1. The Pendulum Model

Presented mechanical system consists of two simple physical pendulums connected by two universal
joints O; and O, (see Figure 1). Each single pendulum is treated as a rigid body having a mass m;
and moment of inertia approximated by an axially symmetric cylinder. Its length L; and the position
of center of masses e; are also known. The suspension joint of first pendulum can oscillate in two
directions (¢;and 6,) and additionally it rotates around vertical axis with variable in time angular
velocity.

The model takes into account a simple viscous damping characteristics in each joint described

by the following equations:
T
M, = [Mgg, — Mgg,, Mgy, — Mgy, Mag, — My, 1)

where M; are corresponding damping torques proportional to the angular velocities.
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Figure 1. Coupled pendulums.

Air resistance forces have been neglected owing to their small values comparing to the mass
and inertia forces occurring in the system. External source of exciting torque is applied to the point

of suspension of the pendulum as a variable angular velocity function
w(t) = wg + g sin(Q t), 2

where @ is a constant part of velocity [rad/s], q states for the amplitude [N-m] and Q stands
for frequency [rad/s].

Finding potential and kinetic energy of the system and using the Langrange equations
of the second kind, the govering equations of motion have been derived in an analytical way.

After performing several transformations to simplify their form, a set of four ODEs can be written

as follows
BN
$1 P1 P1 1 P1
M SRS A . B S R =0, 3
@ -lg |t 6, | 2Bl 6, |4, |TR| 6 ®)
P> P2 P2 ¢2J P2

where a = [62, 92,62, 92, 01¢1,0102,0,¢1,02¢,, ¢1¢2,6192]Tand M, A, B, R denote matrices

and vectors, here not defined explicitly (see Appendix).
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2. Numerical computations

Results of the numerical computations presented in this paper concern the following fixed parameters
(see Fig. 1) listed in Table 1.

Table 1 Numerical computation parameters.

simulation example
first joint second joint
weight of the pendulums [kg] m; =05 m, =0.5

""""""""""""""""""" ength [m] | L,=02 | 1,=02
”””””” position of the mass center [m] [ ;=01 | =01
""""""""""""""""""""""""""""""" 4=0002 | 1,=0002

moments of inertia [kg-m] ly1 =0.002 Iy, =0.002

1, =0.0001 1, =0.0001
 viscous damping coefficient [N-s/m] [ ¢;=01 | =01

The ODEs solving algorithm (named NDSolve[] in Wolfram Mathematica® package) is based
on higher order Runge-Kutta methods including automatic step control technique and other
computation performance improvements. Numerical results are automatically interpolated to any
chosen time step.

During numerical calculations, every first 400 s time steps were ignored as transient motions

and next 400 or more (if needed) were used as significant for the further analysis.

2.1. The Wavelet Analysis

Numerically computed results have been studied by a standard approach, including time series, phase
plots and Poincaré sections. Additionally, FFT (Fast Fourier Transform) and the wavelet
transformation algorithms have been used.

Various wavelet basic functions have been compared to find the best fit, e.g. Morlet, Mexican
Hat and Gabor wavelets. Detailed comparison showed that non-orthogonal Morlet wavelets [17]
(see equation (4)) are the most convenient for analysis of the studied mechanical system.
The Continuous Wavelet Transformation performed for this wavelets produces smooth wavelet
scalograms with clearly exhibited frequency variations keeping relatively fast numerical calculations.
This transformation is based on the following formula

W(©) = 1/4/7 cos(t m/2/1og (D)) expit-2) @
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3. Results

Here, a few representative results of classical nonlinear dynamics analysis combined with FFT
and wavelet continuous transformation are presented. All plots and diagrams have been generated
using Mathematica® package. It is important to mention, that there are three possible control
parameters that control a value of angular velocity function (see eq. (2)) — a constant part of angular
velocity wy [rad/s], the amplitude g [N'm] and the excitation angular velocity frequency Q [rad/s].
The periods number maps have been calculated for a constant q and variable woand Q while

bifurcation diagrams for variable control parameter Q and constant ¢ and «, are constructed.

3.1. Classical analysis vs. Continuous Wavelets Transformation

For wo = 6.5 rad/s, g =3 N'm, Q = 6 rad/s and very small initial deflection of the first pendulum
(6; =0.001 rad) the dynamical system finally tends to a stable quasi-periodic solution. The quasi-
periodic pulsation can be seen clearly in the phase plot shown in Figure 2b. For this case of non-
stationary nonlinear behavior, one can see an obvious advantage of the wavelet analysis, since
the resulting scalograms show a structure of scale variable of wavelet basic function corresponding
to frequency vs. time.

The dark horizontal line in the wavelet scalogram (Figure 2d) on scale level 5 represents
the quasi-periodic solution (after t = 300 s), while the dark regions in higher scales (before t = 300 s)
correspond to the transient behavior. In general, in wavelet analysis, the higher the scale value is
a lower frequency is represented. Similar observation holds for a 3D representation of this scalogram

reported in Figure 2e.

For higher amplitude of excitation q = 12 N-m, keeping constant wo = 0 rad/s and Q = 5.49 rad/s
our dynamical system exhibits chaotic behavior. It can be seen in the Poincaré sections in Figure 3a
and the in the phase plots in Figure 3b. The FFT analysis distinguishes one outstanding frequency

which is also seen in the wavelet scalogram marked by one darker horizontal region on scale level 3.
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Figure 2. Time series (a), phase plots (b), FFT analysis (c), wavelets scalogram (d) and the same
scalogram in 3D (e) for wo = 6.5rad/s, g = 3 N'm, Q = 6 rad/s.
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Figure 3. Poincaré section for 2000 s (a), phase plots (b), FFT analysis (c) and wavelets scalogram (d)
for 200 s (wo = O rad/s, q = 12 N-m, Q = 5.49 rad/s).

