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Introduction

This book is concerned with deriving abstract tools which are applicable
in solving integro-differential equations posed in a Banach space setting.
Our approach relies on deriving conditions which guarantee that certain
mapping acting between two Banach spaces is a diffeomorphim thereby
obtaining that if this mapping is a solution operator to some equation
then this very equation has a unique solution which in fact is well posed
in the sense of Hadamard.

Integro-differential and integral operators are usually considered in
the space of continuous functions [14} 51]], the space of square integrable
functions L? [43] and recently in AC% [38, 7]. Thus our approach shows
that other setting is also possible therefore extending existing methodol-
ogy. The application of integral operators can be found in many disp-
ciplines of science and engineering: in biology to investigate the spread
of epidemic [29], in mechanics for modelling alloys with a shape mem-
ory [60], in nuclear reactor dynamics [14, [16], etc. We believe that read-
ers would find our results motivating. Concerning possible applications,
apart from those developed in our presentation, we hope for deriving
methodology applicable to the second order problems, possibly posed in
a non-variational form. This requires some further research in the topic.
Several research suggestions are collected at the end of this book.

Our book is organized as follows. We give some motivation and out-
line of results firstly. Then we provide necessary functional setting which

although seems to be known is not easily found in accessible literature.



Introduction

The third chapter is concerned with the global version of a diffeomor-
phism and an implicit function theorems together with their proofs and

relevant necessary tools used in the arguments.

The fourth chapter concerns the application of a global diffeomor-
phism theorem for examining a nonlinear itegro-differential and non-
linear integral equations and related operators. The functionals consid-
ered are defined on the Banach space, instead of the setting Hilbert space
which is known from the literature, see for example [38,7]. The most dif-
ficult part of the proof is to check, whether the functional satisfies Palais-
Smale condition. Based on the Closed Graph Theory and by usage of
the so called Bielecki norm, we discuss the alternative formulation of the

assumptions.

In the fifth chapter we present the examination of the existence, unique-
ness and continuous differentiability of a solution to a nonlinear integro-
differential control problem by means of the global implicit function the-
orem. We use very similar tool as shown in the previous chapter so only

the main steps of the proof are presented.

We conclude our presentation in the sixth chapter with some finite
dimensional invertibility results which allow us to obtain a global diffeo-
morphism out of a Fréchet-differentiable, and not necessarily cl, map-
ping. It is interesting that we use non-smooth critical point theory in
proving the result. We also suggest some application to discrete equa-
tions, namely to algebraic equaions which may be viewed as discretiza-

tions of second order problem with Dirichlet boundary conditions.

It is our pleasure to thank people who helped us in the preparation
of this book. Thanks are due to Professor Stanistaw Walczak from Lodz
University for suggesting possible research in this area. We would like to
thank the student of mathematics at the Institute of Mathematics, Lodz
University of Technology, Mr Michal Beldziriski, for helping us with type-
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setting of the final version, careful reading of the text and numerous ques-
tions which we hope would be fruitful in the future.

This work was prepared in the Institute of Mathematics, Lodz Uni-
versity of Technology where the first author is an associate professor and
the second author is a Ph.D. student.






CHAPTER

Overview of results

There are two basic concepts of differentiability for operators and func-
tionals, which will be given below. Let X,Y be Banach spaces, and as-
sume that U is an open subset of X. A mapping f : U — Y is said to
be Gateaux differentiable at x; € U if there exists a continuous linear
operator f/(xp) : X — Y such that for every h € X

i £ (Yo + th) — f(x0)

t—0 t

= fc(xo0)h.

