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Preface

Lie algebroids appear in many structures related to geometry. Although
the motivations for defining the concept of Lie algebroid come from Lie
groupoids [74], on the one hand, we can view them as some general-
izations of a tangent bundle or integrable distribution on a differential
manifold, and on the other hand, as a generalization of Lie algebra.
Further, the structures of the Lie algebroid can be generalized to, for
example, structures in which the Lie bracket does not satisfy the Ja-
cobi condition or at all the structure without the Lie bracket, however,
equipped with a morphism acting from a given vector bundle into a
tangent bundle (called an anchor). A vector bundle equipped with an
anchor allows us to introduce the concept of connection. Our consid-
erations focus on linear connections and their properties, and on the
existence of a connection in a given vector bundle compatible with an
existing metric structure.

The first part contains examples of Lie algebroids necessary to de-
scribe the discussed concepts. In the second part, we examine linear
connections on Lie algebroids. We remark that linear connections can
be considered even on anchored vector bundles. We define an exte-
rior derivative operator related to a given connection in the case of an
anchored structure equipped with a skew-symmetric bracket. We also
note that the torsion of a connection is closely related to the exterior
derivative operator, the square of which, in turn, is related to the cur-
vature of the connection. This leads immediately to the first Bianchi
identity. As the Bianchi identity, we interpret the Jacobi identity for
the skew-symmetric bracket being simultaneously the skew-symmetric
part of the connection. The considerations regarding the characteris-
tic classes are related to metric structures. Therefore, the subject of
our research are also connections compatible with metric structures. In
particular, we present a generalization of the fundamental theorem of
Riemannian geometry, which shows the importance of determining the
torsion tensor for the uniqueness of such connections as, for example,
the Levi-Civita connection. The final goal of our considerations is to



define the secondary characteristic classes as elements from the image
of some characteristic homomorphism. The given construction of the
characteristic homomophisms generalizes some known approaches to
pairs of Lie algebroids equipped with flat connections to connections
with the specific curvature tensor with values in the kernel of given
reduction.

We study the properties of the secondary characteristic homomor-
phism. In particular, we also study a certain universal homomorphism
for pairs of Lie algebroids and connections of Lie algebroids. The im-
portance of the considered characteristic classes consists in providing
obstructions to the compatibility of the connection with the structure
of the subalgebroid. In the case of the Lie algebroid of vector bundle al-
gebroid and its Riemannian reduction, the non-triviality of a secondary
characteristic homomorphism is simply an obstruction to compatibility
of the connection with a given Riemannian metric.

L6dz, Autumn 2021 Bogdan Balcerzak
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Part I

Lie algebroids






1. Lie algebroids. Definitions. Examples

This section discusses the concept of a Lie algebroid. We will give
basic examples of Lie algebroids and their properties. Simultaneously,
we will also discuss more general structures such as an anchored vec-
tor bundle or an almost Lie algebroid structure. We show that some
geometric objects can be considered on these generalized structures.

1.1 Lie algebroid. The Atiyah sequence

Definition 1.1.1. An anchored vector bundle (A, 0,) over a manifold
M is a vector bundle A over M equipped with a homomorphism of
vector bundles

over the identity, which is called an anchor.

Definition 1.1.2. Let (A, 0,) be an anchored vector bundle over a
manifold M. If in the space I'(A) of smooth sections of A we have
R-bilinear skew-symmetric mapping [-,:] : I'(A) x I'(A) — I'(A)
associated with the anchor with the following Leibniz type derivation
law

X, f-Y] =1 X Y]+ (ea 0 X)(f) - Y (1.1)

for X,Y € I'(A), f € C®(M), we say that (A, o4,[,]) is a skew-
symmetric algebroid over M.

Definition 1.1.3. A skew-symmetric algebroid (A4, o4, [, ]) over M
with the anchor preserving [-, -] and the Lie bracket [-,],,, of vector
fields on M, i.e.,

040X, Y] =[o40X, 04 0Y]py,
for X,Y € I'(A), is called an almost Lie algebroid.
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Definition 1.1.4. The Jacobiator of the bracket |-, -] in a skew-symmetric
algebroid (A, o4, [+, -]) is amap Jacy. j : I'(A) x I'(A) x I'(A) — I'(A)
given by

Jac. (XY, Z) = [X,Y], Z) +[[Z, X],Y] + [[Y, Z], X]

for X|Y,Z € I'(A). We say that [-, ] satisfies the Jacobi identity if its
Jacobiator is identically zero.

Definition 1.1.5. Any skew-symmetric algebroid (A, o4, [+,:]) over a
manifold M in which [, -] satisfies the Jacobi identity is called a Lie
algebroid over M.

Definition 1.1.6. By a homomorphism of Lie algebroids (A, 04, [, ] 1)
and (B, gg, [, ] 5), both over the same manifold M, we mean a homo-
morphism of vector bundles H : A — B satisfying

Ho[X,)Y],=[HoX,HoY]y
for any X,Y € I'(A), and

QBOH:QA7

i.e., the following diagram commutes

A H B
QN /B
TM.
Definition 1.1.7. We say that a homomorphism H of Lie algebroids
(A, 04,[]4) and (B, g, [, |5), both over the same manifold M, is
their wsomorphism if H is simultaneously isomorphism of vector bun-

dles A and B. If there exists an isomorphism of Lie algebroids A and
B, we say that these Lie algebroids are isomorphic.

Using the Jacobi and the Leibniz identities, Herz, cf. [3§], [39],
showed that the representation

A C*(M) — Endeo(an)(I'(A))

given by
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for f € C>°(M), X € I'(A), is faithful, and, in consequence, the anchor
induces a homomorphism of Lie algebras

Secoy: ['(A) — I'(TM), X+ p 40X

(cf. [30]). Therefore, 0, is a homomorphism of Lie algebroids (A, o4, [, ] 4)
and T'M with the identity as an anchor and the Lie bracket of vector
fields on M.

If a Lie algebroid (A, oy, [, ]4) over a manifold M is regular, then
ker p, and Im p, are vector bundles. It follows that

4
0—>keI‘QA—>A—A>III1QA—>O (1.2)

is a short exact sequence.

Definition 1.1.8. A Lie algebroid (A, gy, [, ] 4) over a manifold M is
called regular over (M,Im p,) if the anchor is a constant rank.

Definition 1.1.9. The short exact sequence (1.2]) for a given regular
Lie algebroid is called its Atiyah sequence.

Definition 1.1.10. A Lie algebroid is called transitive if its anchor is
an epimorphism of the vector bundles.

Lemma 1.1.1. Let (A, o,]-,-]) be a Lie algebroid over a manifold M.
If X, X"Y € I'(A) and X;y = X|’U for some open subset U C M, then

X, Y]\U = [X,>Y]\U'

Proof. Let x € U. Take f € C°°(M) that separates = in U, i.e., there is
an open set B C U such that x € B, f >0, f|[B =1, and f|(M\U) =
0. Then,
0=1[0,Y](z) =[f (X = X'),Y](z)

= f(a) - [X = X" Y](2) = (00 Y)a(f) - (X = X')(2)

=[X - X"Y](x)

= [X,Y](2) - [X", Y] ().

|

Corollary 1.1.1. Let (A, p,][,-]) be a Lie algebroid over a manifold
M. If X, X\ YY" e I'(A), Xjp = X"U and Yy = Y"U for some open
subset U C M, then

[X7Y]\U - [X/7Y/]|U‘
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Lemma 1.1.2. Let (A, o, ], -]) be a Lie algebroid over a manifold M,
x € M, and let ker p, denote the kernel of o, : A, — T, M. In ker g,
there exist a Lie algebra structure with a Lie bracket [-,-], defined in
such a way that

€], = [X, Y] (2)
if £,m € ker o, satisfy & = X(z), n =Y (z) for some X, Y € I'(A).

Proof. Let x € M, &, n € ker o, C A,. Take sections X, X', Y of A such
that

£=X(x)=X'(x) and Y(z) € ker g,.

There are f1,..., fr € C®°(M), Xy,..., X} € I'(A) satisfying

(X =X = <Z i X]-)

for some open subset U C M such that x € U and f;(z) = 0 = g;(x)
forany j = 1,..., k. Lemma[1.1.1] implies

X - XY [E:ﬂ

k
fi@) - )= > (00Y)a(f;) - X(x) =0

1 7j=1

since fj(z) =0for j=1,...,k and Y (x) € ker g,. Hence,

U

M?r

<.
I

(X, Y](x) = [X', Y](x)

for any Y € I'(A) such that Y(z) € ker p. Consequently, if YY"’ €
I'(A) and additionally Y (z) = Y'(z) = n, we have

(X, Y(2) = [X', Y](2) = =[Y", X'](2) = [X", Y](2).
u

Definition 1.1.11. Let (A, g, [-, -] 4) be a Lie algebroid over a manifold
M, x € M. The Lie algebra (ker o,,[,-],) is called the isotropy Lie
algebra of (A, p,[-,"]4) at x.
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Let us recall the definition of Lie algebra bundle.

Definition 1.1.12. A Lie algebra bundle (LAB) is a vector bundle
L 25 M over a manifold M together with a skew-symmetric map
[-,:] - I'(L) x I'(L) — I'(L) such that each [-,:] : L, x L, — L,
is a Lie algebra bracket and L admits a set of local trivializations
{¢; : Ui x g — Ly,} in which each 1, , : g — L, is a Lie algebra
isomorphism.

Theorem 1.1.1. (cf. [61, Theorem 1.4]) Let (A, 04, ],]4) be a tran-
sitive Lie algebroid over a manifold M, i.e., a Lie algebroid with the
Atiyah sequence

A

0 g A T™ 0,

then g is a Lie algebra bundle.

The notion of Lie algebroid was discovered as the infinitesimal part
of a differentiable groupoid by Pradines [74]. Note that Lie algebroids
are simultaneous generalizations of integrable distributions (in partic-
ular, tangent bundles) on the one hand, and Lie algebras on the other.
We will present some Lie algebroids in the following sections.

Some geometric objects, such as connections, can be defined on
vector bundles with an attached anchor. Hence some considerations
will be carried out in anchored bundles. Anchored bundles equipped
with additional structures such as a bracket in the module of sections
of a given bundle have been the subject of studies by Marcela Popescu
and Paul Popescu, [69], [70], [71], [73] (these are only some of them).
In the latest, cf. [72], they also propose Chern classes for almost Lie
algebroids. Let us recall that a skew-symmetric bracket in almost Lie
algebroids does not necessarily satisfy the Jacobi identity, which is the
main difficulty in defining the appropriate classes.

The idea of skew-symmetric algebroids was presented by Kosmann-
Schwarzbach and Magri in [46] in the case of finitely generated pro-
jective modules over commutative and associative algebras with unit
under the name pre-Lie algebroids. Skew-symmetric algebroids (under
the name pre-Lie algebroids) were examined by Grabowski and Ur-
banski in [33], [34], where a concept of generalized algebroids, which
play an important role in analytical mechanics, was also introduced.
Using general algebroids instead of Lie algebroids, one can describe
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a larger family of systems, both in the Lagrangian and Hamiltonian
formalisms [29], [28].

There are several equivalent approaches to Lie algebroids in the
sense that the existence of one structure determines the existence of
the other (cf. [33], [34], [35], [31]). In particular, the structure of the
Lie algebroid (A, gy, [-,]4) is equivalent to the existence of a linear
Poisson structure on A* [16] (see [57] for the linear Poisson structure
on g* where g is a finite dimensional Lie algebra).

1.2 Lie algebroid of a principal bundle

The structure of the algebroid described here was actually introduced
by Atiyah in his a study on the existence theory of complex analytic
connections [2]. This structure in the context of Lie algebroids was
initially studied independently by Mackenzie [61] and Kubarski [49],
and next by Grabowski, Kotov, and Poncin [32].

Let (P,m, M,G, R) be a smooth principal G-bundle over a smooth
manifold M with the projection 7 : P — M and the right action
R: PxG — P of G on P. Denote the Lie algebra of G by g. Let R,
denotes the right multiplication by g € GG. Then

R':TPx G — TP, (v,g9)— (R,),v

*

is a right action of G on T'P. Let us denote by
A(P)=TP/G

the space of all orbits of this action. Let [v] denote the orbit of RT
through ve€ TP. In the space A(P) we have a structure of a vector
bundle with the projection

p: A(P) — M, [v]—n(2), vel,P.

Let mp : TP — P be the tangent bundle projection. For any x €
M, in the fibre p~!(z) there is a unique real vector space structure
satisfying

vl + [w] = [v + w]

and
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if vwe TP, mp(v) = mp(w), 7 € R. Let
74 TP — A(P), v+ [v]

be the mapping which to v € T'P assigns the orbit [v] of the action RT.
For any z € P the mapping

7T|AZ (P — A(P), ., v V]

is an isomorphism of vector spaces [49].

Lemma 1.2.1. [49] A local trivialization ¢ : U x G — 7 1(U) of P
determines a dyfomorphism ¢4 : TU x g — p~*(U) given by

(v,0) — [@upey(v,0)]  for (v,a) € T,U x g. (1.3)
Lemma 1.2.2. [49] The following diagram commutes

idTU X @R
_ >

TU x TG TU x g
P QDA
TP - A(P

- A(P)

where OF € QY(G;g) is the cannonical right-invariant 1-form on G,
ie., OF . T,G — T,G (g€ G, T.G = g) is given by

@f(v) = (7’9_1)*6 (v) for veT,G,

where vy : G — G is the right translation by g € G in the group G.

Lemma 1.2.3. [49] Let ¢; : U; x G — 7« '(U;) (j = 1,2) be lo-
cal trivializations in the bundle P. Then (gp{‘)fl (p~' (U, N Uy)) and
((p’g“)_l (p~1 (U, N Uy)) are open subsets of T(U; N Usy) x g. Moreover,

(1) o) (ma) = (1,0%(hv) + Ada(h(@)) (@)

where x € Uy N Us, (v,a) € (go‘g‘)_l (p U N)), h: U NU; —
7 1 (UNTy) is a smooth mapping such that ze ,(z,e) = o, (x,€)-h(x)
and Adg : G — GL(g) is defined by Adq(g) = (74),, (T4: G — G
is given by x — g -z - g t).
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Corollary 1.2.1. The above lemma shows that the transition func-
tions for gpf are smooth. From the above considerations we conclude
that there is exactly one differential manifold structure in A(P) and
(A(P),p, M) is a vector bundle with a system of local trivializations

04 TU x g — p~Y(U) defined by (1.3).
Next, consider

oapy  A(P) — TM, [v]— m.(v), veTP.

For every section 7 of the vector bundle A(P) there exists exactly one
right-invariant vector field 7' € Xf(P) such that

' (2)] = Nr(z):

The map
H:I(A(P)) — X(P), n—1f

is an isomorphism of C*° (M )-modules. The inverse mapping to it is
H ' x"(P) — I'(A(P)), X +— X,

where X (z) = [X (2)] for x € M, z € P, [49).
In I'(A(P)) we have the structure of a real Lie algebra with the
bracket [-,-] given in such a way that

[[77177]2]]/ = [77,1a77/2] fOI‘ M M2 € F(A(P))7

i.e.,

[, 100 = H™ ([, m5)) for ny,my € T(A(P)).

The triple (A(P), oAy I ]]) is a Lie algebroid over M called a Lie
algebroid of the principal bundle, and the Atiyah sequence of

(A<P)> 0A(P)> [['7 ]]) is

2A(P)

0 —— kerpy, —— A(P) TP 0

where ker p 4 is isomorphic to the adjoint bundle P X g associated to
the principal G-bundle P with the adjoint action of G on P via the

mapping
T:Pxgg—keroy, [z,v]— [A.(V)],

and where A, : G — P, A,(a) = za (cf. [61], [49]).
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1.3 Lie algebroid of a vector bundle

In this section we will discuss the Lie algebroid of a vector bundle. We
present a construction of the appropriate vector bundle indicating local
trivializations [49], [51]. Moreover, we give other equivalent approaches
to the Lie algebroid of a vector bundle.

Let E be any real vector bundle of rank r over a base manifold M
of dimension m with the standard fibre V' and the bundle projection
p:E — M. For x € M, let A(E), be the space of all linear homo-
morphism [ : I'(E) — E, such that there exists a vector u € T, M
with the property

W(f-v)=f@) 1) +ulf) - ve (1.4)

for any v € I'(E) and f € C*°(M). Remark that the vector u € T, M
is uniquely determined by | € A(FE),. In fact: Let uy, ug € T, M satisfy

(f-v)=f(@) - 1) +ulf) - va,
W(f-v)=f(x) - 1) + ua(f) - va
for any v € I'(E) and f € C*°(M). Thus,
0=1(f-v) =U(f-v) =wlf) - ve —us(f) -va = (w(f) = ua(f)) - va

for any v € I'(F) and f € C*°(M). Taking v € I'(F) satisfying v, # 0
we obtain u; = us.
Take the disjoint union

= | | AE

zeM
and
T A(E) — M

such that 7(l) = x if and only if | € A(F),.
Let ¢ : U x V — p~}(U) be a local trivialization of the bundle E.
For v € I'(F), let v, denote the mapping

vp :U—V, z+——9  (v,). (1.5)

Let z € M. Remark that if sections v, € I'(E) are equal on some
open set O C M, and z € O, then for any | € A(F),, we have the



18 1. Lie algebroids. Definitions. Examples

equality [(v) = I(n). For each u € T,U and a € End(V), define the
mapping

U(u,a) : T(E) — Eq, P(u,a)(v) =, (ulvy) + (aovy)(z)). (1.6)

One can check that v(u,a) € A(E),. Thus we obtain a well-defined
map

Y : TU x End(V) — A(E)y where A(E)y := 7 *(U).

Using the identification TU = U x R™, we will show that 1 is a local
trivialization of A(F).

It is showed in [50] that for any 2 € M the mapping ¢, : T,U x
End(V) — A(FE), given by

P, (u,a) = ¥(u,a) for u € T,U,a € End(V),

is a linear isomorphism. We recall the arguments: Let (u,a) € T,U x
End(V) and v, (u,a) = 0. Then

0=, (u,a)(f-v) = () ¥ (u,a)(¥) + u(f) - ve = ulf) - ve

for any f € C°(M) and v € I'(E). If we take v € I'(E) such that
v, # 0, then we deduce immediately that u is the zero tangent vector.
Consider the family

{7 el(E) | &(x) =1, (W)}er

of global sections of E. On account of , for each w € V, we have
a(w) = ¥, (¥(0,a)(¢*)). Hence a = 0. Therefore the map ¢, is a
monomorphism.

Now take | € A(FE),, and let u € T,,M be the tangent vector which
satisfies for 1. The element 1, ' (I(0)) —u(coy) of V depends only on
the value of o € I'(E) at x. In fact, let ¢ € I'(E) and &, = 0,. There
exist functions f1,..., f* € C°°(M) and sections 7,,...,n, € I'(E)
such that f/(z) =0 for any j =1,...,k and

k

(e~ 0)lo = (ij-m)
j=1

for a certain neighborhood O C M of x. Therefore

vz (1)) = uley) = ¥y (U(0)) — uloy).

o
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For w € V, we will denote by a(w) the element of the form v, *(I(7)) —
u(Ty) where 7 € I'(E) is an arbitrary taken section such that 7(z) =
¥, (w). Now define a mapping a : V. — V by w —— a(w). Clearly, a is
linear. According to the obvious equality v, = 1, (vy(2)), we see that

Polu,a)(v) = Py (u(vy) + 95 (1) — ulvy)) = I(v).
Thus we have proved that the map 1/, is an epimorphism.

Theorem 1.3.1. [4] Let ¢, : Uy x V. — Ey,, ¥y : Uy X V. — Ey,
be local trivializations of the bundle E with Uy N Us # @, and let
Py TUp x End(V) — A(E)y,, ¥y : TUy x End(V) — A(E)y,
be determined by 1, and 1,, respectively, via . Moreover, let \ :
UyNUy — GL(V) be the mapping given by y +— (1/11);1 o (hy),- Then,

((22), "o (%), ) (@) = (w.A@) " 0 (Aen(w) + a0 M) (17)

foru e T,U, a € End(V).