Last set of the presented results (see Figure 4) contains maps showing a number of periods,
which are combined with bifurcational diagrams for three different amplitudes of excitation.
The white horizontal line in the maps shows the path of control parameter changes in corresponding
bifurcational diagrams. The gray background of the maps represents one period vibrations, while
the dark regions, a maximum counted periods, which corresponds to chaos or a high-order quasi-
periodicity.
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Figure 4. Periods number in the plane (wo, Q) for constant amplitude g, after 400 s of transient
oscillations and bifurcation diagrams for ¢, with variable Q and constant value of wg
marked by white horizontal line on the maps. (a)-(b) for ¢ =3 N'm, (c)-(d) forg =5 N'm
and (e)-(f) forg = 7 N-m.

Observe that both charts presented in pairs in Figure 4, are complementary. The knowledge
of the number of periods provides a general information of the nature of system dynamical behaiour,
while bifurcational diagrams supply more complex data, but for a particular range of the control
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parameter. In Figure 4a one can see that the system shows no irregular vibrations over a large range
of low frequencies of excitation. Over wo~6 N-m, a clear line appears above which the system
transits to chaotic behavior. Presented bifurcational diagram (see Figure 4b) shows that in spite of the
quasi-periodic and chaotic dynamics, the wide window of period 2 oscillations occurs for Q € (3,6).
Similar observations can be made on the remaining pairs of images representing the results
of calculations for higher values of excitation amplitude g. Among others, for g =5N-m system

passes through a number of states of the multiple period, quasi-periodic and chaotic regions.

4, Conclusions

The present paper is an extension of the work published in reference [18], where a basic
nonlinear dynamic analysis and the announcement of the experimental rig has been introduced.
In comparison to the previous paper, here we have applied novel techniques for monitoring
of the system dynamics by studying nonlinear behaviour maps (humber of periods maps), as well as
the application of the wavelets transformation techniques, which have been adapted and compared
with the standard FFT methods.

The application of Continuous Wavelet Analysis to the investigation of chaotic vibrations of
the pendulums is a helpful tool to show and analyse systems behaviour vs. time including
a bifurcation diagrams vs. control parameter. The most important role in this type of investigation
plays the choice of the proper wavelet base function. The carried out tests and validation approves
indicated a Morlet wavelet as the best choice, which is confirmed by research devoted to ([12], [15],
[19], [20]).

In conclusion, it was noticed that the double system of physical pendulums despite the small
initial deflections (about 0.001 rad) shows an irregular behaviour at relatively low angular velocities.
In that conditions, we have been recorded numerous ranges of control parameters for which
the vibration character was periodic or quasi-periodic. These test conditions are important from
the experimental point of view. Chaotic behaviour obtained from the simulation on a real system
is dangerous, since test stand exhibiting chaos can be quickly damaged due to large amplitudes
of vibrations.

The developed model brought a good tool for analysis and prediction of nonlinear dynamics

of the presented in the previous work real pendulum. That will be the subject of a separate paper.
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Appendix
Full form of matrices and vectors M, A, B, R from equation (3) in Wolfram Mathematica notation.
M={

{Va Cos[@1(D)]> (2 lyg + Iy + I3 + 2 €2 my + €2 My + 2 L2 my + 4 e, Ly my Cos[0,(t)] Cos[pa(t)] + 1. Cos[2 pa(t)]) -
e, Lym Sm[2 (ﬂl(t)] Sln[(pz(t)] + Sln[(pl(t)]z (|13 + 1y Sln[02(t)]2 + COS[&z(t)]Z (|23 COS[(ﬂz(t)]z + ¢ Sln[(pz(t)]z)) -
la Cos[0x(t)] Cos[pa(t)] Sin[e:(1)] Sin[2 p2()],

Sln[az[t]] (1/2 COS[Hz(t)] ('|21 +2 |22 - |23 + 622 m; + Ia COS[2 (ﬂz(t)]) Sln[(ol(t)] + COS[(ﬂz[t]] (ez L1 my Sln[(pl(t)] + Ia
Cos[gy(t)] Sin[e(t)])),

Cos[6,(1)] Cos[gz(1)] (e2 Li mz Cos[ps(t)] - la Sin[pi(®)] Sin[po(t)]) + Cos[es()] (I Cos[pa(t)]* + los
Sin[p2()]*),Sin[02(t)] (Ip Sin[ea(t)] - €2 Ly mz Cos[pa(t)] Sin[2(t)])},

{Sin[02(t)] (5 Cos[B2(V)] (-los + 2 Iz - I3 + €22 My + I, Cos[2 ga(t)]) Sin[pa(H)] + Cos[ga(t)] (2 Ly M, Sin[py(t)] +
la Cos[g ()] Sinfe2(1)])),

lip + 1> my + Iy Cos[0x(1)]* + 2 e, Ly m; Cos[6(t)] Cos[ga(t)] + Cos[pa()]* (Li> M2 + lx3 Sin[02(H)]?) + (La> m2 + I
Sin[02(1)]) Sin[g2(D)]%,1a Cos[g2(t)] Sin[O(t)] Sin[ea(t)],

Iy Cos[Ox(t)] + e Ly my Cos[p(t)]}.{Cos[0a(t)] Cos[pa(t)] (e2 Ly mz Cos[pu(t)] - la Sin[pa(t)] Sin[ez(B)]) +
Cos[pa(t)] (I Cospa(t)]* + s Sin[p()]?),

la Cos[ga(t)] Sin[0x(t)] Sin[e2(t)],

le Cos[ga(t)]? + 1o Sin[2(t)]%,0},{Sin[O,(t)] (I, Sin[ea(t)] - €2 Ly mp Cos[ea(t)] Sin[e2(t)]).lr Cos[Ox(t)] + e, Ly m,
Cos[p:(1)],0,1}