The operator f/(xp) is called the Gateaux derivative of f at xo.
An operator f : U — Y is said to be Fréchet-differentiable at xop € U

if there exists a continuous linear operator f'(xg) : X — Y such that

po IfGo+h) = Fxo) = fxo)hll _

1|0 [|7]]

The operator f'(xg) is called the Fréchet derivative of operator f at xo.
When F is Fréchet-differentiable it is continuous and Gateaux differen-
tiable. A mapping f is continuously Fréchet-differentiable if f’ : X >
x — f'(x) € L(X,Y) is continuous in the respective topologies. If f is
continuously Gateaux differentiable then it is also continuously Fréchet-
differentiable and thus it is called C!. It is the most common way to

prove the Fréchet -differentiability that one shows that f is continuously

—9_



1. Overview of results

Gateaux differentiable. In fact for critical point theory tools either the
functional usually must be C! or locally Lipschitz and so it is no surprise
that Gateaux differentiability is only an auxiliary tool.

Towards Fréchet-differentiability we may adopt another approach: A
continuous linear mapping f'(xo) : X — B, f'(x0) € L (X, B), is a Fréchet
derivative of f at xo € X provided that for all # € X it holds that

f(xo+ 1) = f (x0) = f'(x0)h+ 0 (h)

and where lim”h|H0 % =0.

A continuously Fréchet-differentiable map f : X — B is called a
diffeomorphism if it is a bijection and its inverse f~! : B — X is con-
tinuously Fréchet-differentiable as well. Obviously if a mapping f is a
diffeomorphism, it is automatically a homeomorphism, while the vice
versa is not correct as seen by example of a function f (x) = x>. Recall-
ing the Inverse Function Theorem a continuously Fréchet-differentiable
mapping f : X — B such that for any x € X the derivative is surjective,
i.e. f/(x)X = Band invertible, i.e. there exists a constant a, > 0 such that

LF CR[| = ax 1]

defines a local diffeomorphism. This means that for each point x in X,
there exists an open set U containing x, such that f(U) is open in B and
fly U — f(U) is a diffeomorphism. If f is a diffeomorphism it ob-
viously defines a local diffeomorphism. Thus the main problem to be
overcome is to make a local diffeomorphism a global one. Or in other

words:

What assumptions should be imposed on the spaces involved and the map-

ping f to have a global diffeomorphism from the local one?

—10 —



1. Overview of results

This task can be investigated within the critical point theory, or more
precisely with mountain geometry and is motivated by a finite dimen-

sional result known as Hadamard’s Theorem, see Theorem 5.4 from [40Q]:

Theorem 1.1. Let X, B be finite dimensional Euclidean spaces. Assume that

f : X — Bisa Cl-mapping such that
o f'(x) is invertible for any x € X,
o If (¥)] > 0as x| = oo,
then f is a diffeomorphism.

Idczak, Skowron and Walczak [38] using the Mountain Pass Lemma
and ideas contained in the proof of Theorem[I.1| (see again [40] for some
nice version of the proof) proved the result concerning diffeomorphism

between a Banach and a Hilbert space. The result from [38] reads:

Theorem 1.2. Let X be a real Banach space, H - a real Hilbert space. If f :
X — H is a C'-mapping such that:

e foranyy € H the functional ¢ : X — R given by the formula

1 2
¢ () =5 I1f ()~
satisfies Palais-Smale condition,

o forany x € X, f'(x)X = H and there exists a constant a, > 0 such that
If' ()R] = ax |1l

then f is a diffeomorphism.

The question aroused whether the Hilbert space H in the formulation of
the above theorem could be replaced by a Banach space. This question is of



1. Overview of results

some importance since one would expect diffeomorphism to act between
two Hilbert spaces or two Banach spaces rather than between a Hilbert
and a Banach space. The applications given in [38] work when both X
and H are Hilbert spaces. In our book we provide an affirmative answer
to this question. We see that given a Hilbert space H, relation x — 1 ||x [
can be treated as x — 3 (x,x), where ||-|| stands for the norm, (-, -) for
the scalar product. The other point of view is to treat x — 3 |x]|* as a
potential of a duality mapping between H and H* and finally look at the
composition of identity with some C! functional which is 0 only at 0 and
with derivative sharing the same property. These observations will lead
us towards obtaining the counterpart of Theorem [1.2in a Banach space
setting as well as related implicit function results.