Let ¢, : Uy xV — Ey,, 1y : Uy xV — Ly, be local trivializations
of the bundle E with U; N Uy # @. From ((1.7) in Theorem we
conclude that the map

Uy 0y : T(U; NUs) x End(V) — T(U; N Us) x End(V)

is smooth. From the theorem on the construction of a vector bundle, we
have that A(FE) is a vector bundle with the standard fibre R™ @ End (V)
and the projection 7. Moreover, 1 : TU x End(V) — A(E)y is an
isomorphism of vector bundles.

It remains to introduce in A(FE) the structure of a Lie algebroid.

Let [ € A(E). There exists a point € M such that a linear homo-
morphism [ : I'(F) — E, is an element of the vector space A(FE),.

Let us denote by u' (determined by [ uniquely) a tangent vector to the
manifold M at z, satisfying (1.4]). We define a mapping

0: A(E) — TM, [+ u. (1.8)

Certainly, the maps o, : A(F), — T, M (x € M) are linear. Moreover,
since the diagrams
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A(E) 0 TM TU x End(V) —Y— A(E)y
U lWM Pry Q|A(E)U
M——g——M TU . TM

commute, o is an epimorphism of vector bundles.

Lemma 1.3.1. [4] Let L : M — A(E) be a function such that moL =
idys. If, for each v € I'(E), the mapping ¢, : M — E, (,(z) = L,(v),
18 a smooth section of the vector bundle E, then L is a smooth section
of the vector bundle A(E).

Proof. The problem is local. Therefore we need only consider a trivial
vector bundle ¥ = M x V. Then TM x End(V) = A(FE) via the
isomorphism E defined for the identical trivialization ¢ = idy;«y . Let
vel(MxV),xze M, and take v = pryov € C*(M; V). There exist
functions X : M — TM and o : M — End(V') (whose smoothness is
to be proved) for which

Cv(aj) = ‘CI<I/)

= idarxv (Xs, 0())

( (Vldev) (x)(yidev(x»)

= (7, Xo(V) + o(2)(v(2)))

- <1dM,X(V) +To (a,;)) (2).
Therefore, the map X (7) 4+ T o (o,7) is smooth for arbitrary taken
smooth function v € C*(M; V).
Let (e;);_, be a base of the linear space V and let v; € I'(M x V') be

the constant sectlons of the vector bundle M x V, defined by v;(r) =
(z,€e;j). Observe that there exist functions 3% € C°°(M) such that

(X@) +To(0,7)) (2) = ol@)(e;) = 3 By(ae. (1.9)

From the above in (1.9) it follows that
=Y B
ij=1

where the maps 7/ form a base of the space End(V) determined by
(€;)j—, in such a way that v/(ex) = dje;. Hence it is appears that o is
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smooth. Since the mappings X (V) + To (o,7) ,f, v and o are smooth,
it follows that X (v) € C*°(M; V). From this we conclude that X is a
smooth vector field on M.

A section L of the vector bundle A(F) determines a covariant differ-
ential operator Ly : I'(FE) — ['(E) by Ly(v)(z) = L.(v) for z € M,
v € I'(E). Moreover, each covariant differential operator in F is of the
form L, for exactly one section £ of the vector bundle A(FE). In fact, a
covariant differential operator L is equal to L. for £,(v) = (L(v))(x),
x € M, v € I'(E). The smoothness of £ now follows from Lemma
L3I

The Lie bracket [-,-] in I'(A(F)) is defined in the classical way, like
that for differential operators. For K, L € I'(A(FE)) we define [K, L] €
I'(A(E)) in such a way that Ly o] = LxoLz— LzoLk noticing that the
right-hand side of the last formula is a covariant differential operator.
This also shows that Seco : I'(A(FE)) — I'(TM), L — po L, is a
homomorphism of Lie algebras. Moreover,

[, f - Llao(v) = f(2) - [K, L] (v) + (00 K)=(f) - La(v)

for any I, L € I'(A(E)), f € C*(M),x € M,v e I'(E).

Thus we have demonstrated that in the vector bundle A(E) we have
a structure of a transitive Lie algebroid with the introduced Lie bracket
[-,-] on the space of global sections of A(E) and the anchor ¢ defined

by .

The Atiyah sequence of A(F) is

0 —— End(E) —— A(E) —— TM —— 0.

The approach presented here, described in [4], consists mainly in
the construction of a vector bundle, which is additionally equipped
with an anchor and a Lie bracket in the module of section of A(FE).
Other approaches are related to the notion of the Lie groupoid or
the covariant differential operator, jets bundles and the symbol [75],
[56],[79], [61], [48], [55]. For the first time the structure of the Lie
algebroid of a vector bundle was presented by Ng6 Van Qué in [75].
Each Lie groupoid @ on a manifold M has a vector bundle A(®) (called
the Lie algebroid of @) of all a-vertical vectors on ¢ tangent at units of
@ [74]. The construction of the vector bundle A(®) was based on some
generalization of the fundamental relations between the Lie groupoid
IT* M of all invertible k-jets of M and the vector bundle J*T'M of all k-
jets of the tangent bundle TM [59]. The functor & — A(QP) is called
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the Lie functor for Lie groupoids. Let E be any vector bundle and
GL(E) the Lie groupoid of all isomorphisms between fibres of E. In
the language of exponential mappings for Lie groupoids the Lie algebra
of sections of the Lie algebroid A(GL(F)) was discovered by Ng6 Van
Queé [75] (cf. [54], [55], [48]) and can be briefly described as follows: Let
6(E) contain any differential operator L : I'(E) — I'(E) for which
there exists a vector field X on M such that L(f-v) = f-L(v)+X(f)-v
forany v € I'(E) and f € C'°(M). The rank of such an operator L is at
most 1 and o(L) = X®Id € I'(TM ® E*® F) is its symbol. It is called,
by Mackenzie [61], a covariant differential operator. The space of all of
them forms an R-Lie algebra with respect to the natural commutator
of differential operators. For © € I'(A(GL(FE))), the formula

LOW)) = o [(Bxp16) ()] v o exp(tX) ()

determines a covariant differential operator, and the mapping
L:T'(A(GL(E))) — 0(E), O +— L(O)

is a C°(M)-linear isomorphism of real Lie algebras. Mackenzie gives
an equivalent definition of the Lie algebroid A(GL(F)) as a subbun-
dle CDO(F) C Hom(J'E, E) of the vector bundle of linear homo-
morphisms from the bundle of 1-jets of E to F containing elements
d € Hom(J'E, E), such that the value o(d) of the symbol map

o : Hom(J'E, E) — Hom(T*M,End(E)) = TM ® End(E)

is equal to u ® Id for some vector u € T, M (cf. [75] for the symbol
map). Thus, CDO(E) = o~ }(T'M) with TM considered as a subbundle
of Hom(T*M,End(F)). From the above interpretation one can show
that the fibre A(GL(F)), over x € M may be identified with the space
of linear homomorphisms [ : I'(E) — E, for which there exists a
vector u € T, M satisfying (1.4).

An interesting approach to the Lie algebroid of a vector bundle
E -5 M from the point of view of a reduction to its subalgebroid
was described by Teleman in [79], where this algebroid is understood
as the Lie algebroid of the principal bundle Lg of all frames of E.
A similar up to isomorphism interpretation of the corresponding Lie
algebroids was also remarked by Mackenzie in [61] and by Kubarski
in [50]. Namely, Lie algebroids A(FE) and A(Lg) are isomorphic. The
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isomorphism considered in [50] is defined as follows: Since the frames
of a vector bundle £/ with a standard fibre V' can be treated as linear
isomorphisms from V' to E, (z € M), any section v of E determines a
smooth map

vilp —V, U(u)=u"(v(r(u))),

where 7 : Ly — M is the projection in Lg. Then, arbitrarily taken
¢ € I'(A(Lg)) and v € I'(F) determine the mapping

Ly(v): M — E, Ly(v)(z) = u(@,(v)), u€ (Lp)e,

which is a section of the bundle E. Next, for any ¢ € I'(A(Lg)) the
map

Ly : I'(E) — I'(E), Ly(v) = Ly(v)

is a covariant differential operator in the sense of [61] with
Lipo=1F Ly, Lipg)=LooLy—LyolL,

for f € C°(M), ¢,¢ € I'(A(Lg)). Thus, we have an isomorphism
Sec @y : I'(A(Lg)) — I'(A(E)), ¢ +— L,

at the level of C*°(M)-modules, which is also an isomorphism of Lie
algebroids, i.e., it commutes with the anchors and preserves the Lie
brackets. Thus, the corresponding isomorphism

of Lie algebroids is defined by

P ([w])(v) = u(w(®)), w e T,(Lg), u€ Lg, veI'(E).

1.4 Restriction of a Lie algebroid to an open
subset

In this section we describe the Lie algebroid induced by a given alge-
broid and an open set (cf. [61], [63]) understood as the restriction of
structures given in the starting algebroid.
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Let (A, 0y4,],]) be a Lie algebroid over a manifold M and let U
be an open subset of M. Moreover, let Ay denote the restriction of a
vector bundle to U.

Consider sections &, &, of Ay. For any € M there exists an open
set B C U such that z € B and sections £, &, of A such that &,|B = ¢,
and &,|B = £,. To be more precise, let f € C*°(M) be a function that
separates = in U. There is thus an open set B C U satisfying x € B,
fIB =1, and f|(M \ U) = 0. Then actually sections ¢,, &, € I'(A)
defined by

f 2 (SO B ety Geaa

meet the required conditions. By Corollary[1.1.1], if sections X, X', Y, Y’ €
I'(A) satisfy Xjo = X|, and Yjo = Y|, for an open subset O C M,
then [X,Y], = [X'.Y"],. Thus, we can correctly define the skew-
symmetric bracket in I'(Ay) in such a way that

[€1: &o]e = [51,52}:0 for z € U.

Now, we define
0= 04| Ay i Ay — TU

as an anchor in Ay. Let &, n € I'(Ay), f € C*(U) and « € U. Then
there are sections £, 7 € I'(A), g € C*°(M) and an open set B C U
such that = € B, £|B = &, 7|B = n and g|B = f|B. From the Leibniz
identity for the Lie bracket in I'(A) we get

& fnle=1[&g-m], =9() - [&0],+(vo&), (9) T,
=f(@)-[&nle+ (T ), (f) N,
=(f-[&nl+ FoE)(f) n)()

Thus, we remarked that the restriction Ay of the bundle A has a
Lie algebroid structure (Ay, o, [-,-]) induced from the Lie algebroid

(4,04, [-])-

1.5 Trivial Lie algebroid

Let M be a smooth manifold and g be a finitely dimensional real Lie
algebra with a Lie bracket [-,-] and dimg = p € N. Let us take any
basis (v;)i_, of the vector space g. We define
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Lxn=Y X(f)-vi
=1

.
for X € I'(TM), n € C*(M;g) such that n(z) = > f'(x)-v; for z €
i=1

M, and where f* € C*°(M). This definition is correct because the value
of Lxn does not depend on the choice of the basis of the vector space
g. Moreover, we have

Lemma 1.5.1. For n,0 € C®(M;g), f € C®(M) and X,Y €
I'(T'M) the following equalities hold:

(a) Lpxn=f-Lxn,

(b) Lx(f-n)=f-Lxn+X(f)-n,

() Lixym=Lx(Lyn) — Ly(Lxn),

(d) Lx([n,o]) = [Lxn, 0]+ [n,Lxo].

Define

[(X,0),(Y;n)] = ([X,Y],Lxn — Lyo + [o,1n])

for X,Y € I'(TM), and o,n € C*(M;g). The map [-,-] is bilinear
over R and skew-symmetric. Moreover, applying the properties from
Lemma [1.5.1], we have

[(X.0), f-(Y,m] = f-[(X,0),Y;m)] + (vo (X,0))(f) - (Y.n),
where

y=pr, :TM xg— TM, (v,w)+— v
has the role of an anchor, and

Jacy1((X,0), (Y.n),(Z,7)) = [(X,0),[(Y,n), (Z,7)]] + eycl = 0

for X,)Y,Z € I'(TM), and o,n,7 € C*(M;g). Based on the obtained
results, we conclude that (T'M x g, [-,-], pr;) is a transitive Lie alge-
broid with the Atiyah sequence

pry

0 —g——TMxg TM 0.
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Remark 1.5.1. Let E' be a vector bundle over M with a projection
p:E— M, and let ¢ : U x V — p~1(U) be its local trivialization.
We demonstrate that

¥ TU x End(V) — A(E)y

defined in Section E 1.3 by is an isomprphism of the trivial Lie alge-
broid TU x End(V') and the restriction A(E)y of A(F) to U [50]. The
map 1 is an isomorphism of vector bundles (cf. Sectlon . It remains
to show that 1) preserves the Lie brackets of considered algebrmds

Let X,Y € X(U), o,n € C*(U;End(V)), z € U, and v € I'(E).
We first observe that

(T (X,0)) ), = X(ve) + To (0,0)
(Yo (Yin) (), =Y (vy) +To(nry),
where vy, : U — V is defined in (L5)), and 7' : End(V) x V — V
is a bilinear map given by T(L,z) = L(z) for (L,z) € End(V) x V.
Moreover,
Xo(T o (n,vy) = T (g, Xa(vy)) + T(Xu(n), ve(2))
= 1, (Xa(vp)) + (Xa(n) (vy(2))
and
Yo(T o (0,vp)) = T(00, Yal(vy)) + T(Ye(0), vy(2))
= 0:(Ya(vy)) + (Ye(0)) (vy(2))-
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=, (Xa (Y (vy)) = Ya (X (vy)))
+ 1, (Xo (To (n,vp)) = Ya (T 0 (0,0)))
+ 9, (00 (Ya(vy)) = n.(Xa(ry)))
+ 1, (021, (4 (2))) = 0, (02 (vy(2))))
= P, ([X, Ve (vy) + Xa(n) (v (7)) = Ya(0) (vy(2)) + [0, 0, ] (v (2)))
=, (X, Y]a(vy) + (Lx(n) = Ly (o) + [0, 1)), (vu(2)))
= (Vo ([X,Y],Lx(n) = Ly (o) + [o.1])), ()
= (Vo l[(X,0),(Y;n)]), (¥).

So, indeed Sect) : I'(TU x End(V)) — I'(A(E)y) preserves the
Lie brackets. Moreover, from the definition of the mapping ¢ it follows

that 04(g), (¥(u,a)) = u for (u,a) € TU x End(V'), which means that
the diagram

TU x End(V) A(E)y
FN\ /M(E)U

TU

is commutative. Thus, ¢/ as a bundle isomorphism is also an isomor-
phism of Lie algebroids U x End(V') and A (E),.

In the special case of the trivial bundle £ = M x V', we have the
following isomorphism of Lie algebroids:

A(M x V)2 TM x End(V).

1.6 Cartesian product of Lie algebroids

Let (A, 04,[-]) and (A", 04, -]") be Lie algebroids over manifolds
M and M’, respectively. By the Cartesian product of Lie algebroids A
and A" we mean the Lie algebroid
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(A X Ala 04 X 04, [['7 ]]X)

over the manifold M x M’, and where the Lie bracket [-,-]* is defined
~ ~1 ~2

in such a way that for any ¢ = (£ ,€), 7 = (7',7°) € I'(A x A),

(x,2") € M x M' we have

where
[[Ea ’ﬁ]]%a;,w’)
—[E o) i o) + (0a 0 & a7, ))) = (0 0T wary (€ (),

and

Hg’ ﬁ]]%m,x’)
o pe ~2 / =1 ~2 / ~1 =2 /
= 1€ (@) (@, )] + (04 0 & ) @any (17 (7)) = (24 0 ) @ary (€ (-, 27)).
For the Cartesian product of Lie algebroids we refer to [51].

1.7 The inverse-image of a Lie algebroid

Let (A, 04, [, -]) be a regular Lie algebroid over a manifold M, Im o, =
F,and let f : (M',F') — (M, F) be a smooth function between
foliated manifolds, i.e., F' C TM' is such a subbundle of T'M’ that
f«[F'] C F. Then, there is a regular Lie algebroid, cf. [50],

(f/\A7 [['7 ']]/\7 prl)
called the inverse-image of A by f, in which:

1. [P A=F' X (fu0a) A= {v,w) € F' x A: fo(v) = 04(W)}
CF' & f*A,
2. an anchor is the projection pr; : F' x(, ,,) A — F' given by
(V7 W) — V?
3. the bracket [-,-]" in I'(f"A) is defined as follows: Let (X1,¢,),
(X2,&,) € T'(fMA), where Xy, Xy € I'(F'), £,,&, € I'(f*A). Then,
for any x € M’ there is an open set U C M’ such that x € U and

LU= "gl-(Eof)| ., &U=D g (dof)
J J

U U
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for some g/ € C™ (M’) and & € I'(A). Set
[[ (Xlagl) 9 <X27§2) ]]f}]

= ([Xl,Xz] D gtgs - (16,6510 f) + ) X1 (g5) - (€50 f)

- ZX2 (9{) : (fjl © f))

The Atiyah sequence of f"A is

U

pry

0 —— ff(kerp,) —— 1A F' 0.

1.8 Transformation Lie algebroid

Let g be a finite real Lie algebra with a Lie bracket [-, -], which acts on
a manifold M. Let

Aig— I'(TM)

be a homomorphism of Lie algebras g and the Lie algebra of vector
fields on M equipped with the classical Lie bracket of vector fields. Set

A=Mxg
as the trivial bundle with the anchor
o:Mxg—TM,

o(z,v) = A(v)(2)
Taking the identification I'(M x g) = C'*°(M; g), we define the bracket

[]: (M x g) x I'(M x g) — I'(M x g)
in I'(M x g) by
[f,91(x) = [f(2), g(2)] + (A ) (9))(x) = (Ao g) (F)(x)

for f,g € C*(M;g), x € M. The triple (M x g, 0, [-,-]) is a transitive
Lie algebroid over M called the transformation Lie algebroid induced
by A (cf. [62]).
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1.9 Lie algebroid of a Poisson manifold

In this section we describe the structure of the Lie algebroid on the
cotangent bundle that any Poisson structure induces, in particular any
symplectic manifold determines such an algebroid. In the literature,
this structure appears in articles of several authors independently. For
the first time this structure was introduced by Fuchssteiner in [26], and
by Magri and Morosi in [64], by Dazord and Sondaz in [21], and by
Weinstein in [81] (cf. [46]).
Let M be a Poisson manifold with a Poisson bracket

(-} C(M) x C®(M) — C®(M).

Recall that {-,-} yields the structure of a real Lie algebra on C*°(M)
and satisfies the following the Leibniz rule of derivation:

for any f,g,h € C>(M).
There exists a unique smooth section IT € I'(A\>TM), called the
Poisson bivector, such that

{f.9} = II(df, dg) (1.10)
and

I, )4y =0, (1.11)
where [-,-]4 y is the Schouten-Nijenhuis bracket ([60]). Let us recall

here that the Schouten-Nijenhuis bracket is defined on the multivector
fields, i.e., on sections of vector bundles A’ T'M. Let

V(M) =@ V’(M) where V(M) = I'(A"TM).

p=0

Then [, -]g v : V(M) x V(M) — V(M) is an R-bilinear map of a degree
—1 defined in such a way that

[P,Qls.y € VPTTHM) for P € VP(M), Q € VI(M),

[P,Qls.y = (—=1)P[Q, Plgy for P € VP(M), Q € VI(M),
(X,Y]qy = [X,Y] for X,V € VI(M),
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(X, fle.y = X(f) for any X € V(M) and f € V°(M) = C>(M),
(X1 A AXYgy = (DT XA AKX AL AXALXG Y,

i=1
[RQ N R]S-N = [P, Q]S-N NR+ (‘1)(p+1)qQ N [P, R]S-N

for Xi,...,X,,Y e V{(M), P € V?(M),Q € VI(M), R € V(M), and
where the symbol X; means that X; is omitted (cf. [82]). The Schouten-
Nijenhuis bracket is therefore an extension of the Lie bracket of vector
fields on M. Remark that is equivalent to the Jacobi identity of
the Poisson bracket {-,-} because [/, I1]4 \ (df,dg,dh) is equal up to
a constant to the Jacobiator Jac. 1 (f, g, h) for f,g,h € C°(M).