A={
{0,

Sin[0(t)] (5 Cos[0:(t)] Cos[pr(V] (-lzs +2 bz - bos + 2 My + I Cos[2 po(1]) + Cos[pa(t)] (e2 Ly mz Cosfg(®)] - la
Sin[p:(0] Sinlp2(0D),

Cos[pa(D)] Sin[@2(1)] (-e2 Ly ma Cos[pa(t)] + la Sin[pa(t)] Sin[p2(D)]),
-e, Ly m, Cos[ei(t)] Cos[ea(t)] Sin[62(t)],

-2 (Cos[p1()]* (B2 Ly my + 15 Cos[6(1)] Cos[g2(V)]) Sin[pa(t)] - &2 Ly Mz Cos[Aa(t)]* Sin[ga(D)]* Sin[ga(t)] - &2 Ly M,
Sin[0>(D)]> Sin[p1(D]* Sin[e2(t)] + Cos[0(t)] Cos[pa(1)] (62 L M2 Sin[2 p1 (V)] - la Sinfe1(D]* Sin[eo(1)]) + 2
Cos[pi(t)] Sin[pa(t)] (2 lix - 2 Iz + g - Iy + Iz + 2 8.2 My + Ly? My + (lp + (822 - L1?) my) Cos[2 Oa(1)] + s
Cos[2 pa(1)] - l2s Cos[2 po(1)] + €2* My Cos[2 g(1)] + 2 Cos[O(1)]* (Ls* M - 123 Cos[eo(H)]? - I Sin[e2(1)]*)),

2 Sin[G2(t)] (V2 Cos[B2(t)] (-las + 2 Iz - 1oz + €27 Mz + I5 COS[2 2(1)]) Sin[pa(t)]* + Cos[p1(t)] Cos[p2(t)] (-2 Ly m;
Cos[ps(t)] + la Sin[ea(t)] Sin[ea(t)])),

2 (-Cos[ps(t)] Cos[pa(t)] (e2 Ly Mz Sin[f(]* Sin[pa(t)] + la Cos[ea()] Sin[pa(t)]) +Cos[Ox(H)]> Cos[pa(t)]
Sinfpa(t)] (-e2 Ly m Cos[ea(t)] + la Sin[ps(8)] Sinfea(t)]) - Cos[fx(t)] Coslea(t)] (la Cos[ex(H)]* Sin[es(B)] +
Sinfga(t)] (e2 Ly m; Cos[ps(B)] - la Sinfps(t)] Sin[e2(1)]))),

Sin[pa(t)] (-l2 Sin[Gx(D)]* - 2> M, Sin[Ga(B)]* - Cos[p(B)]* (Ie - lzs SIN[O(D]) - I Sinfp2(D)]* + Iy Sin[6(0)]?
Sinfga()]* + e2> M, Sin[B,(H)]* Sin[(H)]* + Cos[(D]* (Ib - 23 Cos[pz(H)]* - e Sin[gz(t)]*),

Sin[6,[t]] (Cos[g1(t)] (Ip + la Cos[2 g,(t)]) - 1. Cos[(t)] Sin[e1(t)] Sin[2 p2(t)]),
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Cos[GAAt] ((Is - 1a Cos[2 g2(1)]) Sin[pa(t)] - 2 €2 Ly m; Cos[ps(t)] Sin[p2(t)]) - 1a Cos[pa(t)] Sin[2 p2(1)]},

{Cos[p1(t)]? (e, Ly my + I, Cos[O4(t)] Cos[g(t)]) Sin[p2(t)] -e2 L1 my Cos[O4(t)]? Sin[p1(t)]? Sin[¢,(t)] - €2 Ly m;
Sin[62()]* Sin[e:(1)]* Sin[ea(t)] + Cos[A()] Cos[g2(t)] (e2 Ly M2 Sin[2 p1(B)] - la Sin[e:(H)]* Sin[e2(D]) + ¥4
Cos[e1(t)] Sin[e1()] (2 11 -2 liz + loa - loo + g + 2 €2 my + Ly my + (Iz2 + (€22 - Ls®) m2) Cos[2 65(1)] + 1
Cos[2 g(1)] - l23 Cos[2 p(t)] + €2> M2 CoS[2 2(t)] + 2 Cos[0x(D)]* (Ls> M, - |23 Cos[p(D)]* - e Sin[p2(D]%),

0,

la Cos[x(t)] Cos[p2(t)] Sin[g2(1)],
-€2 Ly my Sinfga(1)],

0,

Pz COS[Hz(t)]Z (-|21 +2 |22 - |23 + ezz m, + Ia COS[2 (ﬂz(t)]) Sln[(ﬂ1(t)] + Sln[(ol(t)] (COS[(pz(t)]2 (Ic + |23 Sln[gz(t)]z) +
|23 Sll"l[(ﬂz(t)]2 + Sln[ez(t)]2 (-|22 - ezz m, + Ic Sln[(ﬂz(t)]z)) + COS[Hz[t]] (2 (573 Ll my COS[gﬂz(t)] Sln[(/h(t)] + Ia
Cos[e(t)] Sin[2 ¢a(1)]),

-Sin[6(t)] (Cos[p1(t)] (Ip - 12 Cos[2 g(t)]) + Sin[e1(t)] (2 e2 Li m2 Sin[ga(t)] + 12 Cos[6a(t)] Sin[2 ¢2(1)])),
2 Sin[@(t)] (-2 Ly m Cos[pa(t)] + Cos[Aa(t)] (-22 - €22 M2 + I3 Cos[pa(t)]* + I Sin[p2(1)]?)),