We provide also in this short introductory notes with some well known
definition of a diffeomorphism between two spaces and a local version of

the theorem, giving the sufficient conditions, for its existence [44, [77].

Definition 1.1. Let U and V be nonempty open sets in the Banach spaces
Xand Y. Let 0 <r < co. The mapping f : U — V is called:

e a C'-diffeomorphism if and only if f is bijective and both f and f~!

are C"'-mappings;

e alocal C'-diffeomorphism at the point ug € X is C"-diffeomorphism
from some open neighborhood U (1) in X onto some open neigh-
borhood V (f(up)) in Y.

Obviously, C? diffeomorphism is homeomorphism.

Theorem 1.3. Let f : U(up) € X — Y be a C"-mapping on some open neigh-
bourhood of the point ug, where X and Y are Banach spaces and 0 < r < oo.
Then f is a local C"-diffeomorphism at ug (on some neighbourhood of ug) if and
only if f'(ug) : X — Y is bijective.

—12 —



1. Overview of results

For background on ingtegral equations we refer to [14], [16], [51], [60].
A good review of global invertibility results is contained in [31]].

The methods described there present some overview of results with
emphasis on what is known and what has already been obtained. In this
book we only concentrate on one of potential methods but on the other

hand we supply it with various applications and possible extensions.

—13 —






CHAPTER

Background on space setting

In this section we introduce Sobolev space VNV(} (]0,1], R") and establish
some of its most important properties, which will be extensively used
in the sequel. First, let us recall the definition of Sobolev space on the

interval [0, 1] which we define as follows

W7([0,1], R") = {x : [0,1] — R" is absolutely continuous,
x" € LP([0,1],R")}

where x’ denotes the a.e. derivative of function x, L”([0,1],IR") is the

class of all measurable (equal a.e.) functions x defined on [0, 1] such that

1
/ x(£)|7 dt < oo
0

with a norm

1/
Il = ([ 0l at)
L7 ([0,1],R") A

Here and further it the text, | - | denotes Euclidean norm in IR”. We will
denote LP([0,1],IR") as L¥ and W'P([0,1],R") as W'P. The W'* space is

equipped with a usual norm
[l yap = 1lxlIZe + 112117

— 15 —



2. Background on space setting

Note that since any u € W is continuous, the definition of Sobolev space

Wé’p is given as follows
W7 ([0,1], R") = {x € W', x(0) = 0}.

Again, in order to simplify the notation we will denote Wg 7([0,1], R") as
Wé’p . The space Wé’p is equipped with the norm

1 ,

for x € Wg’p equivalent to ||x||y1, as we shall show later. By definition,

for any p > 1, we have the following chain of imbeddings
Wyt s WWP s P, (2.2)

Now, let us introduce some elements from the theory of distributions and
a weak or a distributional derivative, which will provide an alternative
definition of a space W!?. Let Q) be a domain in R". By C*(Q)) denote
the space of functions ¢ : () — R which are infinitely many times dif-

ferentiable and have a compact support in (). Such functions are usualy

1
loc

grable functions. So, let ¢ € C(Q) and u € L} (Q). Let us introduce

loc

the distribution T;, : C°(Q)) — R given by the equation:
T.(9) = [ u(x)p(x) dx.

Now, we are given u € C((}). Since ¢ has a compact support in Q (and

called test functions. By L; (Q) we will denote the space of locally inte-

hence vanishes near 0()) integration by parts leads to

dx=— [ ugpdx for i=1,.n. 23
/Q”‘sz X qulgb x for 1 n (2.3)

Now, let us take u € C¥(Q) for any k € IN and multiindex & = (&1, .., a;)
of order |a| = a1 + .. + &, = k, then integration by parts leads to

/Q uD*p dx = (—1) /Q D*ug dx, (2.4)

—16 —



2. Background on space setting

where

oM o%n
DY = ——...——¢.
¢ ax]! oy ¢

Itis easy to notice that applying (2.3) |«| times we get (2.4). The right hand
side of (2.4) makes sense only if u € C¥, otherwise (2.4) has no obvious
meaning. By introducing the definition of a weak derivative we resolve

this problem for functions which are not necessarily of C class.