In a local coordinate system (z1,...,x,) we have
0
Z i 8 8w
1<i<j<n J

and where I1;; = {x;,z;} = II(dz;,dz;). Therefore, for f,g € C>(M)
we have

" 9f 8y
{fag} H df7 ZHZ]a 81'J

ij=1
The anchor in the cotangent bundle is the vector bundle map
g:T"M — TM

given by
{#(c), B) = L (v, B)

for a, 3 € 2 (M) = I'(T*M). Therefore,
8(df)(9) = {f, 9}

for f,g € C°°(M). The Lie algebra structure on 2'(M) = I'(T*M) is
defined by the bracket

[,]: 24 M) x 21(M) — 2(M)
which is uniquely given by

[df,dg] = d{f, g}
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and

for all f,g € C*°(M) and a, 3 € 2'(M). Explicitly, the skew-symmetric
bracket [-, -] is given by the formula

[ov, B] = Loy (B) — Ly () — d (1 (e, §)) (1.12)
for v, 8 € 2Y(M). Therefore, f defines the Lie algebra homomorphism
Sect : ' (M) — I'(TM), aw ta,

ie., ifa, 8] = [#(), #(B)] for o, B € 2Y(M). The Jacobi identity of
[-, -] is equivalent to because (cf. [46]) 2 Jacy. j(df, dg, dh) is equal
to d([I1, 14 y (df,dg,dh)) for any f,g,h € C>®°(M). Summarizing, we
have a vector bundle monomorphism f such that the following diagram
commutes

T*M b ~T'M
Pr=Mm Prm
M iy, - M

where pra : TM — M and pp<p : T*M — M are projections of the
tangent and the cotangent bundle, respectively. Moreover, we see at
once that Secf is a homomorphism of Lie algebras.

The Lie algebroid (T*M,t,[-,-]) defined in this way is called the
Lie algebroid of a Poisson manifold M.

Every symplectic manifold (M, w), where w is a closed nondegener-
ate 2-form, has a Poisson structure with the bracket defined by

{f.9} = w(X;y, X)
where the Hamiltonian vector field Xy is given by
ix,w=w(Xy, ) = —df.
In pal;tqicular, if M = R*" with coordinates (qi,. .., ¢m,P1,- - -,Pm) and

— 0 A O
w —Zapi A B then

=1
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{f,9} = Z (8% op; B p; 8%’)

=1

for f,g € C>*(M).

In the cotangent bundle of a manifold M with a symplectic form w,
we can define the Lie algebroid structure with the bracket defined as in
and with an anchor which is the isomorphism of vector bundles
f,: T*M — TM given by

w <Hw(a)7 Y> = O‘<Y)
fora € I'(T*M), Y € I'(TM). Consequently, in this case

fw
0 ——0——T"M TM 0

is the Atiyah sequence of (T*M, f,, [-,-]), so it is a transitive Lie alge-
broid in which the anchor has a trivial kernel.

1.10 Structures of Lie algebroids on cotangent
bundles determined by vector fields

In this section we present a family of Lie algebroids determined by spe-
cific vector fields on a given manifold, defined in [22] by Dobrogowska
and Jakimowicz. In [22] the authors also note that the starting point
can be replaced by any Lie algebroid and corresponding vector fields
by sections.

Let M be a differential manifold and let [-,-] denote the classical
Lie bracket of vector fields on M. We choose the vector fields X,Y on
M related to each other in such a way that

[X,Y] = ¢Y for some ¢ € R.

Next, in the cotangent bundle of M we introduce the structure of
the Lie algebroid in which the anchor is the homomorphism of vector

bundles
such that

oxy(a) = —a(Y)X for a € I'(T*M),
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while the Lie bracket [,-]y in the space of 1-differential forms
I'(T*M) is given by

[a, ﬁ}x,y =B(Y)Lxa—a(Y)Lxp

for o, € ['(T*M). In particular, each vector field X on M de-
fines in the cotangent bundle of M the structure of Lie algebroid

(T*Ma Ox,x> ['> ']X,X)'

In Section 2.4l below we observe that the defined Lie bracket on 1-
differential forms is in fact a skew-symmetric part of some torsion-free
and flat connection. This observation gives us the immediate fulfillment
of the Jacobi identity by the given bracket of section in the cotangent
bundle. Moreover, in Section [2.4) we remark that the introduced Lie
bracket can be generalized to a pair of vector fields X,Y on M such
that [X,Y] = fY for some f € C*(M).

Some linear combination of Lie algebroids defined in this way again
creates a new Lie algebroid as shown by the following theorem.

Theorem 1.10.1. [22] Let A € R and X,Y € I'(T'M) be such that
[X,Y] = 0, then a structure (T*M, ox.y, [, "]xy) is a Lie algebroid,
where the anchor and the Lie bracket is given by

[ Txy = Foly A0 lvxs Oy = oxy + A - oyxi
explicitly,

[0, Blxy = BY)Lxa — a(Y)LxB+ A (B(X)Lya — a(X)Lyf),
and

Oy (@) = —a(Y)X =X a(X)Y
for any o, B € I'(T*M).

In the special case when A = —1 the bracket [, B(Y is related to
the structure of Poisson manifold determined by the Poisson bivector
IT = X AY. Namely, if {-,-} is a Poisson bracket determined by IT,

for any f,g € C>(M).



Part 11

Linear connections






2. Linear connections on Lie algebroids

2.1 Linear connections in a vector bundle

Let (A, o4, [, -]) be a Lie algebroid over a manifold M.

Definition 2.1.1. A linear connection in a vector bundle £ — M is
any an R-bilinear map

V:I'(A) xI'(E)— I'(E)
satisfying the following properties:
Vix(u) = f-Vx(u),

Vx(f-u)=f-Vx(u) + (040 X)(f) - u
for X,Y € I'(A), f e C®(M), ue I'(E).

Definition 2.1.2. Let E be a vector bundle over a manifold M. The
module of all sections of the Lie algebroid A(F) is denoted by

CDO(E).

Remark 2.1.1. We recall that CDO(F) is the space of all such R-linear
operators

(:I'(E)— I'(E)

that there exist unique X, € I'(T'M) with the property
(f -u) = f-lu) + Xo(f) - u

for f € C*(M) and u € I'(E).
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Remark 2.1.2. Let E be a vector bundle over a manifold M and let
V:I'A) xI'(E) — I'(E)

be a connection in E. Set

V : I'(A) — Endeeun (T(E))

VX)(f-u) = f-V(X)(u) + (040 X)(f) - u (2.1)
for X € I'(A), r € R, u,uy,up € I'(E), f € C®°(M), we observe that
V(X) € CDO(E) for any X € I'(A).
Moreover, implies that
V: I'(A) — CDO(E)

is a homomorphism of C*°(M )-modules I'(A) and CDO(FE) such that
the diagram

/\

~CDO(E

Sec% ﬁc QA(E)

commutes. This observation leads to the generalization of the concept
of a linear connection given in the definition below as vector bundles
homomorphism acting from a Lie algebroid into a Lie algebroid that
commutes with anchors (cf. [9]), or homomorphism of modules acting
from the module of sections of the first Lie algebroid into the module of
sections of the second Lie algebroid, which commutes with the anchors
at the level of sections.
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Definition 2.1.3. Let (A, 0y4,[-,:]4) and (B, 0p, [, ]5) be Lie alge-
broids, both over the same manifold M. By an A-connection in the
Lie algebroid B we mean any homomorphism of C°°(M )-modules

V:I'(A) — I'(B)
for which the diagram

r(A) Vo I(B)
Sec% %CQB
r(TMm)
is commutative.

Lemma 2.1.1. Let (A, 04, [, -]4) and (B, g, [, "|5) be Lie algebroids,
both over the same manifold M, and let o5 be a constant rank, i.e.,
(B, 05, [, "|g) is a regular Lie algebroid. Then, for any A-connection
V:I'(A) — I'(B) in B we have

VolX,Y],—[VoX,VoY], € I'(kerpop)

for any X, Y € I'(A).

Proof. Let X, Y € I'(A). Then, since p5oV = p, and anchors preserves
the Lie brackets, we have

0p° (Vo[X, Y], = [VoX,VoY]y)
=(0poV)o[X,Y], —[(0poV)o X, (0poV)oY]r,
=040 [X,Y], —[oa0X,040Y]ry
=040[X,Y],—040[X,Y],
=0.
|

Definition 2.1.4. Let (A, 0y4,[-,:]4) and (B, 0p,[-,:]5) be Lie alge-
broids over a manifold M. By the curvature of an A-connection
V : I'(A) — I'(B) in B we mean the following skew-symmetric 2-
form

RY e I'(\* A* ® B)
given by
RYy=Vo[X,Y],—[VoX,VoY]y
for X,Y € I'(A).
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Remark 2.1.3. Observe that if (A, 04, [+, ] 4) is a Lie algebroid over M,
(B, 05, [, |) is a regular Lie algebroid over M, V : I'(A) — ['(B) is
an A-connection in B, then from Lemma [2.1.1]it follows that

RY € I'(\* A* @ ker o).

Definition 2.1.5. Let (A, 04, [, ¢],) and let (B, 0p,[-,]5) be Lie al-
gebroids over the same manifold M. We say that an A-connection
V:I'(A) — I'(B) in Bis flat if RY = 0.

Hence, the following obvious characterization of flat connections in
the language of commutative diagrams:

Theorem 2.1.1. Let (A, 04, [, -] 4) and (B, 0p, [, -] 5) be Lie algebroids
over a manifold M. Then, a homomorphism of C*°(M)-modules V :
I'(A) — I'(B) is a flat A-connection in B if and only if the diagrams

r(A) v - I'(A) I(A) v - I'(B)
Sec%\ %C 0n [.’ ']A [.7 ']B
r(T) I'(4) x T(A) 5~ ['(B) x I'(B)

are commutative.

Example 2.1.1. Every homomorphism H : A — B of Lie algebroids
(both over the same manifold M) is a flat A-connection in B.

Remark 2.1.4. Let (A, 04,[,+]4) be a Lie algebroid over M and let £
be a vector bundle over M. Since the Lie algebroid A(FE) of the vector
bundle £ is transitive (in particular A(FE) is regular) with the Atiyah
sequence

CA(E)

0 —— End(E) —— A(E) TM 0,

we can consider the curvature of an A-connection V in A(E) as the
2-form

RY € I'(\* A* ® End(E))
given by

RYy(u) = Vx(Vyu) = Vx(Vyu) = Vixy],u
for X, Y € I'(A), u € I'(E).
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The so-called representations in a given vector bundle, which are in
fact some flat connections (cf. [61], [50]) are important for determining
the characteristic classes.

Definition 2.1.6. Let (A, 04, [, ] 4) be a Lie algebroid over M and let
E be a vector bundle over M. By a representation of A in E we mean
any homomorphism of Lie algebroids

H:A— A(E).

Example 2.1.2. (Adjoint representation) Let (A, 04, [+, -] ,) be a regular
Lie algebroid over M and g = ker p,. The homomorphism of vector
bundles

adg : A — A(g)
defined by
ada(X)E = [X.€],, X € I(A), €€ I(g)
is an A-connection in A(g) called the adjoint representation of A.

Example 2.1.3. (Trivial representation) Given an arbitrary Lie alge-
broid (A, oy, [-,:]4) one can observe that o, : A — TM is a flat
A-connection in T'M because at the level of sections, the anchor can
be treated as a mapping Sec g4 : I'(A) — CDO(M x R).

Ezample 2.1.4. (Contragredient representation) Let
V:I'(A) — CDO(E)

be an A-representation in E where (4, 04, [+, ] 1) is a Lie algebroid over
M and F is a vector bundle over M. Then,

Vi I'(A) — CDO(E*)

given by

(Vi () u) = (040 X) (", u)) = (u', Vxu)

for X € I'(A), u € I'(E), u* € I'(E*), is an A-representation in the
dual bundle E*. The representation V* is called the contragredient to
V.



42 2. Linear connections on Lie algebroids

Ezample 2.1.5. (Induced representation in the bundle of homomor-
phism) Let V : I'(A) — CDO(E) be an A-connection in A(FE) where
(A, 04,[,]4) is a Lie algebroid over M and E is a vector bundle over
M. Set in the A-module Hom" (E;R),

Hom" (V) : I'(A) — CDO(Hom" (E;R)),
by
(Hom" (V) (?)) (u1, ..., uy)

= (040 X)(@(ur, ... upn)) = > D(un, ... uisy, Vxt, ... )
i=1

forn € N, @ € Hom" (A;R), X € I'(A), uy,...,u, € I'(E). Forn =0
we set

Hom’(V) = Seco, : I'(A) — CDO(M x R).
The map Hom(V) : I'(A) — CDO(Hom (E;R)) defined by

Hom(V)y = @ Hom" (V)

n>0
for X € I'(A) is an A-connection in Hom (E;R) = (P Hom" (E;R).
n>0

Lemma 2.1.2. Let (A, 04, [-,-|4) be a Lie algebroid over M and E is a
vector bundle over M. IfV : I'(A) — CDO(FE) is a flat A-connection
in A(E), then the connection Hom(V) is flat.

Proof. Let V be a flat A-connection in A(E), n € N, ¢ € Hom" (4;R),
X € I'(A), uy,...,u, € I'(E). Let us denote by V the connection
Hom(V). Then,

([?Xﬁy} (@)) (Ugy ..., upy)
= ((VxoVy —=VyoVx) (D)) (ur,...,u,)

= (040 X) (Vy®)(ur, ... un)) = > (Vy®)(ur,..., Vs, ... up)

—(040Y) (Vx®)(us, ..., u,)) + Dvxcp)(ul, VU, )
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= (040 X)((04 0 YV)((Vx®)(ur, ..., un)))

i=1
3 w0 V) Blurs i, Vi 1)
i=1
+Z€P(u1, U1, Vy U, oo Uim1, VXU, oo, Uy)
j<i
+Zd5(u1,...,ui,l,Vy(VXui), , Up,)
i=1
+ Z@(ul, e Wi, VXU o U1, VX Uy oy Uy)
i<j

+Z(QA o X)(D(uq, ... Ui—1, Vyliy ..., Uy))

i=1
— E ® (ul, ceey Ui, VXUJ', c ,ui,l,Vyui, . ,un)

7<t
— Z@(ul, . ,u,-_l,VX(Vyui), e ,un)
=1

— E @(ul, PN ,ui_l,Vyui, N ,Uj_l,VYUj, PN ,U,n)
1<j

= [(QA © X7 04 © Y]TM (@(ub s ,Un))

—Z@(ul, ey, Ui, (VX o) VY - Vy o) Vx)ui, N ,un)
=1
= (040 (X, YD(@(ur, ... un)) = > D(ua,...,[Vx, Vylus, ... up)
=1

= (o4 0 [X, Y])(P(uy,...,u,)) — Z@(ul, o VX Ui - Uy)
i=1

= (7[X,y]q5)(u1, . ,Un).

Therefore, V = Hom(V) is a flat A-connection in Hom (E; R) which is
a consequence of the flatness of V. [ |
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Example 2.1.6. Let (A, 0y, [-,-]4) be a regular Lie algebroid over M
and g = ker p,. The adjoint representation ady : A — A(g) is a flat
A-connection. Now Lemma shows that Hom(ad,) is flat. Conse-
quently, Hom(ad ) is a representation of A in Hom(g;R).

Theorem 2.1.2. Let (A, 04,[,]4), (B,05,[-,"]5), and (C, 00, [ ]s)
be Lie algebroids, all over the same manifold M. If

F G
0 A B C 0

is an exract sequences of Lie algebroids, then any of its splitting H :
C — B is a C-connection in B.

Proof. Let H : C — B be a homomorphism of vector bundle such
that G o H = id¢. Since G commutes with anchors, i.e., o~ 0 G = pp,
we obtain

opoH = (0o0G)oH =pp0(GoH)=p0idc = 0p-
|

Corollary 2.1.1. Let (A, 04, [-,-|4) be a regular Lie algebroid over M.
Then, any splitting H : Im o, — A of the Atiyah sequence

0
0 —— kerpy /i Imoy, — 0

18 a comnection i A.

Definition 2.1.7. The torsion of an A-connection V in A is the tensor
TV € I'(\* A* ® A) defined by

TV(X,Y)=VxY —VyX — [X,Y]
for X, Y € I'(A).

Definition 2.1.8. We say that an A-connection in A is torsion-free if
its torsion equals zero.

In the following sections we consider the torsion-free connections
related to Lie algebroids equipped with metric structures.
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2.2 Exterior derivative operator

Let (A, 04, [, ]) be a skew-symmetric algebroid over a manifold M and
let E be a vector bundle over M.

Definition 2.2.1. Let X € I'(A). The substitution operator
ix : IR A" 9E) — I'Q" A4 @ E)
is defined by
(ixO) (X, ooy, Xp1) = C(X, X0, oo, Xio1)
for (e N(®"A*Q E), X1,..., X1 € ['(A).
Let
V¥ I(A) — CDO(E)
be an A-connection in A(E).
Definition 2.2.2. The Lie derivative
LY r(®"A @ E) — Q" A* @ E)
for X € I'(A) is defined by
(LY 2)(X1, ..., Xi) = VE(R(X1,. ... X))
—iQ(Xl,...,[X,Xi],...,Xk)

)

for 2e I'(®"A*® E), X1,..., X, € I'(A).

Remark 2.2.1. Observe that LY () € I'(\ A*®E) ifn € I'(\ A*QE).
Moreover, let
V : I'(A) — CDO(A)

be an A-connection in A(A). We define the A-connection V in the dual
bundle in a classical way by the following formula

(Vxw)Y = (04 0 X)(w(Y)) — w(VxY)

for w e I'(A*), X, Y € I'(A) (cf. contragredient representation in Ex-
ample [2.1.4). Next, we take the tensor product of connections V¥ and
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V; by the Leibniz rule, we extend this connection to the A-connection
in the whole tensor bundle X) A* ® E, which will also be denoted by
V. Then, for ¢ € '(Q" A* ® E), X, X1,..., X}, € I'(4), we have

(VxO)(X1,. .., Xi) = VE(((X1, -, Xi)

= (X VX X,

j=1
Definition 2.2.3. We define the connection operator
V:IQ A ®E) — Q"™ A4 E)
by
(VOX1, Xa oo, Xpr1) = (Vi (X, - Xi)
for (e NQ"A*® E), X1,..., X411 € T'(A).
We recall that the exterior derivative operator
" I\ A*®@ B) — DN A* @ E)
on the Lie algebroid (A, gy, [+, ]) is defined by

(dVEn) (X1, Xes1) (2.2)

-3 (—1)"* vij(n(xl, X ,X,M))
‘7:

i<j
forne N(N"A*® E), X1,..., X1 € ['(A).

If V is torsion-free A-connection in A, then dV" can be written as
the alternation of the operator V (cf. [8], [12], [40]), i.e.,

d¥" = (k+1)- (AltoV) on I'(AFA"),

where Alt is the alternator given by

1
(AItC)(Xla"'an‘):E EZS SgIlO‘C(XJ(l),...,XU(k))
* 5ES),

for ¢ € N(®" A* ® E). Equivalently,
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(dvEn)(Xl, X)) = ki (—1)*! (v;b}jn> (Xl, X ,Xk+1>
j=1

forne N(N"A*® E), X1,..., Xps1 € T'(A).

Here, we recall the classical Cartan’s formulas:

Lemma 2.2.1. For any X,Y € I'(A) we have
(CL) E)V(E == ixdvE + diny,

(b) LY iy —ivLY =iy

2.3 The Bianchi identity

Let (A, 04,[,-]) be a Lie algebroid over a manifold M and let E be a
vector bundle over M. Moreover, let

V¥ . I(A) — CDO(E)

be an A-connection.

Definition 2.3.1. We define &7*(A, E) to be I'(\" A* @ E).
Recall that

d¥" o dv" =RV R (), (2.3)
where
(RY“Fn) (X, Xpsa) = X (1) RY (X1, 70 F s X))
1<)

forn € @*(AE), X1,..., Xpro € ['(A) (e.g. cf. [42], [83]).
Now, let

V =V4:T(A) x I'(A) — I'(A)

be a connection in A. Then we can consider the differential operator
dV . %A, A) — *T(A, A) given by

k+1 . ~
(@) (X, X)) = 2 (17 O (0K, K X))

=1

+ Z (—1)i+j n([Xz,XJ} ,Xl, .. Xz .. ')?j e ,Xk+1>

i<j
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for n € *(A, A), Xy,..., X1 € T'(A).
Observe that

(d¥(1da))(X,Y) = Vx (ida(Y)) = Vy (ida(X)) — ida([X, Y])
=VxY - VyX — [X,Y]
=TV(X,Y)

for any XY € I'(A). Consequently, the torsion of V is the differential
of the identity:

Lemma 2.3.1. TV = dV(id,).

