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The paper presents the results of theoretical analysis of the effect of supply pressure
and rotational speed on the radial stiffness of the integrated angular cylindrical–face
hydrostatic bearings designed for precise technological devices. The obtained theoretical
results were verified experimentally using the spindle system of the grinding wheel of
cylindrical grinder.
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1. Introduction

The continuous search for a more perfect way of the realization of rotational or
advance motion of assemblies of technological devices has determined the devel-
opment of technology of hydrostatic lubrication. This is particularly important in
the machine tool industry, where the machining accuracy depends on the spindle
unit. The advantages such as high accuracy of motion, high load capacity and
rigidity, damping of vibration and a very low frictional resistance even at start-up,
resulted in that the hydrostatic bearings are currently used in machine tools, in such
cases, where other varieties of bearings can not meet the extreme requirements [1].
They are indispensable when demands are toward particularly high precision spin-
dle running and excellent vibration damping. Compared with the hydrodynamic
and rolling bearings they allow for repeated reduction in run out of the spindle [2–4]
as well as the obtaining the mirror smoothness of the machined surface [5]. They
are suitable for very heavy static and dynamic loads. Additionally, they have a high
stiffness in the range of low loads, typical for the operating conditions of precision
machine tools. These bearings can operate at very low (including zero) and very
high rotational speeds. In a properly designed and operated hydrostatic bearing it



322 Sikora, M.

never comes to the metallic contact of journal and sleeve during operation, which
provides practically unlimited service life (durability) of such bearings.

In general, to support the machine spindle with hydrostatic bearings there are
required two radial bearings and one two–sided axial (thrust) bearing. Sometimes
the integrated (combined) radial–axial bearings, which are adapted to simultane-
ously, transfer of radial and axial forces. The application of such bearings allows
simplifying the design of the spindle unit. Power losses in these bearings are smaller
than in the independent axial and radial bearings. In addition, the integrated bear-
ings (combined) enable a reduction in oil flow, which reduces the output of pump
supplied the system. The result is a simpler design, easier to make, cheaper and
more favourable in terms of energy [6-9].

Among the hydrostatic axial-radial bearings it is distinguished cylindrical-face
bearing (Fig. 1), which is described in the literature for a long time - the most
detailed in the books that can be considered as a classic in this field [7–9]. Rowe
called them Yates bearings. Although neither mentioned books nor the present
time books or manuals [10–13] does not take into account adequately an effect of
rotational speed on the properties of these bearings, in particular on the stiffness,
which is the objective function subjecting the maximization.

This paper considers in theoretical and experimental analysis the of two vari-
ables, i.e. the supply pressure ps and rotational speed n on the stiffness of axial–
radial, cylindrical–frontal hydrostatic bearing. Theoretical dependencies were ex-
perimentally verified with the application of grinding spindle system of cut in center
cylindrical grinder, which was equipped in a front node with analyzed axial-radial
bearing.

2. Object of analysis

The design and the main characteristic dimensions of the analysed hydrostatic
axial–radial bearing are shown in Fig. 1 while the numeric values are summarized
in Tab. 1.
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Figure 1 Principal dimensions of the hydrostatic bearings
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Table 1 Characteristic dimensions of the bearing

Magnitude Value
Radial bearing Diameter D [mm]

Length L [mm]
Radial gap h0 [µm]
Land width:
- leakage flow l [mm]
- inter-recess s [mm]
Number of packets k

90
134
54

4
12
4

Axial bearing Collar diameter Dl [mm]
Pockets diameter Dk [mm]
Axial gap h0z [µm]

116
110
29

Analysed bearing arrangement was fed with oil ISO 11158 - HL (L-HL 46) at
constant pressure ps, which was adjustable by overflow valve. Before each of pockets
of radial bearing it was placed a slot restrictor with a slot face providing a laminar
flow of [14], whose design with characteristic dimensions are shown in Fig. 2.

Figure 2 Principal dimensions of the hydrostatic bearings

3. Static stiffness of the bearing

Static stiffness is determined by the ratio of the increase in the applied external
load to the displacement caused as a result of load actions. Loading force should
be applied in such a way that its point of application and the force direction was
consistent with the actual layout at the grinding [15].
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Due to the fact that the verification investigation are performed using the spindle
system of the grinding wheel of claw of cut in grinder, the present discussion focuses
only on its radial properties. Under the terms of the cut in transverse cylindrical
grinder the radial stiffness of analysed axial–radial bearing was determined for two
planes Oxz (tangential force) and Oyz (thrust force).