1
loc

Definition 2.1. Suppose that u,v € L; (Q)), and « is a multiindex. We
say that v is a-weak partial derivative of u, D*u = v, provided that for all

test functions ¢ € C*(Q)) we have

/QuD“¢dx=(—1)|“|/Qv¢dx. 2.5)

In other words, if there exists a function v, which verifies for
all test functions ¢ € CX(Q)), then we say that u has an a-weak partial
derivative. If such a weak partial derivative exists then it is unique, see
[20].

Now let us show that on W7 the distributional derivative equals to
the classical one, which exists almost everywhere on [0,1]. Le us take
any u € W7, By definition, since any function from W'? is absolutely
continuous, u' € L?, so the derivative exists almost everywhere on [0,1].

Thus the following integral makes sense for all ¢ € [0,1]:

u(t) = /(: W' (s) ds.

The function U : [0,1] — R is absolutely continuous on [0, 1] and U’ (t) =
u'(t) almost everywhere on [0, 1]. Let us take the test function ¢ € C*([0,1])
and integrate by parts



2.1. Auxiliary inequalities

Since ¢ € C§°([0,1]) the first therm on right hand side vanishes and we
get the equation

/01 U(t)g'(t) dt = — /01 u' (£)g(t) dt.
So function 1’ is the distributional derivative of function U. Thus the dis-
tributional derivative equals to the classical one, which exists almost ev-
erywhere in [0, 1]. Due to the imbedding (2.2), of course the same equality
holds for VN\/(}’p. Having in mind that result, we can formulate the equiv-
alent definition of space W'* as a space of functions from L? whose dis-

tributional derivatives belong to the L?.

SECTION 2.1
Auxiliary inequalities

In this section some auxiliary inequalities, which will be exploited in next
chapters, are given. Most of them are taken from [1], [8].
Lemma2.1. If1 < p <ooanda,b> 0, then

(a+b)P <2P71(aP 4 1P).

Theorem 2.1 (Holder’s Inequality). Let Q) be a domain in R" and let 1 <
p < oo and let q be its conjugate exponent defined by % + % =1Ifuecll(Q)
and v € L1(Q)) then

/Q |u(x)o(x)|dx < [[ul[er[[v]]Ls

souv € L}(Q).

Let us suppose that 1 < p < g < coand u € LP. Now by Holder’s
Inequality, taking p > 1 and its conjugate exponent g, we have

[t dr < (/Irumwdt)s </Ildt>1z.

— 18 —



2. Background on space setting

Hence
ol [r < [l s
Therefore
LT — LP.
Furthermore, we take u € L* and then
Jim [Juler = [ullp-

If u € LF for all 1 < p < oo and if there exists a constant M (independent
of p) such that

[fullr <M
then u € L* and moreover
[fullL= < M.
The proof of the part concerning L* can be found in [1].

Theorem 2.2 (Poincaré’s Inequality in Wé’p ). There exists a constant C such
that for any u € WS"’

[l lwrp < ClJa]] -

. r1p
Hwé,p are equivalent on W,

Moreover, the norms || - ||y, and || -

Proof. Letu € V~V& 7 and let p and g be conjugate exponents. By the defini-
tion of Wol P and by the Fundamental Theorem of Calculus, we have for
any t € [0,1]

< 'l 1

u(t)] = [u(t) — u(0)] = ] [ syas

—19 —



2.2. Properties of the space Wg’p

Taking the supremum and applying Holder’s Inequality we have:
Jufl e < [l [l px < (||| (2.6)
We also have the relation

lellr < [fue]] - 27)
Combining inequalities and we get
[l < {[W'[r = [l 700
So
[l < HMHWS/P
Now, by the definition of the norm in I/NVS P

[ullggr = 1l < el + 'l er = (1l lwo

< (D) [['ler = 2[[ullg

This finishes the proof. m

SECTION 2.2
. 1,
Properties of the space W, P

In this section we would like to give some properties of Wol’p space, as-
suming that p > 1. Several of them will also be proven by applying

relations presented in the previous section.
Ly . .
Lemma 2.2. The space W, is uniformly convex.