Combining (2.3) with the equality in Lemma we get the first
Bianchi identity.

Theorem 2.3.1. (The first Bianchi identity.)
dV(TV) =RY Aidy .

The first Bianchi identity can be written directly as in the following
corollary.

Corollary 2.3.1. (The first Bianchi identity.) For any X,Y,Z €
I'(A), we have

RYvZ —RY Y + Ry X
=Vx(TV(Y,Z)) = Vy(TY(X,2)) + V(T (X,Y))
~TV([X,Y],Z2)+TY(X,2],Y) - TY(Y, 7], X).

Corollary 2.3.2. IfV is torsion-free, for any X,Y, Z € I'(A) we have

RYvZ+RYxY +Ry X =0.

2.4 The Jacobi identity as the Bianchi identity

Let A be a vector bundle equipped with an anchor g, : A — TM.
Moreover, let

V: I(A) x I'(A) — I'(A)

be a connection in a vector bundle A, i.e., V is R-bilinear and satisfies
the following properties:
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Vix(Y)=[f-Vx(Y),

Vx(f-Y)=[f-Vx(Y)+ (040 X)(f)- Y
for any X, Y € I'(A), f € C°(M).

Define

[X,Y] = VxY — Vy X

for any X,Y € I'(A).
Observe that [-,-] : I'(A) x I'(A) — I'(A) is bilinear over R and
skew-symmetric. Moreover,
[X, fY]=Vx(fY) = Viy X
— FUX(Y) + (040 X)(f) Y — Uy X
I YT+ (040 X)(f) Y
for X,Y € I'(A) and f € C*(M). It follows that [-, -] introduces the
structure skew-symmetric algebroid into A. Theorem presents

the relationship between the Jacobi identity of [-,-] and the Bianchi
identity for V in the skew-symmetric algebroid (A, o4, [, ‘])-

Theorem 2.4.1. For any X,Y,Z € I'(A) we have

Jacp (XY, Z) == Y RY,Z

cycl
XY, Z

Proof. Let XY, Z € I'(A). Since
[[X,Y], 2] = [VxY - VyX, 7]
=Vvyv-vyx(Z) = Vz(VxY — VyX)
=V2(VyX) = Vz(VxY) + Vixy1(Z),
we have
Jacy.4(X,Y, 2) = [[X,Y], 2] + [[Z. X], Y] + [V, 2], X]
=Vz(VyX) = Vz(VxY) + Vixy1(2)
+Vy(VxZ) = Vy(VzX) + Vizx(Y
+VX(VZY) Vx(VyZ)+ Vy,z1(X

(

—Vx(VyZ)+ Vy(
—V(VxY) + V(YY) + Vg (Y
—Vy(VZX) + Vz(vYX) + v[[YZ]](X

=—RYyZ — Ry xY — Ry ; X.
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We show that the family of examples of Lie algebroids on the cotan-
gent bundle considered in Section and introduced in [22] come
from some flat linear connections in skew-symmetric algebroids de-
fined by these connections. We notice that the defined Lie brackets on
1-differential forms are in fact skew-symmetric parts of some torsion-
free and flat connections. Moreover, we obtain a slight generalization
of considered relations between vector fields.

Let M be a differential manifold and let X,Y € I'(T'M) be vector
fields on M such that

[X,Y] = fY for some f € C*(M).
Define
oxy i T"M — TM
such that
oxy(a) =—a(Y)X for a € I'(T*M).
Next, define V by
V:I(T"M)x I'(T"M) — I'(T*M),
Vo = —a(Y) - Lxf
for o, 5 € I'(T*M).
Lemma 2.4.1. Forge C*(M), X € I'(TM), w € I'(T*M), we have

(a) Loxw =g Lxw+w(X)-dg,
(b)) Lx(g-w) =g Lxw+ X(9) w.

Lemma 2.4.2. V s a linear connection in T* M.

Proof. 1t is evident that V is bilinear over R and that V.8 = ¢V,.f3
for a, 8 € I'(T*M), g € C*(M). The property (b) in Lemma [2.4.]
implies that
Valgh) = —a(Y) - Lx(gp)
=—a(Y) - (9LxB+ X(g) - B)
=g(=a(Y) - Lxp)+ (—aY) X)(9)- 8
= gVaB+oxy(@)(g) B
for any a, 5 € I'(T*M), g € C>°(M). |
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Recall the bracket [, -] : I'(T*M) x I'(T*M) — I'(T*M) from
Section [LI0:

[, B}X,Y =B(Y)Lxa —a(Y)Lx
for a, 8 € I'(T*M). Observe that [-, -]y can be written as follows
[Oz, 6}){7}/ = vaﬁ — Vﬁa

for a, 8 € I'(T*M). It follows immediately that [,-]y, specifies a
skew-symmetric R-bilinear bracket. We show that the Jacobi identity
is a consequence of the flatness the considered connection.

Lemma 2.4.3. V is flat with respect to the bracket [-, -]y -

Proof. Let o, 5,y € I'(T*M). Then

(I) £ Va (V)
Va( BY) - Lx7)
—B(Y) Vo (Lxy)+ Va (=B(Y)  Lx7)
—B(Y) - Va (Lx7) +

(oxy o) (=B(Y)) - Lx~
= @(Y) BY) - Lx (Lxy) +aY) - X (B(Y)) - Lxv.

Likewise,
(IT) £ V5 (Vay) = a(Y) - B(Y) - Lx (Lxy) +B(Y) - X (a(Y)) - Lx7-

Subtracting (/1) from (I), we conclude that

Va (Vg7) = V5 (Var) = (Y) - X (B(Y)) = B(Y) - X (a(Y))) - Lx7-
Furthermore, observe that

(IT1) 2 Via gl ¥ = Vo) Lxa—av)LxsT
=B(Y) Vigay —a(Y) Viypy
=—BY)  (Lxa)(Y) - Lxy+aY)  (LxB)(Y)  Lxv
= (=BY) (Lxa)(Y) +a(Y) (LxB)(Y)) - Lxv
=BY) (=X (a(Y)) + a([X,Y])) - Lx
+a(Y) - (X(B(Y)) = B([X,Y])) - Lx7.

The result is
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oy = () = (IT) = (I1I)
= (a(Y)- X (B(Y)) = B(Y) - X (a(Y))) - Lx7
+6(Y) - (X(a(Y)) = a([X,Y]) - Lx7
—a(Y) - (X(B(Y)) + B(X,Y])) - Lx7
= (aY) - B(X,Y]) = B(Y) - o([X, Y])) - Lx7-
Since [X Y] = fY, we conclude that

= (YY) - 5(fY) = B(Y) - a(fY)) - Lxv
YY) - B(Y) = B(Y) - aY)) - Lxy
0.

Y
Y

Since V is a torsion-free and flat connection, by Theorem the
Jacobi identity follows from the Bianchi identity:

Jacy |y, (@, B,7) = — (Ry g7 + Ry, 0+ Ry ,a) = 0.

As mentioned in [22], the starting point can be not only a special
Lie algebroid, which is the tangent bundle, but any Lie algebroid. Now
take a finite-dimensional real Lie algebra g. Then in g* for x,y € g
satisfying [z, y] = cy for some ¢ € R, we can consider the connection
V in g such that

vaﬁ = —Oé(y) ’ Emﬁ - Oé(y) ’ (6 o ad(x))

for a, f € g*, where ad denotes the adjoint representation of the Lie
algebra g. The related Lie bracket for a, 5 € g* is then given by the
formula

[O" 6}173/ = vaﬁ - Vﬁa
= (a(y) - B = B(y) - @) o ad(z).

2.5 Exterior derivative on a Lie algebroid

Let (A, 04,[-,-]) be a Lie algebroid over a manifold M. Consider the
anchor of the algebroid A as an A-connection in the trivial vector
bundle M x R. Then

d = d*ea: (A" A") — T\ A7)
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is the exterior derivative operator on the Lie algebroid (A, oy,["]),
and is given by

(d)(Xis- . Xi)
k+1 - R
=3 07 a0 X) (X K X))
X

3 (D) (X, X)L X X

1<j

forn € T(N*A*), X1,..., Xpp1 € T'(A).
Since the bracket [-, -] satisfies the Jacobi identity, i.e., Jacp.j = 0,

dod=20

(cf. [42], [66]). For the first time in the context of Lie algebroids, this
operator was discussed in [66].

Definition 2.5.1. The cohomology of the chain complex

(D (A" A),d)

k>0
is called the Lie algebroid cohomology of A and denoted by H*(A).
Lemma 2.5.1. For any X € I'(A), we have
ad’(X) =doux +1xo0d

where d = d° is the exterior differential operator in A.
Proof. Let X, Y € I'(A), n € I'(A*). Then,

((dotx +txod)n,Y)

= (d({n, X),Y) + ((ex(dn),Y)
= (d((n, X)(Y) + (dn)(X,Y)
= (040 Y)((n, X)) + (04 0 X)(n(Y)) = (04 0 Y)(n(X)) = n([X,Y])
= (o ((n,Y)) —
= (ad}(X)(n),Y)

(n, ad(X)(Y))

Similarly, the connection Hom"(ad 4) can be written in the language
of the differential operator d and the substitution operator. By Lemma
2.2.1] we have immediately the following corollary.

Corollary 2.5.1. For any X € I'(A),
Hom"(ad4)(X) =dowx +txod

where d = d%4 1is the exterior differential operator on A.
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2.6 Connections associated with metric structures

2.6.1 Symmetric products and the symmetrized covariant
derivative

In this section we discuss symmetric products on skew-symmetric alge-
broids. We note that linear connections on skew-symmetric algebroids
are the source of such objects. Such symmetric products appeared in
the expansion of the symmetrized connection, and this is the subject
of our considerations. In particular, we remark that symmetric prod-
ucts have similar properties to the exterior derivative operator. We
depend on our paper [7]. Some proofs has been supplemented here and
presented for the sake of clarity and completeness.

Let (A, 04, [, ]) be a skew-symmetric algebroid over a manifold M.

Definition 2.6.1. A symmetric bracket on the anchored vector bundle
(A, 04) is an R-bilinear symmetric mapping

(«:):T'(A) x I'(A) — I'(A)
satisfying the following Leibniz-kind rule:

(X f-Y)=F-(X:Y)+(ea0 X)(f) Y
for X, Y € I'(A), f € C®(M).

Ezample 2.6.1. Let V : I'(A) x I'(A) — I'(A) be a connection in A.
Then, (-: )V : I'(A) x I'(A) — I'(A) given by

(X V)V =VxY +VyX (2.4)
for X, Y € I'(A), is a symmetric bracket on A.

Definition 2.6.2. Let V : ['(A) x I'(A) — I'(A) be a connection in
A. The symmetric bracket on A defined by (2.4) is called the symmetric
product induced by V.

Remark 2.6.1. The symmetric product in the case A = T'M was first
introduced by Crouch in [20]. However, the symmetric product for Lie
algebroids was first considered in the context of control systems by
Cortés and Martinez in [15]. Lewis in [58] gives some geometrical in-
terpretation of the symmetric product associated with the geodesically
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invariant property of a distribution. Namely, we say that a smooth dis-
tribution D on a manifold M with an affine connection V'™ is geodes-
1cally invariant if for every geodesic ¢ : I — M satisfying the property
c(s) € De) for some s € I, we have c/(s) € Dy for every s € I.
Lewis proved in [58] that a distribution D on a manifold M equipped
with an affine connection V' is geodesically invariant if and only if
the symmetric product (- : -)¥™ induced by V™ is closed under D,
ie.,

VTIW

(D:DYY " CD.

Let us assume that the skew-symmetric algebroid (A, oy, [-,]) is
equipped with a symmetric bracket (- : -) : I'(A) x I'(A) — I'(A).

We define d* : I'(Q" A*) — I'(®"" 4*) on the whole tensor
bundle by

k+1 ~
(@)X, Xner) = 3 (e 0 X;)(Q(X1, . Ky X))
pa

_ZQ(le---)?i--w<Xi:Xj>7---;Xk+1>

1<j

for 2 € N(Q" A*), X1,..., Xie1 € I'(A). We denote the restriction of
d® to the symmetric power bundle S(A) by the same symbol.

The symmetric Lie derivative L5 : T'(®Q"A*) — I'(®Q" A*) for
X € I'(A) is defined by

(;C;—Q)(Xl,,Xk) == (QAOX)(Q(Xl,,Xk))
—iQ(Xl,...,(X:Xi),...,Xk)

for 2 € N(Q" A*), X1,..., X} € I'(A). Remark that the image £5 (¢)
of a symmetric tensor ( is also a symmetric tensor.

By using definitions, one can prove that the symmetric Lie derivative
satisfies the following Cartan’s identities analogous to these Cartan
identities on exterior forms:

Theorem 2.6.1. For any X,Y € I'(A) we have:
((I) ;:ixds—dsix,

(b) Liiy —ivLy% = ixy)-
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Proof. Let XY, Xy,..., X, € I'(A) and 2 € I'(®" A*). Observe that

(ixd* Q) (X1,..., X3)
= (040 X)(2(X1,..., X)) + f;(gA o X)) (X, X1,..., X, ..., X1))

=1

—iQ<X1,,<XXz>,,Xk)

1=

k ~
—ZQ<X,X1,,Xl,,<XzXJ>,,Xk)

i<j
and
k ~
(dSiXQ)(le SR 7Xk) = Z(QA © XZ)(Q<X7 Xi, oo X, 7Xk>>
i=1
k ~
_ZQ(XaXla7X177<X1X]>77Xk)
i<j
Hence, we obtain (a) in Theorem [2.6.1}
Moreover,

(L3iy )(X1, -, Xpt)
= (040 X)( (Y, X1,...,Xs1)) — kilQ(Y,Xl,...,(X cXi) o, Xel1)

=1

and
(ZYCASXQ)(Xl, e 7Xk71) = (QA o} X)(Q(Y, X17 e 7Xk71))

k-1
—Q(<X . Y> ,Xl, Ce 7Xk*1)_z Q(Y,Xl, ceey <X : Xz>> .. 7Xk71)7
=1

which give immediately (b) in Theorem [
Lemma 2.6.1. For f € C*°(M), X € I'(A), n € I'(A*), we have:

(a) Ljxn=f-Lxn— (ixn)-d°f,

(b) Lx(f-n)=f-Lxn+ (a0 X)(f) 7.

When the symmetric bracket comes from a connection, i.e., is the
symmetric part of a linear connection V : I'(A) x I'(A) — I'(A),
d® on symmetric tensors is simply a symmetrization of the connection
operator. We have the following theorem.
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Theorem 2.6.2. Let V : I'(A) x I'(A) — I'(A) be an A-connection
and d* is induced by the symmetric product (X : Y)Y = VxY +Vy X,
i.e.,

k+1

(@) (X1, -, Xieer) = 3 (040 X)) (0K, Ky, X))

j=1
—ZT]((XZ . Xj>V,X1,...)?i...Xj...,Xk+1>
1<j

forn e I'(SFA*), X1,..., Xpy1 € I'(A). Then
d* = (k+1)-(SymoV) : I'(S*FA*) — I(SF1A"),

where Sym is the symmetrizer defined by

1
(Sym C)(Xla s >Xk3> = E Z C(Xa(l)a e 7Xa(k))

c 0ESk

for ¢ € N(®" A*). Equivalently,
k1 ~
(dST])<X1, ce ,Xk+1) = Z (VXJT])(Xl, e X] ce 7Xk+1) (25)
j=1

forne I'(SFA*), X1,..., Xps1 € ['(A).
Definition 2.6.3. We call d* the symmetrized covariant derivative.

Remark 2.6.2. The mapping d® in the case of tangent bundles was
introduced by Sampson in [76], where a symmetric version of Chern’s
theorem is proved. The Koszul-type shape of d° for tangent bundles was
first obtained by Heydari, Boroojerdian, and Peyghan in [40], and next
under the study of generalized gradients on Lie algebroids in the sense
of Stein-Weiss in [12]. Thus, the symmetrized covariant derivative is a
symmetric counterpart of the exterior derivative operator, except that
the role of the skew-symmetric bracket is taken over by the symmetric
product.

The symmetrized covariant derivative was also considered by Mikes,
Rovenski, Stepanov and Tsyganok in the study of the Lichnerowicz-
type Laplacian on symmetric tensors [77], [67].
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2.6.2 Connections compatible with Riemannian
pseudometrics

Let (A, 04,[,]) be a skew-symmetric algebroid over a manifold M
equipped with a pseudo-Riemannian metric g € I'(S?A*) in the vector
bundle A and an A-connection V in A. Let (- : -}V be the symmetric
product induced by V, i.e.,

(X Y)Y =VxY +VyX
for X, Y € I'(A), and let d® be the symmetrized covariant derivative.

Definition 2.6.4. A connection V in is said to be compatible with the
metric g ift Vg = 0.

The pseudo-Riemannian metric defines two homomorphisms of vec-
tor bundles

h: A— A" g A" — A
by

(X) =ixg,  g(iw),X) = w(X)
for X € I'(A), w € I' (A*), respectively.

Definition 2.6.5. Let X € I'(A). We will use the symbol X’ to denote
the 1-form ixg = g(X, ), i.e.,

)(b = ZXg

Definition 2.6.6. We say that V is a connection with totally skew-
symmetric torsion with respect to a pseudo-Riemannian metric g if

3
the tensor 79 € I (® A*) given by
(XY, 2) = g(TV(X,Y), Z)
for X,Y,Z € I'(A), is a 3-form on A, i.e., T9 € I'(\* A%).

In the following theorem we show the relationship determined by the
metric tensor between the connection, its torsion, and the symmetrized
covariant derivative of the metric.
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Theorem 2.6.3. [7] Let X,Z € I'(A). Then,
9(Vx X, Z) = g(1(LL X" — 3d(9(X, X)), Z) (2.6)
—9(TY(X, 2), X)
+(Vg)(Z, X, X) — 3(d°9)(X, X, Z).
Proof. [7] Let X, Z € I'(A). Observe that
(@9)(X, X, Z) = (Vxg)(X, Z2) + (Vxg)(X, Z) + (Vz9)(X, X)
=2(Vg)(X, X, Z)+ (Vy)(Z, X, X).

Therefore,
(vy)(Za X?X) - %(dsg)(xv X7 Z)
= (V9)(Z, X, X) - 5 (2(V9)(X, X, Z2) + (Vg)(Z, X, X))

= %(Vg)(Z,X,X) - (v9)<X7X7 Z)
Now observe that
%(VQ)(ZaX’X) - (VQ)(X7Xv Z)
= 5(Vz9)(X, X) = (Vx9)(X, Z)
= 304(2)(9(X, X)) — g(VzX, X) — 04(X)(9(X, 2))
+9(VxX,Z)+ g(X,VxZ)
=304(2)(9(X, X)) +9(VxZ = VX - [X, 7], X)
—04(X)(9(X, Z2)) + g([X, 2], X) + 9(Vx X, 2).
Since
04 Z)(9(X, X)) = d(9(X. X))(2) = g(5(d(9(X. X)), 2)
and
(LX) (2) = ea(X)(9(X. 2)) - 9(X, [X. Z)
we have
%(Vg)(Z,X,X) B (Vg)(X,X, Z)
= Ld(g(X. X))(2) + 9(T7(X. 2). X) — (LX) () + o(Vx X, 2).

In consequence, we obtain the formula given in (2.6). This completes
the proof. [

Moreover, if V is a metric connection with totally skew-symmetric
torsion, then Vg = 0, d°g = 0, and

g(Tv(X, Z)7X) = —g(TV(X,X),Z) =0

for X,Y,Z € I'(A). In consequence, we obtain the following conclusion
for connections compatible with the metric.
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Corollary 2.6.1. If V is a connection with totally skew-symmetric
torsion compatible with g, then

VxX = {(LPX" — 3d(9(X, X)) (2.7)
for X € I'(A).