2 (-e2 Ly my Cos[6,(t)] + 12 Cos[p2(t)] Sin[@2(1)]?) Sin[ga(t)],

(I - 1a Cos[2 ¢(1)]) Sin[6:(1)]},

{Sin[62(t)] (-(*2) Cos[G2(t)] (-la1 + 2 Iz - I3 + €22 M2 + Ia COS[2 g2(t)]) Sin[p1(t)]* + Cos[a(t)] Cos[p2(t)] (e2 Ly M2
Cos[pa(t)] - I Sin[ea(t)] Sin[e(t)])),

Sin[6x(t)] (e2 Ly mp Cos[ga(t)] + Cos[,(t)] (Ip - I2s Cos[@a(t)]? - I Sin[e2(1)]?)),

0,0,

-(%%) Cos[02(1)]? (-lzn + 2 1 - I3 + €2 My + 1, Cos[2 ¢,(1)]) Sin[ea(t)] - Sin[p1(t)] (Cos[e2(1)]? (I + I3 Sin[6,(1)]?)
+ s Sin[pa(H]2 + Sin[02(t)]? (-lzz - €2 My + 1. Sin[pa(t)]?)) - Cos[Ot]] (2 €2 L1 m, Cos[ga(t)] Sin[ea(t)] + 1
Cos[p:(B)] Sin[2 p2(D)]),

0,

-Cos[62(t)] (I + la Cos[2 ¢o(t)]) Sin[es(t)] - la Cos[ga(t)] Sin[2 pa(1)],

0,

(Ip + 12 Cos[2 po(t)]) Sin[G2(1)],

-la Sin[2 p2(1)]},

{Cos[ps(t)] Cos[e2[f]] (e2 Ly M2 Sin[6z(H)]* Sin[e(t)] + la Cos[ea(t)] Sin[pa(t)]) + Cos[O(t)]* Cos[pa(t)] Sin[ea(t)]
(62 Ly m; Cos[ps(8)] - I Sin[p(1)] Sinfg2(t)]) + Cos[6:(t)] Cos[es(t)] (la Cos[ez(H)]* Sin[e:(t)] + Sin[e2(1)] (2 Ly
mz Cos[p1(t)] - la Sinfps(H)] Sin[ex(H)]),

(€2 Ly my Cos[Oa(t)] - 1a Cos[ga(t)] Sin[O,(t)]?) Sin[e(t)],

la Cos[a(t)] Sinfe2(t)],

0,

Sin[G[t]] (Cos[pa(t)] (Io - la Cos[2 p2(B)]) + Sin[px(1)] (2 €2 Ly M Sinfg2(t)] + 1a Cos[62(8)] Sin[2 p2(1)])),
Cos[6a(t)] (In + Ia Cos[2 ga(t)]) Sin[py(t)] + la Cos[ps(t)] Sin[2 po(1)],

0,

~(Io + 12 Cos[2 pa(t)]) Sin[:(t)],
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{0,

-0 (Sin[61(t)] (Cos[p1(t)] (-2 e2 Ly mz Cos[pa(t)] Sin[Aa(t)] + 123 Cos[pa(D)]* Sin[2 Oa(t)] + Sin[2 62(1)] (-I2 - €2
m; + g Sin[pa(t)]?) + la SIn[0>(V)] Sin[e1(t)] Sin[2 p2(D)]) + 2 Cos[O1[t]] (Cos[@1(D)]* (2 l11 - 2 liz + 121 - 122 + 23
+2e?m+ L2 my+ (I + (822 - L) my) Cos[2 6x(1)] + la Cos[2 pa(t)]) + 2 Cos[G2(1)]* (I - 2 &2 Ly m, Sin[2
p1(1)] Sin[pa(t)] + Cos[p1()]* (L> My - I3 Cos[@a(t)]” - e Sin[@(t)]?) + Sin[pi()]* (-L> My + 123 Cos[ea(t)]* + I
Sin[p2(H)]*) + 2 (li2 + e1> My - Cos[pa(H)]* (-La> M + Ic Sin[pa(D)]* + Sin[G2(D)]* (-123 + Li*> m, Sinfes(1)]?)) - 2 €,
Ly mz Sin[62()]> Sin[2 pa(1)] Sin[e2(t)] + Li* Mz Sin[pa(D]* + 11 Sin[0:(H)]* Sin[eo(D)]* + €22 m, Sin[62(H)]
Sin[pa()]? - Sin[p1(t)]* (11 - liz + €1 My + I Sin[ga(1)]? - Sin[62(D]? (I - Ls*> m, Sinfg(1)]))) - 2 Cos[G[t]] (-4
e, Ly my Cos[gs(t)]? Cos[pa(t)] + la Sin[2 ¢1(t)] Sin[2 ¢,(1)]))),

oo ((A) (211 +2 13+ 262 My +2 (Iz1 - 2 Ip + I3 - €22 M) Cos[2 O2(1)] - 1a Cos[2 (Oa(t) - ¢2(1))] + 2 I21 Cos[2
92(1)] - 2 123 Cos[2 pa(t)] + 2 €22 My Cos[2 go(1)] - 121 COS[2 (0a(t) + 2(1))] + las Cos[2 (O(1) + ¢2(1))] - 2> M2
Cos[2 (Ox(t) + p2(t)]) Sin[62(t)] Sin[e:(t)] + Cos[A:(B)] Sin[G2(1)] (Cos[O2(V)] (-l + 2 Iz - Iz + €22 Mz + o
Cos[2 ¢(1)]) Sin[2 1(B)] + 4 Cos[g2(1)] Sin[e:(t)] (e2 Ly m2 Cos[gs(1)] - 1 Sin[e:(t)] Sin[g2(1)]))).