Radial displacement of the spindle journal versus the load radial force, in accor-
dance with [6] is described by the following equations of motion:

m
d2y

dt2
+Kν

dy

dt
+Kpy +Kωx = Wy (1)

m
d2x

dt2
+Kν

dx

dt
+Kpx−Kωy = Wx (2)

where:
W – loading force of bearing,
Kυ – coefficient of damping resistance [16, 17],
Kp – pressurized component of stiffness [16, 17],
Kω – motional component of stiffness [16, 17].
In the case where the journal is only statically loaded then the displacement

derivatives in equations (1) and (2) are equal to zero, and dependences concerning
the displacement in the bearing take the following form [16]:

y =
KpWy −KωWx

K2
p +K2

ω

x =
KpWx +KωWy

K2
p +K2

ω

(3)

Equations (3) are accurate enough for the following assumptions and limitations:

• oil is incompressible and Newtonian fluid, and its viscosity is constant within
the bearing,

• flow in the restrictors and lands of bearing is laminar,

• depth of the chamber is substantially greater than the height of slots at the
steps,

• pressure drops at the lands width leakage flow and inter–recess are linear,

• relative displacements x and y are in the range [16]: 0,30 ≤ x/h0 ≤ 0,30;
-0,30 ≤ y/h0 ≤ 0, 30,

• width of the lands satisfy the conditions: 0 < s ≤ 0, 075πD ; 0 < l ≤ 0, 15 L.

On the basis of equation (3) the dependencies of the radial stiffness of bearing in
the assumed planes Oxz and Oyz take the form [18]:

cy =
∆Wy

∆y
=

K2
p +K2

ω

Kp − Wx

Wy
Kω

cx =
∆Wx

∆x
=

K2
p +K2

ω

Kp +
Wy

Wx
Kω

(4)
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4. Experimental studies

For experimental verification of equation (4) the investigation of spindle system of
grinding wheel of cut in center grinder equipped with hydrostatic bearings: front
(from the grinding wheel side) and integrated axial-radial, cylindrical- face and the
rear - a typical radial bearing.

Radial stiffness of the spindle system was determined for two axes Ox and Oy
angulary displaced in relation to the force vector Fr. The angle between the axis
Ox and the direction of the force Fr is equal to α = 45˚ (Fig. 3). Therefore, it
can be assumed that the spindle was loaded with two components acting along the
axis Ox (tangential force) and Oy (thrust force). The values of these forces are as
follows:

Frx = Fr · sinα Fry = Fr · cosα (5)

Lay–out of a measuring system for determination of the relationship between
the spindle displacement and loads in the radial direction is shown in Fig. 3.
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Figure 3 Lay–out of the measuring system: 1 – differential non–contact displacement
measurement sensors, 2 – amplifier, 3 – computer

To determine the transverse stiffness of the axial–radial bearing the model was
assumed in which the external radial force Fr is applied to the tip of the spindle at
a distance a = 170 mm from its centre, while the non-contact sensors 1 are located
at the distance equal to aM = 125 mm. Displacements in the radial direction
generated by force Fr were measured in two mutually perpendicular planes, Oyz
and Oxz. The measurement system consists of two sets of differential non–contact
displacement sensors 1, wherein the signal amplified by the amplifier 2 Spider was
recorded on a PC 3 with a resolution of 0,01µm. The value of the applied force is
determined by a set consisting of a strain gauge force sensor (measuring range of
0 to 5 kN, accuracy class 0.05%) and the microprocessor meter (non–linearity of
< 0.0015%).

The displacement of the spindle in the plane Oyz caused by the force of Fry are
shown in Fig. 4. In the following part of this paper due to the analogy of load and
displacements the detailed analysis was carried–out only the stiffness in the plane
Oyz. The dependences given for the plane Oyz also apply in the plane Oxz after
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the appropriate modification of recording, e.g. WAx, WBx, Frx, x, cx instead WAy,
WBy, Fry, y, cy, and so on.

B

y

y

RAy

W Ay

RBy

W By
A

z

F ry

N
M

b .
.

aM

B

y
A y

M
³

y M
u

y
M

w

a

Figure 4 The displacements of the spindle in the plane Oyz caused by force Fry

According to Fig. 4, as the result of the experimental investigation it was obtained
a total displacement of the spindle tip at the measuring point (point M), and it is
equal in the plane of action of force Fry to the sum of displacements resulting from
the flexibility of the bearings and the spindle:

yMu = yMl + yMw (6)

where: yMw – displacement of a point M due to the flexibility of the spindle equal
to [6]:

yMw = λM Fry

yMl – displacement of a point Mdue to the flexibility of the bearings is deter-
mined from the relationship:

yMl = yA

(
1 +

aM
b

)
− yB

aM
b

(7)

Factor λM formulates the displacement of the point M of spindle which is supported
on a perfectly rigid supports and which is caused by concentrated force, applied to
a point determined by the coordinate a. Coefficient λM ratio is an indicator of the
flexibility of the spindle in place of the sensors mounting. Considering the actual
dimensions of the test spindle the value λM was determined by means of analytical
method. For the considered system it was obtained: λM = 5,85·10−9 m/N.