Applying Theorem we obtain the aforementioned relationship
between the connection, its torsion, and the symmetrized covariant
derivative of the metric:

Theorem 2.6.4. [7] Let (- : )Y be the symmetric bracket of sections
induced by V. Then,

g(X Y)Y, 2) = g(B(LLY + L3 X7 — d(9(X,Y))), Z) (2.8)
—9(TY(X,2),Y) = g(TV(Y, Z), X)
+2(Vg)(Z,X,Y) = (d°g)(X,Y, Z)

for XY, Z € I'(A).
Proof. [7] Using the following polarization formula

(XYY =Vxyy (X4+Y) = VxX —VyY

and Theorem [2.6.3] we obtain
g(X Y)Y, 2) = g(B(LYy (X +Y) = Jd(g(X +Y, X +Y))), 2)
—g(TV(X +Y,2),X +Y)
+HV9)(Z,X+Y,X+Y)
(TP (X+Y, X +Y,2)
—g(H(LY X — 3d(9(X, X))), Z)
T (X7Z>’ )_(VQ)(Z’XvX)

+9g T (YaZ)7Y) - (Vg)(ZaKY) (ds )(Y7Y7Z)'

+ 1
2

First, observe that
Ly (X +Y) = LEX" — LYY = LYY + LPX
and

—3d(g(X +Y, X +Y)) +3d(g(X, X)) + 3d(9(Y.Y)) = —d(g(X,Y)).
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Since g is a symmetric tensor and TV is skew-symmetric, we conclude
that

—g(TV(X +Y,2), X +Y)+g(TY(X,2), X))+ g(TV (Y, Z),Y)
is equal to
—g9(TV(X, 2),Y) = g(TV(Y, Z), X).

Moreover,
2(Vg)(Z, X, Y)=(Vg)(Z, X +Y, X +Y)
_(Vg)(Z7X7X) - (Vg)(Z7Y7Y)
and
(d°9)(X,Y, Z) = 5(d°g)(X, Y, Z) + 5(d°9)(Y. X, Z)
%(dsg)(X +Y, X+Y,7) - %(dsg)(X,X, Z)
— %(dsg)(Y,Y, Z).

Hence, it is clear that some terms of (X : Y) cancel themselves. In fact,
we obtain

g(X Y)Y, Z) = g(8(LRY + LX), Z)
—g(#(—=d(9(X,Y))), Z)
—9(T¥(X,2),Y) = g(T¥(Y. Z), X)
_( Sg)<X7 Y? Z)'

This proves (2.8)). [ |

The formula in Theorem [2.6.4] gives an explicit one of symmetric
bracket defined by any metric connection with totally skew-symmetric
torsion.

Corollary 2.6.2. Let V be any metric A-connection in A with totally
skew-symmetric torsion with respect to a pseudo-Riemannian metric
g. Then,

(X Y)Y =4(LLY’ + LY X" — d(9(X,Y)))

for XY € I'(A).
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2.6.3 Fundamental theorem of pseudo-Riemannian geometry
and the Levi-Civita connection

In this section we want to present the fundamental theorem of pseudo-
Riemann geometry. In particular, we want to demonstrate the unique-
ness of the torsion-free and compatible with the given metric structure
connection. The starting point is a skew-symmetric algebroid with a
given metric and additionally equipped with a symmetric bracket.
Let (A, 04,[,]) be a skew-symmetric algebroid equipped with a
metric g € I'(S?A*) and a symmetric bracket (- : -) in I'(A), i.e., an R-
bilinear symmetric mapping (- : -) : I'(A) x I'(A) — I'(A) satisfying

(X fY) = [{X:Y) + (040 X)(f) Y

for XY € I'(A), f € C(M).
With the given symmetric bracket (- : -) we associate the symmetric
Lie derivative £* and the symmetrized covariant derivative d°.

Theorem 2.6.5. [7] Let V be an A-connection in A with totally skew-
symmetric torsion with respect to a pseudo-Riemannian metric g on A
given by

VxY =1([X,Y]+(X:Y))+iT(X,Y) (2.9)

for XY € I'(A), and some T € I'(\* A* ® A). Then,

(ixoV)g =21 (LYL +LY)g for X € ['(A).

2
Proof. 7] Let X,Y,Z € I'(A). Since T € I’ ( N Ao A) is a 2-skew-
symmetric tensor with the property that

Q(YvT(X? Z)) = g(T(X, Z),Y) = —g(T(X, Y)’Z)a

we have
(Vxg) (Y, Z) = pa(X)(9(Y, 2)) — 9(VxY,Z) — g(Y,VxZ)
=5 (0A(X)(9(Y; 2)) — (X, Y], Z) — g(Y,[X, Z]))
+5 (0A(X)(9(Y; 2)) —g({X 1Y), Z) — g(YV, (X : Z)))
—39(T(X,Y),Z) — 39(Y,T(X, Z))
= 3 (L% + Lx9) (Y, 2).
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We conclude with the following condition ensuring that a connection
with totally skew-symmetric torsion is a metric connection.

Corollary 2.6.3. If V is an A-connection in A with totally skew-
symmetric torsion with respect to g given by (2.9), then V is metric
with respect to g if and only if

L3%g=—L%qg forany X € I'(A).

Now, we recall some properties of the classical Lie derivative.
Lemma 2.6.2. For f € C°(M), X € I'(A), w € I'(A*), we have

(a) Likw=f LYW+ (ixw)-df,

(b) LE(f-w)=f L¥w+ (040 X)(f) w.

Theorem 2.6.6. [7] Given a skew-symmetric algebroid (A, 04, ]),
we define

(X:Y) :T'(A)x I'A) — I'(A)
by
(X :Y) =4(LLY" + LAX° — d(g(X,Y))) (2.10)

for XY € I'(A). Then, (-: )" is a symmetric bracket that defines the
symmetric Lie derivative L° satisfying L5%g = —L5%g.

The following conclusion immediately follows from Theorem [2.6.5]

Corollary 2.6.4. The torsion-free connection V given by

where
(X V) = H(EQY? + LK — d(g(X,Y)) (2.11)
for X, Y € I'(A), is compatible with g.

Now, we show that for the skew-symmetric algebroid structure
equipped with additional pseudometric g, the following generalization
of the fundamental theorem of Riemannian geometry holds:
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Theorem 2.6.7. [7] Let g be a pseudo-Riemannian metric in the vec-
tor bundle A and 2 € T(\* A* ® A) be a 2-form on A with values in
A. Then, there exists a unique connection V on A compatible with g
such that its torsion tensor equals {2, i.e.,

Vg=0 and TV = 1.

The connection V 1is given by the formula

VxY =1([X,Y]+ (X :Y))+ 102(X,Y) + S(X,Y),
where
(X :Y) = (LY + LAX" — d(g(X,Y))), (2.12)

and S € I'(S?A* ®@ A) is the symmetric 2-tensor on A with values in
A determined uniquely by

g(S(X,Y),Z) = g(Q(Z,X),Y) +g(Q(Z7Y)7X)
for XY, Z € T'(A).

Proof. (cf. [7]) Let X,Y € I'(A). To prove the existence of the suitable
connection, take the linear connection V7 defined by

VY =5 (X, Y]+ (X V),

1
2
where

(X Y)Y = (LAY 4+ LIAX" — d(g(X,Y))).

Let V be a linear connection compatible with g and with torsion TV
equals (2. There exists some 2-tensor ¢ € ['(®?A* ® A) such that

VyY = V%Y + &(X,Y).

Hence
2(X,Y)=TY(X,Y)
=V4Y +0(X,)Y) - Vi X+ (Y, X) - [X,Y]
=P(X,Y) - 2(Y, X)
because V%Y — Vi X = [X,Y] (VY is torsion-free). Therefore,
VY = VEY + 1 (8(X,Y) = B(Y, X)) + § (B(X,Y) + B(Y, X))
=V4Y +12(X)Y) + L (B(X,Y) + &V, X)).
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It follows that there exists some symmetric tensor S € I'(S2A* ® A)
such that

VY = V&Y +10(X, V) + 15(X,Y).

Thus we get
(X : Y)Y =VxY 4+ VyX (2.13)
=V4Y +10(X,Y) + 3S(X,Y) + V§X + 102(Y, X) + $S(Y, X)
= (V&Y +V{X)+35-0+5(X,Y)
=(X:Y)"+ S(X,Y).
This shows immediately that S is determined uniquely. Since Vg = 0,
Theorem and now lead to
g{(X: Y)Y +S5(X,Y),Z)
=g((X: )", 2)
=g({(X:Y)*, 2) - g(TV(X,2),Y) - g(TV(Y, Z), X)
=g((X V)", 2) +9(T¥(Z,X),Y) +9(T¥(2.Y),X)
=g((X V)", 2) +9(02(2,X),Y) + g(2(2,Y), X)
where the last equalities are the consequence of skew-symmetricity of

the torsion and the equality 7V = 2. From what has already been
proved, we see that

g(S(X>Y>7Z) = g(Q<va>7Y> _'_g(Q(Z’Y)v*X)'
|

One can immediately see that Theorem [2.6.7] allows us to write
formulas of some connections related to the given 2-skew-symmetric
form on A with values in A. In the case, if V is a metric connection
in the bundle A with torsion T € I'(\” A* ® A) which is totally skew-
symmetric with respect to g. The connection is given by the formula

VxY =3 (X, Y]+ (X :Y)")+3T(X,Y),

1
2
where (X :Y)® is given in (2.10).

As a special case of Theorem we obtain Theorem below
when the considered connection is torsion-free and compatible with ¢
(i.e., TV =0 and Vg = 0).

Theorem 2.6.8. Given a bundle metric g on A, there is a unique
connection in A which is torsion-free and metric-compatible.
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Definition 2.6.7. We call such a unique torsion-free connection in A
compatible with g the Levi-Civita connection with respect to g.

The explicit formula of the Levi-Civita connection compatible with
g is provided by Corollary
2.6.4 Dual connection with respect to a metric tensor

Let (A, 04,[,]) be a skew-symmetric algebroid over a manifold M
equipped with a pseudo-Riemannian metric g € I'(S?A*) in the vector
bundle A. Let V : I'(A) x I'(A) — I'(A) be a connection in the
bundle A.

Definition 2.6.8. The dual connection V*? to V with respect to g is
given by

VY :T'(A) x I'(A) — T'(A),
9(VXY,Z) = (040 X)(9(Y, Z)) — g(Y,VxZ)
for X|Y,Z € I'(A).

Definition 2.6.9. The affine combination of two connections V°, V! :
I'(A) x I'(A) — I'(A) in A is the connection V**' given by the
formula

VA — (1 =) VO +tV!
where t € C°(M).

Theorem 2.6.9. If V°, V! are two connections in A, t € C®(M),
X € I'(A), then

(@) TV =1 -t TV +¢TV",
(b) V*ig=(1-1)- (V) +t-(V'g),
) Y™ =1-t)-Y +t- LY.

Proof. (c) Let X, X1,..., Xy € I'(A), n € &*(A, A). Then,
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Y (X1, ..., Xk)

= v?(ff’t(n(Xlﬂ s 7Xk)) - Zn(Xb cee [X7 Xi]aXi+17 s 7Xk)
k
=1 -t VYn(Xy, ..., Xp) — (1 —1t) Z”(Xl’ XX X

k
+tV§<(77<X1a7Xk)) _tZU(Xla---a[Xaxi]a"'an)
i=1

= (1=t - LY+t LY D) (X1,..., Xp). m

Important for secondary characteristic classes are the affine combi-
nations of a given connection and a connection dual to it with respect
to the metric g. It turns out that the only affine combination of the V
and V*¢ compatible with the pseudo-metric is the connection V2% for
t = % We have the following theorem.

Theorem 2.6.10. Let t € C®°(M). If V™ = (1 — )V + tV*, then
we have

vallg — (1 —2t)Vg.

Proof. Let XY, Z € I'(A). Then,
(V*H9)(X,Y, Z)
= (040 X) (9(Y, 2)) — g(VX'Y, Z) — g(Y, V' 2)
= (040 X)(9(Y,2)) —g((1 =) VXY, Z) — g(tVY, Z)
—g(Y,(1—t)VxZ) — g(Y,tVY{Z)
= (040 X) (9(Y,2))
—(1=1)g(VxY,Z) —t(0a0X) (9(Y,2)) +tg(Y,VxZ)
—(1=1)g(Y,VxZ) —t(0a0X)(9(Z,Y)) +tg(VxY, Z)
=(1-2t) ((ea°X) (9(Y, 2)) —9(VxY,Z) — g(Y,Vx Z))
=((1-2t)Vg)(X,Y, Z).
|

Corollary 2.6.5. If V* is the dual connection to V with respect to g,
then we have

(% (V + v*g>> g=0.
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2.7 Characterization of regular Lie algebroids by a
splitting of the Atiyah sequence

Let (A, 04, ,]) be a regular Lie algebroid over M with the Atiyah
sequence

04

0 g A F 0. (2.14)

We note that A is isomorphic with the direct sum g @& F, where the
structure of a Lie algebroid is determined by some splitting of the
Atiyah sequence (cf. [61], [53]).

Let

A:F— A

be a splitting of the Atiyah sequence (2.14), i.e., A is a homomorphism
of vector bundles with

040N =1idp.

Recall form Theorem and Corollary that A commutes
with the anchors of F and A. Define the following homomorphism
of C*°(M)-modules

VA I(F) — CDOg), Vi (u) = [A(Y),u]
for Y € I'(F), u € I'(g). V* is an F-connection in g. Let
RYe (N F*®g)
given by
RY(X,Y) = [A(X), AY)] = A[X, Y],
be the curvature of /A. Observe that the curvature
RY" € I'(\* F* ® End(g))
of V4 is given by
RYyu = [R"(X,Y),4] (2.15)

for X,Y € I'(F), u € I'(g). Moreover, V* has the property:
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Vi([u,v]) = [V (w),v] + [u, Vi ()]

for X € I'(F), u,v € I'(g). V” induces the covariant exterior derivative
dV" on «/*(F,g). There is (well-known) the following second Bianchi
identity

4V (RY = 0. (2.16)
Since
(dvAdvA(a)> (X,Y) = RYya

forall a € I'(g) = #°(F,g), X,Y € I'(F), (2.15)) shows a generalized
Ricci identity:

(dvAdvA(a)> () = [RY(-,-), d] (2.17)

for all @ € I'(g). In the direct sum g & F we have the structure of an
R-Lie algebra with the bracket [-, -] defined by

[(a, X), (b, )] = ([a,0] + RNX,Y) + V&b — Via, [X,Y])

for a,b € I'(g), X,Y € I'(F). It is evident that [-,-] is R-multilinear
and skew-symmetric. Moreover, |-, ~]A satisfies the Jacobi identity. In
fact, let a,b,c € I'(g) and X,Y,Z € I'(F). One can check using the
Jacobi identity in g and reduction of similar terms that
= [RY(X,Y).c] = (@7 d7" o) (X,Y) = (@7 RY(X.Y, 2)
— [RN(X, 2),0] — (d¥"d¥"b)(X, Z)
+ [RA(Y, 2),a] = (d¥"d""a)(Y, 2)
=0
which equals zero because of the Bianchi and the Ricci identities (2.16]),

1. )
The vector bundle g & F is a Lie algebroid with the bracket [, -]
and the projection to the second factor

o=pry:g®F —F

as an anchor. This Lie algebroid is denoted by g &, F. We call g &, F
the semidirect sum of g and F. Note that the mapping
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Vv gdPF — A

given by
P(a, X) =a+ A(X)

is an isomorphism of vector bundles. Moreover, Sec is a homomor-
phism of R-Lie algebras (Sect) preserves the Lie brackets [-,-]" and
[-,:]) and 1) commutes with anchors g and g,. It follows that Lie alge-
broids A and g @&, F are isomorphic,

A=go,F
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3. Relative cohomology

3.1 The differential §

We consider a real Lie algebra g and its Lie subalgebra h. In the space
A(g/h)* of forms on the quotient space g/h, we can define the rela-
tion  , which after restriction to invariant forms is a function such that
0 08 = 0. We make elementary proofs for the properties of this relation
because h does not have to be an ideal of the Lie algebra g, and we
generally do not use properties of the exterior derivative operator in g.
In proofs showing that some relation § is anti-differentiation and sat-
isfies the condition § 0§ = 0, we use some properties of permutations.
We show some useful properties at the beginning.

Some properties of permutations.
Definition 3.1.1. Let m,n € N. Write
N(m,n) =Nn[m,n].

Definition 3.1.2. Let m,n,p € N. Denote by S, , the set of (m,n)-
shuffles, that is, the set of permutations o € S, ., satisfying

o(l)<---<o(m) and o(m+1) <--- <og(m+n).

Definition 3.1.3. Let m,n,p € N. Let S,,,, denote the set of all
permutations o € Sy, 4n4p such that functions

o|N(1,m), o|N(m+1,m+n), and o|N(m+n+1,m+n+p)
are increasing, i.e., o(1) < --- < o(m), o(m+1) < --- < o(m + n),
and c(m+n+1) <---<o(m+n+p).

Theorem 3.1.1. For any r,s,t € N sets S, g1+ X Sts and S, are
bijective. The mapping

1-1

=r,s,t .
=7 . Sr,ert X St,s T Orts

(0,p) — oo (r+p)
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is a bijection, where v+ p € Sy s C Sriste 15 defined by

N if 1€ N(1,7),
(r—i_’o)(z)_{r—i-p(i—r) if ieN(r+1,r+t+s).
Moreover,

—=r,8,t

s&n(5(0, p)) = sgn(o o (r + p)) = sgno - sgn .
Proof. Let o, 0’ € S, 544, p, p' € Sis, and let
vo(rtp) =0 o(r+p).

Observe that (r + p)|N(1,7) = idya,y = (r+ p/)[N(1,r). Thus,
o|N(1,r) = ¢'|N(1,r). Due to the fact that o|N(r + 1,r + ¢ + s)
and o'|N(r + 1,7+t + s) are increasing, it follows that o = ¢’. The
equality oo (r+p) = ogo(r+p’) and injectivity of o imply r+p = r+p'.
In particular,

(r+p)IN(r+Lr+i4s)=(+p)Nr+1Lr+i+s)

Therefore,
p=(r+p)|Nr+1Lr+t+s)o(jrj+r)—r
=(r+p)Nr+1lr+t+s)o(jr—j+r)—r
= pl
Thus £™*¢ is injective.
Now, let 7 € S,;5, i.e., T € S,y4ys satisfies the conditions 7(1) <
e <7(r), T(r4+1) < - < 7(r+t),and T(r+t+1) < - < 7(r+t+s).

We denote by K the set 7(N(r + 1,7+t + s)).
Define o € S, ;45 in such a way that

o|N(1,r) =7|N(1,7), o(N(r+1,r+t+s)) =K,

and o|N(r + 1,7 +t + s) is increasing. Take an injective mapping
p:N(l,t+s) — N

given by
p(j) = Y r(r+j)) —r for j€ N(1,t+s).

The injectivity of ¢ implies
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N(r+1,r+t+s)=0 (o(N(r+1,7r+t+5)))
=0 Y7 (N(r+ 1,7 +t+5))).
Therefore,
p(N(1,t+8)=N((r+1)—r,(r+t+s)—r)=N(1,t+s),

which means that p is a permutation, i.e., p € Sy .
Since the mapping o|K : K L Kois increasing, we conclude that

(o|K)™': K = K is also increasing. Hence, since
TIN(r+1,r+t) and 7|N (r+t+ 1,7+t +s)
are increasing, it follows that
(o|N(r+1,r+t+3s) tor|N(r+1,r+1t)—r,
(cIN(r+1,r+t+s)  or|N(r+t+1,r+t+s)—r
are also increasing. From this we deduce that
p(l) <---<p(t)and p(t +1) < --- < p(t+ s).

Consequently, p € S, ;.
It is clear that

e it ie N7,
(r+’0)<2)_{r+p(i—r) if ie N(r+1,r+t+s)

(i it ieN(1,7),

S lo 7)) if ieNFr+1,r+t+s).

Therefore, ="%'(c,p) = o o (r + p) = 7. This shows that =™ is
surjective. m

Corollary 3.1.1. (t =2) Forr,s € N sets S, 542 X Sas and Sy2 are
bijective. Let (r + p) € S,a5 be given by

N Zf iGN(1>T)>
(T+’0)<Z>_{r+p(i—7") if i€ENFr+1,7+s+2).

The mapping

=782 . 1_1,
ST ST,s+2 X 52,5 7,2,89

(0.p) — 00 (r+p)

18 bijective.
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Corollary 3.1.2. (r = 2) For s,t € N the sets Sy 51+ X Sts and Syt
are bijective. The mapping

=28t -1
Chadl S2,s+t X St,s SQ,t,sa

(0,p) 00 (2+p),
where (24 p) € Sats C Satirs defined by

N Zf ’LEN(L?),
(2+P)(Z)_{r+p(i—2) if i€N(3,2+s+1t),

15 bijective.