o (Sin[f.(t)] Sin[62(t)] (Cos[ps(B)] (I + la Cos[2 pa(t)]) - la Cos[O(t)] Sin[p:(t)] Sin[2 ¢x(t)]) + 1/4 Cos[H1[t]] (-2
Cos[6x(1)] (2 122 + 2 €22 Mz + 12 CoS[2 (pa(t) - p2(t))] - €2 Ly Mz COS[2 pa(t) - @2(t)] + Iz COS[2 (p2(t) + ()] -
23 Cos[2 (pa(t) + p2(t))] + €27 M2 CoS[2 (pa(t) + p2(1))] + €2 Ly Mz COS[2 pa(t) + p2(t)]) + Cos[p2(t)] (-8 €2 Ly m
Cos[py()]> + Ia (5 + Cos[2 G2()]) Sin[2 ¢a(t)] Sin[p(t)]) + la Cos[Gx(t)]* Sin[2 p1(1)] Sin[2 p2(1)]))}

{o (Sin[6:(1)] (Cos[pa(t)] (-2 e2 Ly m, Cos[pa(t)] Sin[Ox(t)] + l2s Cos[ga(t)]* Sin[2 O(t)] + Sin[2 Ox(1)] (-l22 - €2 M,
+ 1 Sinfp2(D)]%)) + la Sin[62(t)] Sin[pa(t)] Sin[2 g2(H)]) + 2 Cos[O1[t]] (Cos[pa(D]* (2 T11 - 2 l1g + la1 - 12 + 15 +
2e2my+ L2 my+ (I + (822 - L1%) my) Cos[2 6,(t)] + 1 Cos[2 p,(t)]) + 2 Cos[6(1)]? (I - 2 e, Ly my Sin[2 ¢4(t)]
Sin[p2(t)] + Cos[pi(D)]* (Li*> M2 - lzs Cos[gz(V]* - I Sin[p2(t)]?) + Sin[pa(D)]* (-Li> M2 + los Cos[pz(D)]* + I
Sin[p2()*) + 2 (I12 + €1> my - Cos[p2(t)] (-La> M2 + e Sin[p1(D)]* + Sin[2()]* (125 + Li> M2 Sin[e1(D]?) - 2 €2
Ly my Sin[@x(t)]? Sin[2 ¢1(t)] Sin[e2(t)] + L2 my Sin[ga(t)]* + 11 Sin[6x(1)]? Sin[ga(t)]? + €22 m, Sin[6,(t)]?
Sin[g2(t)]? - Sin[ea(t)]? (li1 - liz + €12 My + I Sin[p2(t)]? - Sin[62(1)]? (Ip - L2 m2 Sin[e2(t)]?))) - 2 Cos[6,[t]] (-4
€2 Ly m; Cos[gy(H)]* Cos[p2(t)] + I Sin[2 p1(8)] Sin[2 p2(D)]))).

0,

U4 o (-2 (-2 (Iz1 - 2 122 + I3 - €22 My) Cos[6(1)] + la Cos[O:(t) - 2 pa(t)] + 4 €2 Ly m Cos[p(1)] + 121 Cos[Oa(t) + 2
?2(0)] - 123 Cos[6a(t) + 2 p2(1)] + €22 Mz Cos[6(1) + 2 p2(1)]) Sin[6:(1)] Sin[62(1)] + Cos[6u[t]] (Cos[es(V)] (2 Io1 +
213 +2€7 My -2 (log - 2 1 + I3 - €2 My) COS[2 Oa(1)] + 4 €, Ly My Cos[O:(1) - p2(B)] + 121 Cos[2 (62(1) - pa(1))]
- l23 Cos[2 (6(1) - p2(1))] + €22 Mz Cos[2 (A1) - pa(L))] + 2 121 COS[2 p2(1)] - 2 123 CoS[2 9o(1)] + 2 €2> M, Cos[2
p2(8)] + 4 €2 Ly mp Cos[0a(t) + p2(t)] + la1 Cos[2 (62(1) + p2(1))] - 123 Cos[2 (6(1) + p2(1)] + €22 M, Cos[2 (6:(1) +
#2(1)]) - 4 12 Cos[0x(1)] Sin[ea(t)] Sin[2 ¢2(1)])),

o (-(*2) (4 &2 Ly m, Cos[6(t)] + 2 1. Cos[02(1)]> Cos[p2(t)] + la (-3 + Cos[2 0(t)]) Cos[p2(t)]) Sin[61(1)] Sin[e2(t)]
+ Cos[y(t)] Sin[2(t)] ((Ib - 1a Cos[2 2(1)]) Sin[p:(t)] - Cos[p:(B)] (2 €2 Ly m, Sin[g2(t)] + 1. Cos[Ax(1)] Sin[2
22O}

{U20 A Q Iy +2 g +2e2My+2 (g - 2 lpp + Ig - €22 My) Cos[2 Ga(t)] - 1o Cos[2 (Ba(t) - p2(t))] + 2 11 Cos[2
92(D)] - 2 123 Cos[2 p(t)] + 2 €22 Mz Cos[2 a(1)] - 121 COS[2 (Ba(t) + p2(t))] + los CoS[2 (a(1) + 02(1))] - €22 M2
Cos[2 (0a(t) + ¢2(t)]) Sin[0:(D)] Sin[p:(t)] + Cos[Ai(R)] Sin[Ox(t)] (-Cos[Oa(D] (-los + 2 1oz - Iz + €22 My + 1,
Cos[2 p2(1)]) Sin[2 pa(t)] + 4 Cos[pa(t)] Sin[pa(D)] (-e2 Ls M2 Cos[pa(t)] + la Sin[p1(B)] Sin[e2(1)])),