Knowing yMl calculated from the formula (6) the searched (unknown) journal
displacement in the front radial bearing the forward movement of the pivot journal
bearing is yA:

yA =
yMl + yB

aM

b

1 + aM

b

(8)
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wherein the value yB is considered as a known and determined by the set of theoreti-
cal dependences (3). Thus, the dependence on the radial stiffness of the axial–radial
bearing obtained by experimental way is:

cAd =
WA

yA
=

WA

(
1 + aM

b

)
yMl + yB

aM

b

(9)

Experimental study of the spindle unit was carried out for three rotational speeds n:
0, 1000, 1500 rpm and three pressures ps values: 1.0, 1.5 and 2.0 MPa. During the
investigations the viscosity of the oil flowing through the bearing was 0,0263 Pa·s.
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Figure 5 Radial stiffness of the axial–radial cylindrical–frontal bearing for: a) n = 0 rpm,
b) n = 1000 rpm, c) n = 1500 rpm

In order to determine the radial stiffness of the axial–radial bearing the system was
loaded by radial force Fr equal 200, 400 and 600 N. The determined characteristics
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of the transverse stiffness of the axial-radial bearing hydrostatic bearing are shown
in Fig. 5 in the form of bar graphs. The results concerning the experimental
investigation were denoted by full fill and the results obtained by theoretical way
by pattern of diagonal stripes. It should be noted that in the case of Fig. 5a it was
applied the multiplier, which is less than an order than for Figs. 5b and 5c.

On the basis of the results of theoretical analysis and experimental tests it can
be concluded that for a stationary spindle the stiffness is linear as a function of
the supply pressure (Fig. 5a). This is confirmed by correlation coefficients R2 fit
regression line that for all obtained characteristics were not less than 0.995.

If the spindle rotates then the significant effect on its stiffness have the hydro-
dynamic phenomena in the bearings, which are included in the theoretical stiffness
of the motion component of stiffness Kω.

To assess the compatibility of the results obtained experimentally with the re-
sults of theoretical calculations the relative differences δcx and δcy stiffness were
determined:

δc =
cd − ct

ct
· 100% (10)

For axes Oy the most cases was characterized by the relative difference maximum
of up to 20%, the largest difference was for the supply pressure of 1.0 MPa and
rotational speed of 1,500 rpm and it was 40%. However, it should be noted that
such a large, relative difference effects at the load, e.g. 200 N in the difference of
displacement not greater than 1.0 µm. But for the axis Ox almost all test cases are
characterized by maximum relative difference of 15%, only for the supply pressure of
2.0 MPa and for a stationary spindle the relative difference was larger and amounted
to 29%, which resulted in a maximum difference for a load to 200 N and is equal to
0.5 µm.
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Figure 6 Dependence of the stiffness of the axial–radial bearing on the rotational speed for
different supply pressure
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Fig. 6 shows the characteristics of the effect of rotational speed on the stiffness of the
different supply pressures in the extended speed range with respect to experimental
research.

Fig. 5b, Fig. 5c and Fig. 6 show the influence of the supply pressure ps and
the rotational motion on the radial stiffness of the bearing. Attention is drawn to
a much greater effect of rotational motion on the stiffness in direction of axis Oy
than the axis Ox.

Particular emphasis is given the fact that in the case of the spindle rotating
at 1000 rpm for a pressure of 2.0 MPa significantly higher stiffness was obtained
in the direction Oy than for 1500 rpm. This situation is due to the correlation of
the hydrodynamic and flow phenomena occurring between the chambers of bearing
having a direct effect on the angle between the displacement and load vector [16].

It should also be noted that the studied spindle system also has significantly
higher stiffness in Oyz than in Oxz plane. This feature is extremely beneficial
because it is a plane of the action of grinding thrust force, and thus is decisive for
the accuracy of the machine.

5. Conclusions

The results obtained according to the experimental investigation have confirmed
the theoretical study that for the stationary spindle the variation in the stiffness is
a linear function of supply pressure. Supply pressure directly affects the stiffness
of the spindle system, which increases with pressure. In both investigated radial
planes the system showed a similar stiffness.

In the case of the rotating spindle due to the hydrodynamic phenomena the
radial stiffness of the hydrostatic bearings depends on the supply pressure and the
rotational speed of the spindle. This speed has a clear effect on the value and direc-
tion of displacement. Rotational motion of spindle results in having several times
the increase in the system stiffness of the axis Oy (reaction), which is particularly
required in high-precision spindle grinding systems. Underestimation of such effect
may lead to errors in the design of spindle systems with hydrostatic bearings.

It should be noted that such a significant variation in effect of rotational speed
and the supply pressure on the stiffness in the direction of axis Oy may contribute,
especially in the case of precision machine tools, the difficulty in obtaining the
required, reproducible preciseness of parts which are machined in the case of the
failure of constant parameters, i.e. the supply pressure and rotational speed.
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