Theorem 3.1.2. Forr,s,t € N the mapping

1-1
t.
@Z’ : Sr,t,s E— St,r,87

o+ cgoolt
where o7t € Sy, s C Spiers, given by
r+i if ie N(1,t),
olti)y=Si—t if i€ N{t+1,t+r),
i if ie Nt+r+1,t+r+s),

is a bijection between sets S, and Si,s. Moreover,

sgn O (o) = (—1)"sgno. n

Corollary 3.1.3. For r, s,t € N the sets Sy 51+ X St and Sy, s are
bijective. The mapping

7t —=r,s,t . 1-1
@s c= . Sr,5+t X St,s — St,r,s
18 bijective. Moreover,
—r,s,t

sgn(05" 0 ) (0, p) = (=1)""sgno - sgnp

for o € Sy 414, p € Sis-
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Corollary 3.1.4. Let r, s € N, p € Sy,, and let (p+s) € S5 be a
permutation defined by

. (7)) if jeN1,r+2),
(p+s)(‘7>_{§j if ;eN(r+3,r+2+s).

Then, the mapping

1% Sias X Sop — Saps
given by

17*(o,p) =00 (p+s)

for o € Syyas and p € Ss,, 15 a bijection between sets Syios X Sz,
and Sy .. Moreover, sgn (Y7*(o, p)) = sgno -sgnp for ¢ € Syias and
p e 5277«.

Proof. Let op? € S, be given by

Up’q(?:)_ p—l—Z lf ZGN(LQ)a
0 i—q if ie N(g+1,q+p).

The mapping 77*? is a composition of the bijections:

- 2 :
(T T00%, )00 05?0 (T —Toap ’S) x idg, ,.,
k . .
where o , € Sk 4, 18 given by

i if ieN(1,k),
of ()={p+i if ie Nk+1k+q),
i—q if ieNk+q+1,k+q+p),

i.e., the following diagram

Tr,?
Sr+2,s X S2,7‘ = 52,7‘,5
2 .
(T 100y xidg, . Che
Ss7s+2 X 52,7" —s,2,7 5,2,m

is commutative. In fact, let (o, p) € S,1a5 X Sa,. Then,
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( T ToO> ) 0 @52 0 Z%H o (7’ — T 0 06+2’8) X idSQ’r) (o,p)

(

= ((T —TOoO ) 0 @20 58’2’7) (J o 06+2’S,p)
(
(

- ( T+ TO 027 ) o @i’Q) (0’ o 06+2’8 o((s+ p)))

—((r o)) (oot o s+ p oot
—goo, ™ o(s+poc?o o2,
=oco(p+s)

=1*(0.p)

The relation 6 . Let g be a vector bundle over a manifold M and let
h be a subbundle of g such that I'(h) is a real Lie subalgebra of I'(g)
and h, is a Lie subalgebra of a Lie algebra g, for any = € M. Let [-, ]
denote the Lie bracket in I'(g). We define a relation

9 : I'(A(g/h)") — I'(A(g/h)")

by
(6D)([wa], .-, [Un4a])
— Z (—l)iJerrl D([[wi, wil], [wa] -y Joe ey [Unsa])
= > seno - ([[uoq) o] s [Uo@)] - [Aomin)])

for & € D(\" (g/h)), ur, ..., uncr € I'(g).

0 is an antiderivation.

Theorem 3.1.3. § : I'(A(g/h)*) — I'(A(g/h)*) is an antideriva-
tion, i.e.,

O (W AW?) =W AP+ (—1)PU A G WP
for Wt € I'(\'(g/h)"), ¥* € I'(A(g/h)").

Proof. Let W' € I'(A\’(g/h)*),¥? € I'(A\%(g/h)*) and uy, ..., upsq-1 €
I'(g). We define w to be the class [u] represented by u € I'(g). Then,
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SWEATH (AT A . AN prgrT)
= (=) @A) (s, ug) W )
1<j
= Z sgno (W' A LPZ)(W, Ug(3), s Ug(nt1))

0ES2,ptrq—1

= Z sgno ngnp Wl([ua(l), Uo(2)]7 U (24p(1))5 - - >UU(2+p(p71)))

€S2, ptq-1  PESp-1,4

U (Ur@ip@)s - > Uo@iplota1)))

+ Y seno Y (—1)sgnp ¥ (Usaip) Us(a o) - - - Uo@iolr)

0€S2,prq-1  PESp,q-1

) W2([UU(1), ua’(2)]7 Ug(2+p(p+1))y -+ Ua(2+p(P+q71)))
=(I)+ (1),

where

()= > seno Y sgnp ¥ ([uoq), o) To@ipm)s - > To@iplr 1))

0€S2,p+q—1  PESp-1,4

U (To@ro)s -+ > To@ralpra—1)
and

(]]) = Z sgn o Z(—l)p sgn p Lpl (ua(2+p(1)), UU(2+p(2)), ceey UU(2+p(p)))

0€S2ptq—1  PESp,g-1

U ([uo(1), Uo@)), Ta@rppr1))s -+ To@rppra—1)))-
Write

(I11) 2 (U AV (U A - ATpigta)
and
(IV) £ (W' ASE?) (UL A .. ATprgin)-

Then (/1) is equal to

Z Sen o (glpl)(“ff(l)’ Us(2)s - Uo(pr)) * v’ (ug(p+2), e ’UU(erqul))

TESpt1,q

= > sgno Y 520 ¥ ([ Yoto))s Tolp@)s - UololpiD)

0€Spt1,q pES2 p—1

' ¢2 (ua(erQ)a s 7Ua(p+q+1))'

Corollary [3.1.4] yields Y?~'? is a bijection between sets Spi1,4 X Sa,-1
and 53 ,_14- Observe that
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1 ... p+1 p+2 ... p+qg+1
—1,2 _
Tzf (U,p) -
o(p(1)) ...o(p(p+1))o(p+2)...0(p+q+1)

and sgn(YP~"*(0, p)) = sgno -sgnp for o € Spi14, p € Szp_1. There-
fore, (I11) is equal to

> sen ¥ ([urq), tr@)] W) - T P (Wi - - Urlorar)

TGSQP 1,q

By Theorem [3.1.1] the mapping Z%77~! is a bijection between sets
S2.ptq—1XSp_1,4 and Sy ,_1 4. Moreover, for o € Sy 141 and p € Sp_14,
Z24P~1(g p) is the permutation o o (2 + p), which we can illustrate as
follows

1 2 3 p+1 p+qg+1

o(l) o(2) o(2+p(1))...02+p(p—1))...02+pp+qg—1))

Hence, (1) is equal to

> seno Y senp U ([usw), o) TGy - - Uo@rpr-1))

0ES2ptq—1  PESp-1,4

U (Woaipm))s - Uoplpra 1)

Z sgnt Wl( ([urqy, uT(Q)] Ur(3)s - - - Ur(pt1))

‘LPZ(UT(pH), ce 7uT(p+q+1))
= (HI).

By definition,

Z sgn o Wl(ua(l), ug(z), Ce ,ug(p+1))

€Sp,q41
- (0 W2) (Ua(p+2), e 7ua(p+q+1))
= Z sgh o Z Sgh p Wl(uau),ua(z), s Ug(p))

0E€Sp,q+1 pPES2,4-1

V2 ([uopto01)): o402 Torp@)s - Tolpiotari))

S 1-1 . .
The mapping =74 12 : S, 11 X So 41 — Spa2,-1 given in Theorem
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is a bijection between sets Sp ;41 X S24-1 and Spo,-1 (cf. Z77
in Theorem for r =p, s =q—1, and t = 2). Observe that

r 2 - p p+1 .. pt+q+1
Er,s,2(07p) =
o(1)o(2) --- alp) c2+p(1)) -+ olp+plg+1))

foro € S, 441 and p € S5 ;1. Moreover, form Corollary (forr = 2,
s =q—1, and t = p) we conclude that QSfl o 524717 ig a bijection
between sets 53 +q—1 X Spg—1 and Spa4-1. For 0 € Sy pig-1,p € Spg-1
we have:

sgn(O2, 0 22471) (0, p) = (~1)" sgn - sgn p
and (st’l o Z297LP) (g, p) can be illustrate as follows

1 e D p+1p+2 p+3 E p+q+1

0(24p(1)) - 02+ p(p)) o(1) 0(2) o2+ plp+1))--- 0 (24+p(p+q—1))
Using bijections Z74~12 and @gfl o 22471P we conclude that
(1 (1) = (7).
Combining the equalities (I) = (II) and (—1)" - (I1) = (IV) we get

0 (WA (U, . ., Uprgrg) = QWA +(=1)PUASY?) (U, . . ., Uprare)-
m
Theorem 3.1.4. § 06 = 0.

Proof. Let W € I'(N\"(g/h)*), ug,u1, ..., uns1 € I'(g). Let us denote
by @ the class [u] represented by u € I'(g). Observe that

(0 (0W))(wo, @i, - - Uny7)
= > U E)([wp g, T, B G T

0<p<g<n+l
= {4 +{B},
where {A} and {B} denote the sums of these terms, in which the

bracket [u,,u,] appears in one and in two arguments, respectively.
Therefore,
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{A}=

= > (=) ([, ] u], T, e T

r<p<q

n Z 1)PrerHr-D+D) W ([[tp, Ug), Ur|, Toy o Dee PGy Ui 1)
p<r<q

n Z (p+q+1 +((r—2)+1) U ([[up, g, Ur), Tgy oo Py U 1)
p<g<r

+ Z (—1)Prattl g ([[ur,uq],up],u_o, ...r...p...cj...,unH)

r<p<q
p+q+7’ T 1 ] N N
+ E ([[ur,up],uq],uo, ...r...p...q...,unH)
r<p<q

— Z (—1)PFT g (Jac[.,.](up,uq,ur),u_o,...f...p...(j...,unﬂ)
r<p<q
= ()’

since in the one before last inequality we use the skew-symmetricity of
], while in the last one the Jacobi identity. Moreover,

the Lie bracket [-, -],
{B} =
= (—1)ret O EEDH O g ([, ], [up, ], T, Fo B, )
r<s<p<q
+ 3 (=)D g ([, ], g, ], W, P S G, T

r<p<s<q
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n Z p+q+1 ((r+1)+(s—1)+1) W ([t ), [ty Ug), Wy o Fer G B Ui

r<p<g<s

>

n Z p+q+1 +(r+s+1) U ([, us), [y, ug), Ug, .. p... 7 ... 5.

p<r<s<q

é, un+1)

I Z p+q+1 )+ (r+(s—1)+1) U ([t ws), [y, Ug), Ug, oo P

p<r<g<s

qu, Un+1)

>

N Z p+q+1 ((r=D)+(s=1)+1) P ([ur, us], [up, ugl, Uo, -

p<qg<r<s

P B T )

=S,

=0,

because the suitable terms cancel themselves. In fact, the sum of the
first and sixth terms is equal to

> (VP ([ug, ], [, ug] W, - S P T

r<s<p<q

+ Z VP20 ([uy, ug], [Up, g, Wy o PGPS, U1

p<g<r<s

= > (VP ([ug, g, [, ug] W, S

r<s<p<q

Z (= )P W (Tuy, ug], [, U], gy - PSP

r<s<p<q

)

>

un+1)

>

=0

since ¥ is skew-symmetric. Similarly, we show that the sum of the
second and fifth terms is equal to zero, as is the sum of the third and
fourth terms. [ |

Relative Lie algebra cohomology. Let g be the Lie algebra of a
Lie group G and let H C G be a closed Lie subgroup of G with the
corresponding Lie algebra h. We recall [43] that H*(g, H), called the
relative Lie algebra cohomology, is the cohomology space of the com-
plex (A(g/h)*", d") where A\(g/h)*" is the space of invariant elements
with respect to the adjoint representation of the Lie group H (cf. [43])
and the differential d” is defined by the formula
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(d" (), [wo] A oo Awe]y = (1), [[wi, wy]] A [wi] A Ao A fwg])

1<j

for v € N*(g/0)* and wy, ..., w;, € g. We will introduce here a coun-
terpart of this differential for the regular Lie algebroid and its subal-
gebroid.

Let (A, 04, [,]) be a regular Lie algebroid over a manifold M with
the Atiyah sequence

oA

0 g A F 0

and let B its subalgebroid with the Atiyah sequence

04|B

0 h B F 0.

Consider the adjoint representation of B in A(g/h) given by
adpp : I'(B) — I'(A(g/h)) = CDO(g/h),

adpn (V) (V]) = [V, v]]
for Y e I'(B), v € I'(g).

Definition 3.1.4. A section ¥ € I'(A\(g/h)*) is invariant with re-
spect to the representation

adfy , = Hom(adp,) : ['(B) — CDO(Hom(g/h; R))
if

Hom(adps)(Y)(¥) =0
forall Y € I'(B).

By definition we have the following characterization of invariant
sections.

Lemma 3.1.1. (cf. [52]) A section W € I'(AP(g/h)") is invariant with
respect to the representation adgh if and only if

(QB oY) (&[] A A [vpl))

_Z NN A2 IEN A VN ZY)

forallYGF(B) and v1,...,v, € I'(g).
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Definition 3.1.5. The set of all sections of the bundle A”(g/h)" in-
variant with respect to the representation adgh is denoted by

(C(AP(g/h)")"™
Remark 8.1.1. Since
adg,h(Y)(W AP) = ad%7h(Y)(W) AND+U A ad]g’h(Y)(@)

forallY € I'(B), ¥,® € I'(\(g/h)"), the exterior multiplication intro-
duces the structure of a C°(M)-algebra to the set (I'(A(g/h)*))"®)

In the algebra (I"(A\(g /h)*))F(B) of all invariant sections

01 (D(AN"(g/h)" )" — (DA (g/R)"))" )
defined by

(00, [vo] A A [vi]) =D (=)™, [[vs, v]] A [r] A e A ]

1<j

for ¥ € (I'(A"(g/h)")"®), vy,...,v, € I'(g), is a mapping being a
differential (6 o 6 = 0), cf. Theorem and [52], and in this way ¢

determines the cohomology algebra

H*(g, B) 2 H'((F (/\@/h)*))F(B) ,8) .






4. Secondary characteristic
homomorphism

In this chapter, we present a construction of the secondary character-
istic homomorphism for a pair of regular Lie algebroids (A, B) and
a connection which curvature has values in the kernel of the reduc-
tion B. In particular, it generalizes the secondary characteristic classes
previously formulated for flat connections [52], [10], [11].

In addition to the construction of the secondary characteristic ho-
momorphism, in this chapter we discuss the functorial properties of
this homomorphism and note that the characteristic classes from its
image generalize other approaches, including those introduced by Kam-
ber and Tondeur in [43] and the exotic classes defined by Crainic and
Fernandes [1§], [19].

4.1 Construction of the secondary characteristic
homomorphism

Let (A, 04,[,]) be a regular Lie algebroid over a manifold M with the
Atiyah sequence

L oA

0 g A F 0 (4.1)

and let B its subalgebroid with the Atiyah sequence

04lB

0 h B F 0. (4.2)

Moreover, let (L, o;,[,-]z) be a Lie algebroid over M and let
V:I'(L)— I'(A)

be an L-connection in A with the curvature tensor in values in h.
Let A : F — B be any splitting of (4.2), i.e., A is a vector bundle
homomorphism satisfying
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OB © A= 1dF7 (43)

where g5 = 0,4|B. Consequently, A is an F-connection in B (cf. The-
orem . Thus, joA : F — A is an F-connection in A. Let us
denote by A the connection form of j o A, i.e., a homomorphism of
vector bundles A : A — g such that

Lojﬁ—(jo)\)ogA:idA.

Thus, we have an L-connection V : I'(L) — I'(A) in A with the
curvature

RY e I'(\°L* @ h)

and the following commutative diagram

0 gt 4% . p -0
A .
j
0 h B2 .p - 0.
)

Lemma 4.1.1. The homomorphism
/\B,V L — g/h, )\B7v<u) = [_(/u\ @) V)(U)]

does not depend on the choice of an auxiliary connection A : F — A,
and Apv = 0 if V takes values in B.

Proof. Let \' : ' — B also be a splitting of . Thus,
ogo N =idp

and jo )\ : F — A is a splitting of the sequence . Since
ogo (N =XN)op,0V = (idp —idr) o0V =0

and
ro(A=X)oV=jo(X=No0,0V,

it is follows that
AoV =X oV)(u) € I'(h)

for all u € I'(L). Hence the independence of the definition of Ap v from
the choice of the connection A. Thus, indeed, A\p v is a well-defined
function. [ |
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Let us define a homomorphism of algebras
Ay (L(Ng/h))N' — DALY
by
(AuanY), (ur Ao Auy) = (Yo, Agw(ur) Ao A dpv(uy))
for W € (D(A"(g/h)" )’ B,z € M, uy,...,u, € ['(L).
Definition 4.1.1. We use the convention that 7 = [v] for v € I'(g).

Theorem 4.1.1. The homomorphism A p vy commutes with the dif-
ferentials 6 and dy, where d;, = d° is the differential in I'()\ L*) for
the Lie algebroid L.

Proof. Take any ¥ € (I'(A"(g/h)")"'®), ug,uy, ..., u, € ['(L). Then,

((dL o A(A7B7v))![/)('LLO, Up,y ... ,Up>

s=0

+ Z (—1)** W( —S\V[[us, w1, ~AVug,...8...0..., —S\Vup> .

s<t

Using the equalities
op =040V,  ogor=idp,  jolog,=ids—10l

and the invariance of ¥, we obtain

p

Z (—=1)° (o, © u8)<W< —A\Vug,...5.. ., —S\Vup>>

s=0

p

_ Z (—1)° (idpop, 0V o ug)(L_D( —XVUO, S, —E\VUP)>

s=0
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—Z QBOAOQAovous)(w<—Xvuo,...g...,—XVup))

_Z s+t ()\QAVUS,—:\Vut]],—:\VUO,...A

t<s

o
|
p T4
<
<
=
N—

+Z s+t+1 ()\QAVUS’ XVut]],—S\Vuo,...&..f...,—;\Vup)

s<t

_Z )t ( [NosViug, —AVug], —AVuq, ...5...1... ,—S\Vup)

s<t

»
>

i Z s+t+1 ( AoV, —j\Vut]], —S\Vuo, T S , —X\Vup)

s<t

_Z s+t ( )\Vus,vutﬂ f\Vuo,...g...f...,—XVup>
s<t

=3 0 o [AWue, AVu], AV, 5 e =2V, )
s<t

Y e (Ws,wm]] XWO,...g...f...,—pr)

s<t

+Z s+t+1 <)\vus,)\Vut]] S\Vuo,...&..f...,—;\Vup)

s<t

_Z s+t ()\VUS,VUt]],—S\Vuo,...§...f...,—5\Vu,,)

s<t

+Z )t (Vus,)\Vut]] 5\VUg,...§...f...,—5\Vup)

s<t

+22 1) g ()\Vus,)\Vut]] S\VUO,...&..f...,—S\Vup).

s<t

Moreover, the curvature of the connection j o A and the curvature of
V are in the following relation

RjO)\(QAvusa QAvut) - S\(RVOJ’S; U’t))
= [AVus, V] + [V, AV ] — [AVug, AV — AV [ug, u] .-

Since

Rjo)\ — ,] OR)\
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and the curvature of V has values in h, we obtain that
[AVu,, V] + [V, A\Vu,] — [NV, AV ] — AV [ug, ue] 1
= (j o RM) (04 Vs, 04Vur) — MRY (us, uy)) € h.

From here it follows that

((dr o Aca,B,v)¥)(uo, ut, - - ., up)

:Z(_l)sH ( )\V[[us,utﬂ  —AVug, ... 5 ...tA...,—X\Vup)

s<t

=3 (- ([FAVu, —AVu], AV, 5 E L AV, )

s<t

— (0)( ~XVuo, ~AVuy, ..., ~\Vu, )

= ((A(A,B,V) o) 5)@)(’&0, Uty ... 7Up).

_ Since the homomorphism A4 pv) commutes with the differentials
0 and dy, we obtain the cohomology homomorphism

Awvyx :H(g,B) — H*(L),

W] — [Ausw)(@)].