396



-1/ 4) ® (-2 (-2 (la1 - 2 l22 + 23 - €52 mp) Cos[G,(1)] + la Cos[a(t) - 2 2(t)] + 4 €2 Ly my Cos[pa(1)] + I21 Cos[Oa(t)
+ 2 ga(t)] - 123 Cos[0,(t) + 2 @a(t)] + 22 My Cos[B,(t) + 2 po(t)]) Sin[O4(t)] Sin[O(t)] + Cos[1[t]] (Cos[¢a(t)] (2
ln+2 13 +2e2my-2 (g -2 I + lpg - €22 my) Cos[2 O,(t)] + 4 e, Ly my Cos[O4(t) - p2(t)] + 11 Cos[2 (Oa(t) -
02(1))] - 123 CoS[2 (Oa(t) - @2(t))] + €22 My Cos[2 (O4(t) - @2(t))] + 2 151 CoS[2 @a(t)] - 2 13 COS[2 ()] + 2 €2 m,
Cos[2 po(t)] + 4 e, Ly my Cos[6,(t) + @a(t)] + 121 Cos[2 (Oa(t) + ¢2(t))] - l2s Cos[2 (Ba(t) + p2(t))] + €22 m, Cos[2
(0:(8) + 92(t)]) - 4 1a Cos[0>(D)] Sin[p:(B)] Sin[2 pa(1)])),

0,

® (1, + 12 Cos[2 p2(0)]) Sin[0:(t)] Sin[0(t)] - Cos[A[H] (Cos ()] Cos[pa(®)] (I + la Cos[2 p2(V)]) - la Sinfpa(0)]
Sin[2 p,(O1)},

{o (-Sin[6y(t)] Sin[0x(t)] (Cos[ps®] (s + la COS[2 p2(D)]) - la Cos[Bx(t)] Sin[ps(t)] Sin[2 px(t)]) + 1/4 Cos[64[t]]
(2 Cos[0:(t)] (2 1z + 2 2 M, + 1, Cos[2 (a(t) - p2(t)] - €2 L Mz CoS[2 g1(t) - 9] + lzx CoS[2 (a(t) + p2(0)]
- 123 Cos[2 (pa(t) + p2(1))] + €22 M2 Cos[2 (pa(t) + p2(t))] + €2 Ly m2 Cos[2 ga(t) + pa(1)]) - Cos[pa(t)] (-8 €2 Ly m2
Cos[p: (O + Ia (5 + Cos[2 O(t)]) Sin[2 pa(t)] Sinlpa(t)]) - I Cos[O:()]* Sin[2 pa(t)] Sin[2 p:(t)])),

-0 (-(1/2) (4 & Ly m, Cos[0(1)] + 2 la Cos[B()]* Cos[po(O)] + la (-3 + Cos[2 G(t)]) Cos[pz(B)]) Sin[6x(D)]
Sinfpo(t)] + Cos[6:(0)] Sin[B:(0)] ({1 - 1a Cos[2 ¢2(0)]) Sin[pa(t)] - Cos[pi(®)] (2 €2 Ly m; Sin[pa()] + I
Cos[2(1)] Sin[2 p()]))).

o (-(l + 1a Cos[2 p(B)]) Sin[6:(t)] Sin[6x(t)] + Cos[Au[t]] (Cos[Ox(t)] Cos[ea(t)] (I + la Cos[2 po(t)]) - 1
Sinfpa(t)] Sin[2 z(t)])),