In the case where L = A and V =idy : A — A is the identity map
(id4 is a flat connection), we have the following particular homomor-
phism for the pair (A, B):

Aap) = Dasiay  (D(Ag/h) )P — (A AY),
(Ap W), (ur A .. Auy) = <w —Xow]A... A [_Xouk]>

for € (I'(A\"(g/h)")' Bz € M,uy, ..., u, € ['(A).
The homomorphism A4 p vy can be written as a composition

Aapw (A (g/h))T® 222 pA A7) s DALY,

where V* is the pullback of differential forms on the Lie algebroids. If
V is flat, V* commutes with the differentials d4 = d%4 and d; = d°c.
For this reason, A4 gy induces the cohomology homomorphism
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A(A,B)# . H.(g,B) — H.(A),
7] — [Aum@)],

which for any flat L-connection V : I'(L) — [I'(A) factorizes
Aa,B,v)# in the sense that the following diagram is commutative

A
He (g, B) —— =% He(4)
ABv)# v#
He(L). (4.4)

Definition 4.1.2. The mapping A g vy is called the secondary
characteristic homomorphism of (A, B, V).

Definition 4.1.3. We call elements of a subalgebra Im A4 p vy C
H*(L) the secondary characteristic classes of (A, B, V).

Definition 4.1.4. The homomorphism A4 gyx = A4,Bd.)# We call
the universal secondary characteristic homomorphism. The character-
istic classes from the image of A4 p)» we call the universal secondary
characteristic classes of the pair (A, B).

If connection V takes the value in B, then A4 p vy is trivial. Thus,
the non-triviality of A4 vy« is an obstruction to the compatibility
of V with the structure of the subalgebroid B. In the case of the Lie
algebroid of a vector bundle and its reduction with respect to a given
Riemann metric discussed below, the non-triviality of the secondary
characteristic homomorphism means that V cannot be compatible with
the metric.

One can see that for a pair of regular Lie algebroids (A, B), B C
A, both over a manifold M with Imo, = Imgpz = F, and for an
arbitrary element ¥ € H*(g, B) there exists a (universal) cohomology
class Aapy#(¥) € H*(A) such that for any Lie algebroid L over M
and a flat L-connection V : I'(L) — I'(A) the equality

Aapwy#¥) = v#(A(A,B) 2 (0))
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holds. Therefore, no element from the kernel of A4 p)» can be used
to compare the flat connection V with a reduction B C A. Hence,
it is natural to ask: Is the characteristic homomorphism A4 p)4 a
monomorphism for a given B C A? The answer yes holds in some
cases; see the sections below.

4.2 Functoriality of the secondary characteristic
homomorphism

In this section, we discuss some functorial properties of secondary char-
acteristic homomorphisms. The relationships between such character-
istic homomorphisms for Lie algebroids over various manifolds are dis-
cussed here. Thus, morphisms of Lie algebroids over smooth mappings
other than identity take on significance here. We start with the concept
of such morphisms.

Definition 4.2.1. (cf. [41], [50]) Let (A, o, [, -]) and (4’, ¢, [-,-]") be
Lie algebroid manifolds M and M’, respectively. By a homomorphism

H: (Ao 5 ]) — (Ao D

of Lie algebroids we mean any homomorphism of vector bundles
H:A— A

over a smooth map f : M’ — M with the following properties:

1. oo H = fio0p0/,
2. for any &, € I'(A’) with H-decompositions

Hogzi;fi-mof), Ho5=§;gj-(njof>,

where fi, ¢/ € C® (M), ny,...,n,, € ['(A), we have

Ho[¢, &' = Z f'g (Ins, nj]]Of)+Z(@’O£)(9j)'(njOf)—Z(Q’O€')(fi)~(m0f)-

7

Remark 4.2.1. Let (A, o,[-,-]) and (A’, ¢, [-,-]') be regular Lie alge-
broids over (M, F') and (M', F"), respectively. This means that Im o =
Fand Imo = F'. Let H : A/ — A be a homomorphism of these Lie
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algebroids over smooth map f : M" — M. Then, the homomorphism
of vector bundles

H:A — A d — (J(d), H(d))

is a homomorphism of Lie algebroids (cf. Proposition 1.1.5 [50]). More-
over, H can be write as a composition of the homomorphism of reg-

ular Lie algebroids H and the projection to the second coordinate
pry - fAA B A7

H:A L g 22 g

Remark 4.2.2. Definition of homomorphism of Lie algebroids over the
same manifold M (cf. Definition [1.1.6]) coincide with Definition [4.2.1]
in the case f = idy;. So, Definition is a generalization of [1.1.6]

Let (A, B) and (A’, B') be two pairs of regular Lie algebroids over
(M, F) and (M’, F"), respectively, where B C A, B’ C A’, and let
H : A — A be a homomorphism of Lie algebroids over a mapping
f: (M F') — (M,F) of foliated manifolds such that H(B') C B,
which means that f.(F) C F'. We write (H, f) : (A', B") — (A, B).

Let HT# : H*(g,B) — H*(¢’, B') be the homomorphism of co-
homology algebras induced by the pullback H** : I'(A"(g/h)*) —
I'(N'(g' /W) — cf. [52, Proposition 4.2].

Theorem 4.2.1 (The functoriality of A4 p)x). [I1] For a given
pair of reqular Lie algebroids (A, B), (A, B') and a homomorphism
(H, f): (A", B") — (A, B) we have the commutativity of the following
diagram

A4 .
H*(g, B) — 2% He(4)

H+# H#

H*(g', B) He(A).

A(A/7B/)#
Definition 4.2.2. The triple (A, B, V) is called a regular F'S-Lie al-
gebroid if A is a regular Lie algebroid over (M, F'), B C A is a regular
subalgebroid of A over (M, F) and SecV : I'(L) — I'(A) is a flat
L-connection in A, where L is a Lie algebroid over a manifold M.
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Definition 4.2.3. Let (4’, B, V') and (A, B, V) be two regular F'S-
Lie algebroids over (M’', F') and (M, F'), respectively, and where V :
L — A, V' : L' — A'. By a homomorphism of reqular FS-Lie
algebroids

H:(A,B,V')— (4,B,V)
over f:(M',F') — (M, F) we mean a pair (H, h) such that:

1. H: A — A is a homomorphism of regular Lie algebroids over f
satisfying H(B') C B,
2. h: L' — L is a homomorphism of Lie algebroids over f,

3. Voh=HoV'.

Since h# o V# = V'# o H# from flatness of V, the commutativity of
the diagram (4.4) and Theorem [4.2.1}, it follows the following theorem.

Theorem 4.2.2 (The functoriality of A pvy4). [11] The follow-
ing diagram commutes

A(a,B,v)#

H*(g, B) He(L)

H+# h#*

H*(g', B') H*(L').
A(A/,B“v/)#

4.3 Homotopy invariance

We recall the definition of homotopy between homomorphisms of Lie
algebroids.

Definition 4.3.1. [51] Let Hy, H; : L'’ — L be two homomorphisms
of Lie algebroids. By a homotopy joining Hy to H, we mean a homo-
morphism of Lie algebroids

H:TRx L' — L,

such that H(6y,:) = Ho and H(6,,-) = Hy, where 0y and 6; are null
vectors tangent to R at 0 and 1, respectively. We then say that Hy and
H, are homotopic and write Hy ~ H;.
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Definition 4.3.2. We say that homomorphism of Lie algebroids H :
L' — L is a homotopy equivalence if there is a homomorphism of Lie
algebroids G : L — L' such that Go H ~id; and H o G ~ idy, .

Remark 4.58.1. Let Hy, H; : L' — L be two homotopic homomor-
phisms of Lie algebroids with a homotopy H : TR x L' — L. The
homomorphism H determines a chain homotopy operator (cf. [51],
13]) which yields HY = H¥ : H*(L) — H*(L).

Definition 4.3.3. [51] Two Lie subalgebroids By, By C A of a Lie
algebroid A (all over (M, F)) are said to be homotopic, if there exists
a Lie subalgebroid B C TR x A over (R x M, TR x F), such that

Vg € Bﬂz if and only if (Ht,vx) € B\(t,x) (45)
for t € {0,1}. B is then called a subalgebroid joining By with B;.

Let By, By be two homotopic Lie subalgebroids over (M, F') and let
B C TR x A be a subalgebroid of TR x A joining By with B;. Consider
the homomorphism of Lie algebroids

FtA:A—>T]R><A, Vg — (04, 0,)

over fy : M — Rx M, fi(x) = (t,x), for t € R. Now, shows that
FA(B,) C B. Moreover, F;"# = (FtA)Jr# are isomorphisms of algebras.
This was proved in [52]. Let V : L — A be a homomorphism of Lie
algebroids over id,;. Therefore, idyg XV is a homomorphism of Lie
algebroids over idgys. In this way FtA defines a homomorphism

(A, Bt, V) — (TRXA, B, idTR XV)

of F'S-Lie algebroids over f;. Now, using the above mentioned proper-
ties and Theorem giving the functoriality of A4 = A4 p,)# and
A(a,B)#, we obtain the following commutative diagram

A \Viid
—He(g, By) e He(A) - H*(L)
F0+# ~ FOA# FOL#
o H*(0Oxg, B He* (TR x A He(TRx L
(0%9. B) 3 H(TRA) e HH(TR )
F1+# ~ FlA# FlL#
—H*(g, B1) H*(A) - H*(L)
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Remark that the rows of the above diagram are characteristic ho-
momorphisms of regular F'S-Lie algebroids. Moreover, FOL # = FlL #,
since F, FF': L — TR x L are homotopic homomorphisms. Since
FOL # Ff # are isomorphisms (cf. [11]), we immediate conclude follow-
ing theorem on the homotopy independence of the secondary charac-

teristic homomorphism.

Theorem 4.3.1 (The Rigidity Theorem). (cf. [10]) If By, By C A
are homotopic subalgebroids of A and V : L — A is a flat L-
connection in A, characteristic homomorphisms Aca g, vy : H* (g, By)
— H* (L) and A, vy» : H* (g9, B,) — Hp (M) are equivalent in
the sense that there exists an isomorphism of algebras

a H. (ga BO) i> H. (g7B1)
such that

AaB,vy# © = A4,y v)#-

Let E be a vector bundle of rank n over a manifold M and let h
be a Riemannian metric in £. The metric h determines the reduction
L (g ¢ny) of the principal frames bundle L of E and the Lie subalgebroid
A(E, {h}) of the Lie algebroid A(FE) [62]. Note that £ : R" — FE, is an
element of L(g 1)) if and only if £ is an isometry. Taking the canonical
isomorphism @5 : A(Lg) — A(FE) described in Section [1.3 (cf. [50])
we define

A(E, {h}) = D5 (AL my)) -

We observe that a € I'(A(F)) is an element of I'(A(F,{h})) if and
only if for any sections v, u € I'(E) we have

h(a(v), 1) = (0am) © a)(h(v, 1)) — h(v,a(p)).

We recall that

L QA(E)

0 — End(E) — A(E) TM 0

is the Atiyah sequence of A(F), while the Atiyah sequence of A(E, {h})
is

0 — Sk(E) — A(E, {h}) TM 0
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where Sk(E) C End(FE) is the vector subbundle of skew symmetric
endomorphisms with respect to the metric h.

Applying the Rigidity Theorem to a pair of Riemannian reductions
of the Lie algebroid A(F) of a vector bundle F, we obtain the inde-

pendence of the secondary characteristic homomorphism for the pair
A(E,{h}) C A(E) from a metric:

Corollary 4.3.1. [10] Let E be a vector bundle and A(E) its Lie alge-
broid. Two Lie subalgebroids By = A(E,{ho}), B1 = A(E,{h1}) of the
Lie algebroid A(E), corresponding to Riemannian metrics hg, hy, are

homotopic Lie subalgebroids [52]. Therefore, according to the Rigidity
Theorem [4.3.1] we conclude that

A, AE (o)) # = DAE),AE () #>

i.e., the characteristic homomorphism for the pair (A(F), A(E,{h}))
is an intrinsic notion for A(E) not depending on the metric h.

4.4 Particular cases of the secondary characteristic
classes

The secondary characteristic homomorphism for Lie algebroids general-
izes flat exotic characteristic classes for Lie algebroids and the following
known characteristic classes: for flat regular Lie algebroids (Kubarski,
cf. [52]), for flat principal fibre bundles with a reduction (Kamber,
Tondeur, cf. [43]) and for representations of Lie algebroids on vector
bundles (Crainic, Fernandes, cf. [17], [18], [19]).

4.4.1 Comparison with the case of regular Lie algebroids and
classical flat connections

Given a regular Lie algebroid (A, gy, [-,-]) over a manifold M with
F =Imp, and g =ker p,, consider two geometric structures:

e a flat connection w : I'(F') — I'(A), and
e a Lie subalgebroid j: B — A over (M, F), i.e.,
with the anchor pgz such that Im oz = F.

Let w : A — g be the connection form of w. Fix a connection
A: F'— B, and consider its extension jo X\ to A. Let A\: A — g be
its connection form. Since
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Low+wop,y =idy
where ¢ : g <— A is the inclusion, it follows that
LO(I)OjO)\:—LOS\Ow.
Thus, we see that

(A(A,B,N)LP)I (ug Ao Auy)
- <w —(xow)wl)] AL A [—(Xow)(up)D
= (W, [Wa(Un)] A oo A [0 (1)])

for o € (I(A'(g/h)")'®), v € M, uy,...,u, € ['(F), and where
u; = Muw;) for i =1,...,p. Since o5(w;) = u;, we deduce that

A(A,B,w)# : H.(g,B) E— H.(F)

is the characteristic homomorphism for the regular flat Lie algebroids
(A, B,w), which was considered by Kubarski in [52].

4.4.2 Secondary universal characteristic homomorphism of
principal fibre subbundles

We recall secondary flat characteristic classes for flat principal bundles
[43] and its relationship with the secondary characteristic homomor-
phism for a suitable pair of Lie algebroids.

Let P be a G-principal fibre bundle on a smooth manifold M, w C
TP aflat connection in P, H C G a closed Lie subgroup of G, and P’ C
P a connected H-reduction. Consider Lie algebroids A(P) and A(P')
of the principal bundles P and P’, respectively. Let w? : TM — A(P)
be the induced flat connection in the Lie algebroid A(P). The triple
(A(P), A(P'),w™) defines the secondary characteristic homomorphism

Ay apn w2 HY (g AP)) — Hp(M).
Moreover, let
Appprwyg - HY (g, H) — HiR(M) (4.6)

denote the classical homomorphism on principal fibre bundles (Kam-
ber, Tondeur [43]), where H*(g, H) is the relative Lie algebra coho-
mology of (g, H) (see [43], [14], and Section [3.1)). The characteristic
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homomorphism Ap pr )4 is constructed as follows: Let & : TP — g
denote the connection form of w. There exists a homomorphism of
G-DG-algebras @, : A\ g* — 2(P) induced by the algebraic con-
nection w : g* — 2(P), a — aw = (a,w) (flatness of w is
essential). The homomorphism &, can be restricted to H-basic el-
ements wy : (Ag )y — £2(P)y, and according to the isomor-
phisms (Ag*)x = Alg/h)*" and Q(P)y = Q(P/H), gives a DG-
homomorphism of algebras &y : A(g/h)*! — 2(P/H), which com-
posed with s* : Q2(P/H) — (M) where s : M — P/H is the
section determined by the H-reduction P’ leads to a homomorphism
of DG-algebras

*

*H O i
Appre: /\(g/b) — Q(P/H) — 2(M).
Explicitly,

(App o)), (w1 Ao Awg) = (O, [w (w1)] AL A @2 (wk)])

where z € P|'z, w; € T,M, w; € T,P', 7' w; = w; where ' : P' —
M is the projection in P’. Now, passing to cohomology we have the
characteristic homomorphism (4.6)).

Since is an invariant of homotopic H-reductions and measures
the incompatibility of the flat structure w with a given H-reduction, the
nontriviality of A(p pr )4 implies that there is no homotopic changing
of P’ such that TP’ contains w. If K C H C G where K is a maximal
compact subgroup of G and H is closed, then any two H-reductions
are homotopic, so is independent on the H-reduction P’

The relation between A 4(p) a(p)wa)x and the classical character-
istic homomorphism for a principal bundle Appr )4 is described by
the following theorem [52, Theorem 6.1].

Theorem 4.4.1. [52] Theorem 6.1] If P’ is a connected H-reduction
i a G-principal bundle P, g is the Lie algebra of G, then there exists
an isomorphism of algebras

K H (g, H) — H*(g, A(P"))
such that

A, APy w# © K = A, w)#-
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We recall from [52] that the isomorphism « at the level of cochains
is defined via the isomorphism

R Ng/b)™ — (D(A(g/h)")"™™

given by

R(v)(x) = Adp 4 (2)(¢), z€ P,

where the representation Adp , of P’ on the vector bundle N(g/h)*

is induced by Adp 4 : P — L(g/h), z — [Q], and Z : g — 9
v [Auw] (A, : G — P, a — za).

Hence, characteristic classes induced by A(p pr .y and A apy a(pr)wa)z
are identical. In [10] we showed that the homomorphism

Apprys = Aapy,apy o k- H (g, H) — H*(A(P)) — HiR(P)

factorizes Appry4 for any flat connection w in P, i.e., the following
diagram commutes

Hir(P)

Appryg wh

H*(g, H) Hir (M),

Ap,pr )4

where w? at the level of right-invariant differential forms 27(P) is
given as the pullback of differential forms, i.e.,

W 2'(P) — Q(M), w*(n)e(u,... up) = n,(t,. .. U),

where p € P,, u; is w-horizontal lift of u; € T, M. If G is a compact,
connected Lie group and P’ is a connected H-reduction in a G-principal
bundle P, H C G, then there exists a homomorphism of algebras

Appryy - HY(g, H) — HiR(P),

which is called a universal exotic characteristic homomorphism for the
pair (P', P) such that for arbitrary flat connection w in P, the charac-
teristic homomorphism Ap pr )% : H*(g, H) — H3z(M) is factorized
by Ap,pr#, ie., the diagram
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[ ]
ar(P)
Ap.py# wt

H* (g, H)

HE R (M
A(P7P/7W)# dR( )

1s commutative.

4.4.3 Comparison with the Crainic exotic characteristic
classes

The Crainic Approach. We briefly explain the Crainic theory of
flat characteristic classes [17], [18], [19]. Let L be a Lie algebroid
over a manifold M. The Crainic classes of a flat L-connection V in
a vector bundle F are in the cohomology algebra H®(L) of L. For
the trivial vector bundle £ = M x V with dim V' = n these classes
are constructed as follows: Let {ej,...,e,} be a frame of F and let
w = (W] € Myxn(I'(L*)) be the matrix of 1-forms on L such that
Vuej = > wh(u)-¢; forany u € I'(L). It is evident that tr(w) = tr(@),
where w = %(w +wT) is the symmetrization of w, and the flatness con-
dition implies that tr(©*') is closed on L for all k& € N. Moreover,
their cohomology classes are independent of the choice of frames. These
classes vanish if V is a Riemannian connection with respect to some
Riemannian metric h in the vector bundle £. A Riemannian connection
is a connection in a Riemannian reduction Lg 4} of the frame bun-
dle Lg. For any vector bundle £ Crainic uses a local construction (a
suitable cocycle) and the Cech double complex C*(U, C*(L)) together
with the Mayer-Vietoris argument. For L = T'M the usual exotic char-
acteristic classes of flat vector bundles are received. An explicit formula
for an arbitrary L-flat real vector bundle (F,V) is based on the ob-
servation that in a local orthonormal frame {ey,...,e,} of (E,{h})
the symmetrization @ of w is equal to the matrix of the symmetric-
values form w(E, h) = 1 (V — V"), where V" is the dual L-connection

induced by the metric h. The connection V" is also flat since

RZ}; =— (RZV)* for w,v e I'(L).
The appropriate classes are obtained by replacing @ with w(FE, h). One
explicit formula up to a constant (see [I9]) uses the Chern-Simons
transgression differential forms cs;, for suitable two connections and is
given by
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uge—1(E) = [ugr—1(E, V)] € H* (L), keN,
where
b1 h
usk_1(E, V) = (—=1) 2 ¢s,(V, V") (4.7)

if £ is an odd natural, ug,_1(F, V) is trivial if & is even, and
1
ese(V, VM) = / chy (V) € T(A%1 L7
0

for the affine combination
vt — (1—15)-@—1—15-@}1:TRXA—>A(pr§E)

is defined by the formula

for uy,...,ugk—1 € I'(L). We denote here the lift of an arbitrary L-
connection V : I'(L) — CDO(E) through the projection pry : R x
M — M by V, ie.,

V:TRx L — A(pr3 E),  Viyu) (v opry) = V,, (v),

where TR x L is the Cartesian product of Lie algebroids (cf. Section
. One can check that if V is flat, V is also flat.

The Crainic secondary characteristic classes in terminology
of Riemannian reductions. Let E denote a vector bundle of the
rank n over a manifold M with a Riemannian metric h. We recall that
the metric h determines the Lie subalgebroid B = A(FE,{h}) of the
Lie algebroid A(E) described in Section [£.3] The Atiyah sequence of
A(E,{h}) is

0 —— Sk(E) —— A(E, {h}) TM 0

where Sk(E) C End(F) is the vector subbundle of skew symmetric
endomorphisms with respect to the metric h.

Let L be a Lie algebroid over M and V : I'(L) — CDO(E) be any
flat L-connection in A(E). Consider for

(A(E)7 A(E’ {h})a V) and (A(E)’ A(E7 {h})7 idA(E))
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theirs secondary characteristic homomorphisms denoted by
Ay :H*(End E, A(E, {h})) — H*(L),

Aoy - H*(End E, A(E,{h})) — H*(A(E)),

respectively. Recall from Section the isomorphism (cf. Theorem
14.1)

K H*(gl(n,R),O(n)) — H*(End E, A(E, {h})).

If the vector bundle E' is nonorientable, then

I =

H*(End E, A(E,{h})) = H*(gl(n,R),O(n)) = /\(yl, Y3y Ym),s

where m is the largest odd integer < n,i.e., m = 2[”7“] —1,and yop_1 €
H*=3(End E, A(E,{h})) for k € {1,2,...,[%}]} are represented by

the multilinear trace forms a,_1 € I'(A" 7 (End E/ Sk)*),

Jon-1([A1], .., [Aap—s]) = Y sgno-tr(Ay 00 04y, ) (48)

0E€ESsk_3

for A; € I'(End E), and where A; = $(A; + A7) is the symmetrization
with respect to h (see [43, p. 142]).

In the case of an oriented vector bundle E with a volume form v, the
metric h and v induce an SO(n,R)-reduction Lg (5vy) of the frames
bundle Lg. Note that { : R" — L, is an element of L(g 4,vy) if and
only if £ is an isometry keeping the orientations. Since A(F, {h,v}) =
ALz ny) = A(E, {h}), it follows that

H*(End E, A(E,{h,v})) 2 H*(End E, A(E, {h})).
If E, is orientable of an odd rank, cf. [27],

H® (gl(n,R),SO(n)) = H*(gl(n,R),O(n)). (4.9)
Using the isomorphism x and , we get

H*(End E, A(E, {h,v})) = H"(gl(n,R), O(n)) = A\ (Y1, 3, - - yn)-

If the vector bundle E is orientable of the even rank n = 2m, then
H* (End B, A(E, {h,v})) = H* (gl(2m, R), SO(2m))
= /\(ylv Yz, -5 Yam—1, y2m)7
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where yp; 1 € H¥3H*(End E, A(E, {h,v})) are defined as in (4.8)), and
Yo € H¥™(gl(n,R),SO(n)) = H*(End E, A(E, {h,v})) is represented
by

Jom € I (N ((End B/ Sk)")

Jam ([A1], ., [Aom]) = d(z2m-1)(A1, ..., Aom)

for Ay,..., Agyn € I'(End E), and where d is the usual differential on
the algebra A(End E)*, but

Zom-1 € D(A* ! (End E)*)

is defined by
Z2mfl(Ala v 7A2m71)
= Cm, Z sSgn 0'(6, OéAU(l) N O{[AO—(Q), Ag(g)] VANRAN a[AU(Qm_Q), Ag(gm_l)D

o€S2m—1

=)™ (m-1)!

TiT@m i € K, € s a non-zero section of A" (End E)*,

where ¢, =
and

a:EndE — N E
is given by

(a(A),v Ap) =35 ((Av, i) — (v, Ap))

for A € I'(End E), v,u € I'(E). The form zy,,; is the image of the
Pfaffian for a pair (£, e) by the Cartan map for End F (for the Cartan
map we refer for example [36, Ch. VI, 6.7, 6.8]).

We will show that Ag(ys;—1) is the Crainic class for all j €
{1,2,...,[*H]}. Let &V : (A L*® E) — I'(/\ L* ® E) be the differ-
ential determined by V : I'(L) — CDO(E). Fix two L-connections
Vo, Vi: I'(L) — CDO(FE). Write their affine combination by

VA = (1 -t) Vo +1tVy: TR x L — A(pr} E).
One can observe that
RY' = RYo +dY°0 + [0,0], (4.10)

where
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§=V,—VoeI'(L*®EndE) (4.11)
and
0,0 =6>=0A0c (N’ L*®EndE),

10,0](u,v) = [0(u),0(v)] for u,ve I'(L).

We can lift any 1-formw € I'(L*®End ) tow € I'((TRx L)*®End E)
defining @, ¢ ) = we, . Let 6 denote the lifting of 1) We follow the
convention that the section (0, u) of TR x L we will be briefly denoted

by u and (%,O) by %. Observe that V2T = V + =, where S =
t-0, and (dV'0),,(w o pry) = (d¥V'0),,(w) o pr, for any u,v € I'(L),

weT'(E),ze€ M,teR. From (4.10) we have
RV = %= 4[5, =]. (4.12)
Hence, we see that V2 need not be flat even if V is flat.

Lemma 4.4.1. [10] The curvature tensor RY"" of the affine combina-
tion VT of two flat L-connections Vg, V1 satisfies the conditions:

(RY™) 5 (w0 pry) = 6, (w),
(RY™ ) (wopry) ey = (2 = 1) - (07 0),, (w),
(RY"")k, L AR Rl VY i

B ULy UZk—l)‘(tv') yeeyU2k—1"
From the above we obtain the following theorem.

Theorem 4.4.2. [10] For all k € N, we have

ki1 K- (K —1)]

CSk(Vo,Vl) = (_1) <2k — 1)!

~tr 62t (4.13)

where 0 is defined by (4.11)).

The above formula is well known in the classical cases (see, for
example, the papers by S.-S. Chern and J. Simons [13] or J. Heitsch
and B. Lawson Jr. [37]).

Let

~ ~ 1
:End F — End F, v+—v:= §(v+v*)
denote the symmetrization. Let us consider id 4(g) as an A(E)-connection

and take its adjoint idZ( p) defined by the metric h. Let A : TM —
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A(E) be any h-Riemannian connection, i.e., a connection such that
Im A C A(E,{h}). For the connection form A : A(E) — End £ of A,
we have 1 o A + Ao g4y = ida(g). Therefore,

—A (a) = %(idZ(E) - idA(E))(a) (4.14)

for a € I'(A(F)). Compare with Corollary which shows that such
affine combinations of connections appearing in (4.14]) are compatible

with the metric. (4.14)), (4.13) and (4.7) now become
(4k — 3)!
(2k —1)!- (2k —2)!

Ao@zk—l) = (—1)k AR 'U4k73(Ea idA(E))-

From this and the equalities

ese(V, V") = V*(esy(idace). idy )
and

Ug3(E, V) = V¥uy, 3(E,idap),
we obtain

(—=1)" - (4k — 3)!

Ay (o) = [V (Fx-1)] = 3575 2k — 1)l (2k - 2)

- ap—3(E).

From the above formulae we can explain the relation between the sec-
ondary characteristic homomorphism Ay of (A(E), A(E,{h}), V) and
the family of the Crainic classes {usx—3(F)}.

Theorem 4.4.3. [10] Let E be a real vector bundle over a manifold
M and

Ay :H*(End E, A(E,{h})) — H*(L)
the secondary characteristic homomorphism corresponding to the triple

(A(E), A(E,{h}),V), in which V : I'(L) — CDO(E) is a flat L-
connection in A(E).

e If the vector bundle E is nonorientable or orientable and of odd rank,
then the image of Ay is generated by uy(E), us(E),. . .,u4[%]_3(E).
e If the vector bundle E is orientable and of even rank n = 2m, then
the image of Ay is generated by ui(E), us(E),.. .,u4[nT+3]73(E) and

additionally by Ay (Yam), where Yo, is the form generated by the Pfaf-
fian.
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4.4.4 Secondary characteristic homomorphism for a pair of
Lie algebras

In this section, we will consider the characteristic homomorphism
Ag.p)# for a pair of finite dimensional Lie algebras (g,h), h C g , and
give a class of such pairs for which A )4 is a monomorphism.

An arbitrary Lie algebra is a Lie algebroid over a point with the
zero map as an anchor. Consider the homomorphism of pairs of Lie
algebras (idg,0) : (g,0) — (g,h), b C g. By the definition of the

universal exotic characteristic homomorphism, observe that

Agors - H*(g,0) = H*(g) % o
o : H*(g,0) = H*(g) ——— H%(g).

Now, the functoriality of (idg,0) described in Theorem implies
that

Agpy# = Ag0)# © (idg) ™" = (—idy) ™ : H*(g,h) — H*(g).

Let (A g*)ih _o,6,—0 De the basic subalgebra of /\ g%, i.e., the subalge-
bra of invariant and horizontal elements of A g* with respect to the Lie
subalgebra . Denote by k the inclusion from (/\ 9*)ib:0,0h _o into A g*

(cf. [47], |36l p. 412]). Moreover, consider the projection s : g — g/b
and the map

9" (Awm) — (As ), o
given by
(=)' ) (x1 Ao Axg) = (P, (—s(z1)) Ao A (=s(xg)))

for ¥ € (N*(g/0)*)", z1,..., 2% € g. One can see that (—s)* is an
isomorphism of algebras and

A(g,b) = k O (—S)* .

Therefore, the exotic characteristic homomorphism Ag )4 for the pair
(g,h) can be written as the composition

A H (g, b) —> H*(g/h) —— H*(g),

where H*(g/h) denotes the cohomology algebra H*((A g*)i, —0,6,—0, dg)-
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Ezample 4.4.1. [11] Let g, b be finite dimensional Lie algebras and gdh
their direct product. The secondary characteristic homomorphism of
the pair (g @ b, b) is given by

Aganpyz - H (@) — H (@) @H(B), Aggany (@) = (-1 o]®1,

and A(gep,p)# is a monomorphism.

Remark 4.4.1. Let (g,h) be a reductive pair of finite dimensional Lie
algebras (here h C g), and let s : g — g/b be the projection. Theorems
IX and X from [36, sections 10.18, 10.19] imply that k¥ is injective
if and only if the algebra H®(g/h) is generated by 1 and odd-degree
elements. Thus, Ay is injective if and only if H*(g, h) is generated
by 1 and odd-degree elements since (—s)# is an isomorphism of alge-
bras. If b is reductive in g, the homomorphism k# is injective if and
only if b is noncohomologous to zero (briefly: n.c.z.) in g, i.e., if the
homomorphism of algebras H*(g) — H®*(h) induced by the inclusion
h — g is surjective. Tables I, II and III at the end of Chapter XI of
[36] contain many n.c.z. pairs including for example:

(gl(n),s0(n)) for odd n, (so(n,C),so(k,C)) for k < n,

(so(2m + 1),s0(2k + 1)), (so(2m),s0(2k + 1)) for k < m.

Ezxample 4.4.2. We consider a reductive pair (End(V'),Sk(V')) of Lie
algebras where V' is a vector space of the positive dimension.

(1) If the dimension of V' is odd, dim V' = 2m — 1, we have

H*(End(V), Sk(V)) = H*(gl(2m — 1,R),O(2m — 1))

= /\(yla Y3y - 7y2m—1)7

where ya,_1 € H*=3 (End(V),Sk(V)) are represented by the multilin-
ear trace forms ([27], [43]). Since H*(End(V'),Sk(V')) is generated by
odd-degree elements. Remark 4.4.1 now shows that Agnav)sk))# 18
injective.

(2) If the dimension of V' is even, dim V' = 2m, we have:

H*(End(V), Sk(V)) = H*(gl(2m, R), SO(2m))
= /\(yl,ys, ce s Yom—1, Y2m),
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where y9,_1 are as in item (1) of this example above, and v, €
H>™(End(V'),Sk(V)) is a class determined by the Pfaffian (cf. Sec-
tion [4.4.3). Since in the case of even dimV, an even-degree ele-
ments is in generating set of H*(End(V'),Sk(V')), it follows that then
A(End(v),8k(v))# 1S not a monomorphism.

4.5 Secondary characteristic homomorphism for a
pair of transitive Lie algebroids

Consider a pair (A, B) of transitive Lie algebroids on a manifold M,
B C A, x € M, and a pair of corresponding isotropy Lie algebras
(g, hz:). Obviously, the inclusion ¢, : (g,,h,) — (4, B) is a homomor-
phism of pairs of Lie algebroids over {x} < M. Theorem implies
the commutativity of the following diagram

A A,B)+# .
H*(g,, B) A . He(4A)
L;r# Lf
H* (g, ) — - H*(g,)- (4.16)

Obviously, if the left and bottom homomorphisms in (4.16)) are monomor-
phisms, then so is A4 p)x. The homomorphism 1% is a monomor-
phism if each invariant element v € (A(g,/h,)*)* can be extended
to a global invariant section of /\(g/h)*. Consequently, we get the fol-
lowing theorem linking the Koszul homomorphism for a pair of Lie
algebras (discussed in the previous section) with secondary character-
istic classes.

Theorem 4.5.1. [I1] Let (A, B) be a pair of transitive Lie algebroids
over a manifold M, B C A, x € M, (g,,h.) be a pair of the isotropy
Lie algebras at z, and suppose that any element of (\(g,/h,)*)" can be
extend to an invariant section of \(g/h)*. If the Koszul homomorphism
A(g, ho)# for the pair (g, h,) is a monomorphism, then Ay gy is a
monomorphism.

Remark 4.5.1. Theorem 6.5.15 of [63] yields ¢ € (A(g,/h,)*)" can be
extended to an invariant section of /\(g/h)* if and only if it is invariant
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with respect to the m;(M)-action on (A(g,/h,)*)" by the holonomy
morphism of the (flat) B-connection V*¥5.» = adj o0\ in

(Aam) " = 1] (A./n))

zeM

hg

where A : TM — B is any TM-connection in B and adj, is the
representation of B in (/\(g /h)*)h defined by ad,.

We will show examples of pairs of Lie algebroids satisfying the as-
sumptions of the last theorem, including integrable and nonintegrable
Lie algebroids.

The case of integrable Lie algebroids. Let P be a principal G-
bundle and P’ some of its reduction with a connected structural Lie
group H C G. According Theorem 1.1 from [48], we observe that for
any transitive Lie subalgebroid B C A(P) there exists a connected
reduction P’ of P such that B = A(P’). Let g and h denote the Lie al-
gebras of G and H, respectively. The representation adpp is integrable,
because it is the differential of the representation Adp/p : P — L(g/h)
of the principal fibre bundle P’ defined by z — [Z] (see [52], p. 218]). For
every z € P, the isomorphism 2 : g — g,, v — [(4.),, v] maps b onto
h, (see [50, Section 5.1]) and defines an isomorphism [Z] : g/h — g./h..
Thus, we have a natural isomorphism (see also [52, Proposition 5.5.2-

3)
o (Naom)) = (0 (Aam)) ™

On account of the connectedness of H, we have

(Aw/m))" = (Na./nr)”

It follows that (f# is an isomorphism. Thus, we conclude that the
assumptions of Theorem hold for any pair of integrable Lie alge-
broids (A, B), i.e., if A is a Lie algebroid of some principal bundle P
and B is its Lie subalgebroid of some reduction of P. Theorem
now gives the following theorem.

Theorem 4.5.2. [11] Let A be a Lie algebroid of some principal bundle
P(M,G), B = A(P') its Lie subalgebroid for some reduction P’ of P,
(g,,h:) be a pair of adjoint Lie algebras at x € M. If the Koszul
homomorphism A_h, % for the pair (g,,hs) is a monomorphism for
any v € M, then the universal exotic characteristic homomorphism
Aa,B)# 18 a monomorphism.
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The case of non-integrable Lie algebroids of T'C-foliations . We
discuss non-integrable Lie algebroids (i.e., not isomorphic to any Lie
algebroid of a principal bundle) satisfying the assumptions of Theorem
We consider Lie algebroids A(G, H) of transversely complete
foliations (T'C-foliations) studied in [I], [50]. These T'C-foliations play
an essential role in the theory of Riemannian foliations [68].

Let G be a Lie group and let H be its connected nonclosed Lie
subgroup. Let us recall that A(G, H) is the Lie algebroid of left cosets
of H in G (see [1], [50]). Remark that if G is connected and simply
connected, the Lie algebroid A(G, H) is non-integrable (see [I]). There
are examples of non-integrable Lie algebroids A(G, H) for which the
Chern-Weil homomorphism studied in [50] is nontrivial.

Denote by g and h the Lie algebras of G and H, respectively. Let
H denote the closure of H and let s be the Lie algebra of H. Using
trivializations of TG = G x g given by left-invariant vector fields one
can check that A(G, H) is a vector bundle over G/H which is the
quotient space (G x (g/h))z with respect to the right action of H
on G and the adjoint action of H on g/h. Moreover, there exists an
isomorphism

c: (G, H) = I'(A(G, H))

of the module I(G, H) of transverse fields onto the module I'(A(G, H)),
which is also an isomorphism of real Lie algebras.

Every right-invariant vector field Y, generated by w € g and every
left-invariant vector field X,, generated by w € s is a transverse field
[50]. The Lie algebra bundle g associated with A(G, H) is a trivial
vector bundle of abelian Lie algebras with the trivialization G/H x

s5/h — g given by (z, [w]) = (¢(Xu))(2).
Let H; and Hs be Lie subgroups of G such that
H ¢ H, G H =H, CG.

Denote by b1, b and t the Lie algebras of Hy, Hy and T' = H, = H,,
respectively. Write

A= A(G, Hy)
and

B = A(G, H,).
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The Lie algebra bundles of A and B are g = G/T x t/h; and h =
G/T x t/h,, respectively. Fix

o0 e N\ (gu/h) = N((t/5) / (4/6,))"

k
The section IT of /\ (g/h)* which is equal to o, at all points of G/T is

invariant (see [I1]). This means that any element of A(g,/h,)* can be
extended to an invariant section of A(g/h)*. We now apply Theorem
to obtain the following one.

Theorem 4.5.3. [11] Let G be a Lie group, and Hy and Hs be its Lie
subgroups such that Hy & Hy & H, = H, G G. Then the universal
secondary characteristic homomorphism for the pair of Lie algebroids
A(G, Hy) C A(G, Hy) is a monomorphism. Moreover, if G is connected
and simply connected, A(G, Hs) and A(G, Hy) are non-integrable Lie
algebroids.

4.6 Example of a nontrivial secondary
characteristic class defined by the Pfaffian

Finally, we demonstrate another an example of Lie algebroid and its
reduction, for which secondary characteristic homomorphism is non-
trivial. We note that the even dimension of the vector bundle and the
fact that the manifold is orientable are important for the example here.

Let M be an oriented, connected manifold, dim M > 1, and
g = End(R?). Consider a transitive Lie algebroid (A4, oy, [, -]) over
M, where

A=TM @ End(R?) = A(M x R?),
04 = pry is a projection on the first coordinate, and
[[(Xb 01) ) (X27 02)]] = ([X1>X2] 7X1(02) - X2(01) + [01, 02])

for all X1, X, € I'(TM), 01,0, € C°(M;End(R?)). Observe that (cf.
Section that

0 — M x End(R?) = End(M x R?) < A 2L TM — 0

is the Atiyah sequence of A.
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Let B C A be the Riemannian reduction of A, i.e.,
B =TM @ Sk(R?)

is a transitive subalgebroid of A. Observe that in the domain of the
universal characteristic homomorphism

Apy# - HY(M x g, B) — H*(4)
is a class

(] € H*(M x g, B)
defined by

ya(lo1], [o2]) = Pi([[o1, 02]l)

forall 01,05 € I'(ker p) = C*°(M; g). One can check that A4 gy« ([72])
€ H?(A), represented by A4 5)(y2) € I'(A*), is a nontrivial secondary
characteristic class for the pair of Lie algebroids

(TM @ End(R?), TM & Sk(R?))

of even rank. For details of the proof of the non-triviality of this class,
please refer to [10].
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