0}

e

R={

1/8 (2 Ly 07 Sin[2 6,()] - 4 112 @2 Sin[2 1(8)] + 2 |13 0 Sin[2 O:(1)] - 12 w2 Sin[2 G1(1)] - 2 €22 my o Sin[2 Gi(1)] -
2 L12 mp @2 Sin[2 6;(t)] - 3 Iz @? Cos[x(t)]? Sin[2 6;(t)] - 4 e, Ly my @? Cos[O2(t)] Cos[g,(t)] Sin[2 O:1(t)] + 3 12
®? Sin[2 64(t)] Sin[6,(1)]? + 1/4 Cos[O1[t]] (-@? (-4 lp1 - 4 I3 + 4 €2 my - 12 (Iy; + I3 - €2 my) Cos[2 O,(1)] - 2
(I21 + 123 - €22 my) Cos[2 (Ba(t) - pa(t))] + 4 121 Cos[2 gi(t)] + 4 13 Cos[2 ()] - 4 €22 my Cos[2 pa(t)] - 2 11
Cos[2 (Oxt) + @u(1))] - 2 123 COs[2 (6(1) + p1(1))] + 2 &2° M, COs[2 (6(1) + pa1(1))] + 6 l21 Cos[2 (Ox(t) - pa(t))] -
6 I3 Cos[2 (B,(t) - pa(t))] + 6 €22 my Cos[2 (O(t) - pa(t))] + 121 Cos[2 (Ba(t) - @1(t) - 2(1))] - 123 CoS[2 (6a(t) -
?1(t) - @2(1))] + €2 My Cos[2 (62(1) - (1) - p2(t)] + 6 121 Cos[2 (ps(t) - p2(1))] - 6 123 Cos[2 (pa(t) - ¢2(t))] + 6
e2> My Cos[2 (pa(t) - @2(1))] + la1 COS[2 (O2(t) + @u(t) - p2(1))] - l2s COS[2 (6(t) + pa(t) - p2(1))] + &> M, Cos[2
(O2(1) + a(t) - p2(1))] - 12 11 CoS[2 (V)] + 12 153 CoS[2 pa(1)] - 12 €2> My COS[2 o(1)] + 6 121 Cos[2 (6(1) +
92(1))] - 6 123 Cos[2 (62(t) + pa(t))] + 6 2> M Cos[2 (O2(t) + 2(1))] + 121 COS[2 (6(1) - @a(t) + @2(1))] - 123 Cos[2
(62() - pa(t) + @2(t))] + 2> Mz CoS[2 (62(1) - pa(t) + @a(t))] + 6 a1 COS[2 (pa(t) + @2(1)] - 6 l25 CoS[2 (pa(t) +
92(1))] + 6 €27 my Cos[2 (pa(t) + a(t))] + 121 COS[2 (62(1) + pa(t) + 2(1))] - l2a COS[2 (62(1) + u(t) + pa(t))] + €2
m, Cos[2 (0a(t) + p1(t) + pa(t))]) Sin[6u(t)] + 32 €, g M, Cos[pa(t)] Sin[O2(1)]) - > Cos[pa(H)]* Sin[2 O1(1)] (2 111
-2 li3- 1+ 2e2m +2 L2 my + ly Cos[B,(1)]* + 4 e, Ly my Cos[0,(1)] Cos[ga(t)] - 122 Sin[62(1)]?) + 2 11y
Sin[2 6,(t)] Sin[ea(t)]? - 2 113 @* Sin[2 61(t)] Sin[ea(t)]? - 122 ©* Sin[2 64(t)] Sin[ea(t)]> + 2 €2 My ©* Sin[2 64(t)]
Sinfea(t)]* + 2 Ly my @? Sin[2 61(t)] Sin[ei(t)]? + |2 @* Cos[6x(1)]* Sin[2 61(t)] Sin[ei(t)]> + 4 €, Ly m; @
Cos[0,(t)] Cos[g(t)] Sin[2 O1(t)] Sin[e1(D)]? - 12 ©* Sin[2 O4(t)] Sin[6x(t)]*> Sin[e1(t)]> - 8 e, g m, Sin[4(t)]
Sin[p1(t)] Sin[p2(t)] + 4 €2 Ly m; 2 Sin[2 61(t)] Sin[2 pa(t)] Sin[e2(t)] + 2 Cos[pa(t)] Sin[6:()] (4e1gmi +4 g
Ly mp + 4 e; g mp Cos[64(t)] Cos[pa(t)] + 4 e, Ly m; @? Cos[g,(t)] Sin[61(t)] Sin[0,(t)] - 121 * Sin[61(t)] Sin[2
0,01 + 2 1oy @ Sin[0:(6)] SIN[2 o] - las @2 Sin[A2()] SiN[2 6oO)] + €22 My w? Sin[A:(D)] SIN[2 G(1)] + I, w2
Cos[p2(t)]? Sin[64(t)] Sin[2 O,(t)] - 11 @ Sin[61(t)] Sin[2 6(t)] Sin[ea(t)]* + s ®* Sin[64(t)] Sin[2 Gx(t)]
Sin[p2(t)]? - €22 mp @? Sin[O1(t)] Sin[2 0,(1)] Sin[e2(D]?) - 4 11 ©* Sin[Hy(t)]? Sin[6,(t)] Sin[e.(t)] Sin[2 ()] +
4 123 @ Sin[01(D)]* Sin[0>(V)] Sin[e1(1)] SIn[2 @o(1)] - 4 &> M2 w? Sin[61(1)]* Sin[O2(1)] Sin[e:(B] Sin[2 p(1)] + 2
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I3 @ Cos[0,(t)] Sin[2 0:(t)] Sin[2 ¢1(t)] Sin[2 ¢2(t)] - 2 I3 @ Cos[Bx(t)] Sin[2 64(t)] Sin[2 @a(t)] Sin[2 @, ()] +
2 822 m; o Cos[0:(1)] Sin[2 6:(1)] Sin[2 p:(1)] Sin[2 p(1)] - 4 @ Cos[O1(D)]* Sin[02(B)] (Cos[pa(D)] (2 e, Ly m;
Cos[ga(t)] + Cos[Aa(t)] (-l + 2 152 - 123 + &2 My + I COS[2 p2(1)])) - la Sin[s(1)] Sin[2 p(V)])),

1/8 (8 g Cos[61(t)] ((ex my + Ly my + e, m, Cos[6,(t)] Cos[g(t)]) Sin[ei(t)] + e2 m, Cos[ei(t)] Sin[e2(t)]) - 1/4 w?
Cos[Oi(D1> (8 l11-8 iz +2 1oy -4 1+ 2 I3+ 82 My - 2822 My + 8 Ly> My + 4 Iz Cos[0a(1)]? - 2 (1 + I3 - €22
m,) Cos[2 6(t)] + 11 Cos[2 (6a(t) - @a(t))] - 125 CoS[2 (Ba(t) - ¢2(t))] + €22 M, Cos[2 (Oa(t) - ¢2(t))] + 16 €, Ly m,
Cos[6x(t)] Cos[2(t)] + 6 Iz CoS[2 p2(t)] - 6 I23 CoS[2 @a(t)] + 6 €2> Mz Cos[2 p2(t)] + la1 Cos[2 (Oa(t) + p2(1))] -
Iz Cos[2 (Ox(t) + ¢2(1))] + e2> Mz Cos[2 (Oa(t) + p2(t))] - 4 122 Sin[02(1)]?) Sin[2 @1(1)] + 8 Cos[2 pu[t]] (2 €2 Ls
m2 Sin[ga(t)] + la Cos[62(1)] Sin[2 ¢2(1)])) - V2 ? (Cos[0:(H)]* (la Cos[2 Ox(t)] Cos[2 pa(1)] Sin[2 p1(t)] + (21 +
a3 - €2 Mz - (l21 + I3 - €2° M) Cos[2 Bx(1)] + 3 1a Cos[2 p(1)]) Sin[2 ¢a(t)] + 4 Cos[e[t]]* (2 e2 Ly M2 Sin[gpo(t)]
+ 1o Cos[62(t)] Sin[2 2(t)])) - 2 (Ia Cos[e2()]* Sin[2 6:(t)] Sin[2 6x(1)] Sin[e(t)] + 4 2 Ly my Cos[p(t)] (Sin[2
01(8)] Sin[62(1)] Sin[g1(1)] - Cos[6x(D)]* Cos[O2(1)] SIN[2 p1(t)]) + 2 Sin[2 Out]] ((-3 los + 4 l22 - ls + &2 Mz + 1o
Cos[2 p2(1)]) Sin[2 Ox(1)] Sin[pa(t)] + 4 1a Cos[e(t)] Sin[G2(t)] Sin[2 2(1)]) - CoS[OLI]* (2 111 - 2 113 - 12 + 2
8> My + 2 Ly® my + I, Cos[2 6x(1)]) Sin[2 pa(t)] - 2 Sin[eu[t]]* (2 €2 Ly m2 Sin[p2(t)] + 1. Cos[x(t)] Sin[2
20D,

1/8 (-2 w* Cos[6(1)]? Cos[1(t)] (-la1 + 2 155 - 13 + €22 My + 1, CoS[2 g,(t)]) Sin[2 61(t)] - €2 M, (-6 Ly 0* +2 Ly 0?
Cos[2 6:(1)] - 4 g Cos[64(t) - pu(t)] + Ly @ Cos[2 (0u(t) - @u(1))] + 2 L1 @ Cos[2 ¢s1(t)] - 4 g Cos[01(t) + p2(D)] +
L1 @ Cos[2 (61(t) + pu(t))]) Cos[p2(t)] Sin[f2(t)] + 2 la > Cos[pu(t)] Cos[p2(t)]* Sin[2 61(t)] Sin[6()]* + ©*
(Cos[ps(t)] (-3 lar +4 12 - I3 + €22 Mz + 15 Cos[2 o(1)]) Sin[2 61(1)] Sin[02(1)]* - 2 12 Cos[O1(1)]* Cos[e1(D]?
Sin[2 6,(t)] - 1/4 15, (-6 + 10 Cos[2 6,(t)] + Cos[2 (64(t) - p1(t))] + 2 Cos[2 ¢1(t)] + Cos[2 (61(t) + ¢s1(1))]) Sin[2
G201 + 2 1, Cos[01(D]* Sin[6(t)] Sin[2 ¢1(t)] Sin[2 2(t)]) + Cos[O:[t]] (4 e2 m, Cos[g2(1)] (2 g Sin[6:(1)] - Ly
o Cos[ps(t)] Sin[2 61(1)]) - 2 la @ (-2 + 6 Cos[2 Ou(t)] + Cos[2 (61(t) - po(t))] + 2 Cos[2 pa(t)] + Cos[2 (6a(t) +
o1 O)]) Cos[oa®]? Sin[0:(0] + ? (~(U/4) (-2 + 6 Cos[2 61()] + Cos[2 (Bu(t) - pn(t))] + 2 Cos[2 pa(t)] + Cos[2
(61(9) + @1()]) (-3 Ia + 12 Cos[2 p(1)]) Sin[G2(1)] + 2 1. Sin[2 61(1)] Sin[pa(t)] Sin[2 p2(1)]))).

1/8 (-4 I, @ Cos[6:1(t)] Cos[g,(t)]? (Cos[61(t)] Cos[,(t)] Cos[gi(t)] - 2 Sin[6:(t)] Sin[6x(t)]) Sin[ea(t)] + 8 e, gm,
Cos[6:1(B)] (Cos[p2(t)] Sin[p(t)] + Cos[62(t)] Cos[ea(t)] Sin[px(t)]) + & Cos[p2(t)] (-2 €2 Ly mz Cos[Oy(H)]
Sin[2 p,(t)] - 1/8 15 (20 - 12 Cos[2 61(t)] + 6 Cos[2 (6.(t) - Oa(t))] - 20 Cos[2 G(1)] + 6 Cos[2 (6a(t) + Oa(t))] + 6
Cos[2 (01(1) - p2()] + Cos[2 (6u(1) - O:(t) - @2(1))] + 2 Cos[2 (O:(t) - @2(1))] + Cos[2 (6a(t) + (1) - p2(H)] +12
Cos[2 pa(t)] +6 Cos[2 (6a(t) + pu(t)] + Cos[2 (Ou(t) - G2(t) + pa(D))] + 2 Cos[2 (G2(1) + pa(t))] + Cos[2 (6u(t) +
02(t) + o1 (O)]) Sin[2(t)]) + @ Cos[O1[t]]* (-2 la Cos[O(t)] Cos[g(t)]* Sin[2 pa(t)] + Cos[gz(t)] (-2 €2 Ly m2
Sin[2 gy(t)] - %2 1a (-6 + 6 Cos[2 6(t)] + Cos[2 (6a(t) - eu(t)] + 6 Cos[2 py(B)] + Cos[2 (6a(t) + pa(t))])
Sin[g2(t)]) + 4 Cos[x(1)] Cos[pa(t)] Sin[g2(t)] (-e2 Ly M2 Cos[pa()] + la Sin[e1(t)] Sin[e2(t)])) - 2 (4 €2 g m2
Sin[6(t)] Sin[0(t)] Sin[p2(t)] + ? Cos[02(t)] Sin[pa(t)] (-3 2 Ly M, + €, Ly M2 Cos[Oy(t)]* Cos[ga(D]* - €2 Ly M2
Sin[py(D)]? - 121 SIn[2 @1 (1)] Sin[g2(t)] + Iz SIN[2 pa(1)] Sinfga(t)] - €2* M2 Sin[2 pu(1)] Sin[2(t)] + Sin[1(B)]* (-
€2 Ly m; + ez Ly m Sinfpy()]* + la SIn[2 g4 (t)] Sin[p2(1)])) - @* Sin[2 61[t]] (-2 1a Sin[62(1)] Sin[es(t)] Sin[e(V)]*
+ Cos[g[f]] (2 ez Ly m; Sin[65(1)] Sin[g2(t)] + 1. Sin[2 02(1)] Sin[2 ¢2(H)])))) },

where
la =121 - 123+ €2 my,
Ip =15 + €2 my,

lc =1y + 852 my.
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