Proof. Let2 < p < +oo. For each z,w € RR”", it holds the well known
Clarkson inequality

p P

zZ w
+ <

2

Z—w
2

1
- p p
> (12l + o).

—20—



2. Background on space setting

Let u,v € Wg’p be such that |[u[|;1, = [[v][5» = 1and |[u —o[[5, >
0 0 0

¢ € (0,2]. From the above, we have

u+ol? u—oll’ _/1 u'(t) + ' (t) p+ u'(t) — o' (t) p) it
2 W 2 WP —Jo 2 2
1t p p
< E/o (I ()" + o' (1)]") at
_ 1 p P\ _
=3 (Il + 1l ) =1
Thus

1
ENP\r

Therefore there exists
1
0= (1-(-(5))) >
such that

[l +0f[gar < 2(1 = 8(e))-

If p € (1,2) then for each z, w € R" it holds:

1

z—wl|? 1 p—1
<[z p p .
+[552] < (e + 1)

for % + % = 1. A simple computation shows that if v € Wg’p then v’ €

- _ q
LP-1 and 10| p-1 = ||v||17v(}""

Let r,s € Wy?. Then |/']7,|s']9 € LP~!, with0 < p—1 < 1 and
according to [17]

z4+wl|

2

11+ 181 o = (117 s+ 117

—921 —



2.2. Properties of the space Wg’p

Consequently,
r+s|| r—s < > + <r—s>/q
2 W W&ﬁ 2 -
149
<||( ) (“S)
2 -
1
r’ AN
=W (==
L
1 "\p "p B
< (3 [ (e i)
. o
=
= (51t + 3 Il
Ly . . _
For u,v € Wy with ||u||v~v&,p = ||v||W5,p =1land ||u —v||V~vS,p >ee(0,2],
we get

u-+ov
2

q
gy
A 2

In either cases there exists 5(¢) > 0 such that [|u + v|[;1, < 2(1—d(¢)).
0
m

Let us recall

Theorem 2.3 (Pettis-Milman). [8] A uniformly convex Banach space is reflex-

ive.
o Lp ,
Theorem 2.4. W, is a reflexive Banach space.

Proof of Theorem Let (x,)nen be a Cauchy sequence in Wé’p . By
the Poincaré’s Inequality (x,)en is a Cauchy sequence in W?, which
is complete [1]. So there exists x € W such that ||x, — x|y, — 0

as n — oo. Of course functions x and x, for all n € IN are absolutely
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continuous. Since for any x € W? we have SUPyeo,1] |x(t)| < C||x||wrr
for some C > 0, (see the proof of Poincaré’s Inequality) therefore (x,),en
uniformly converges to x. Moreover x,(0) = 0 for all n € IN, so we have

x(0) = 0. Consequently, Wé’p is complete. By Lemma [2.2|and Theorem
it is reflexive. m

— 23—






CHAPTER

Abstract invertibility tools

In this chapter we provide a global diffeomorphism theorem and two
global version of implicit function theorem. Let E and B be Banach spaces.
We denote by E* the dual space of E, while (-, -) stands for the duality
pairing between E* and E.

Let us provide necessary background on critical point theory, see for
details [21]. Let ] € C'(E,R). A point # € E is called a critical point of |
if J'() = 0, J(u) is called the critical value of J.

Definition 3.1. Let ] € C!(E,R). We say that functional | satisfies Palais-
Smale condition, denoted by (PS), if any sequence (uy ) en € E such that

e |J(uy)| < Mforalln € N and some M > 0,
e lim J'(u,) = 0in E*

admits a convergent subsequence.

Any sequence satisfying the above conditions is called a Palais-Smale
sequence.

We say that the functional J : E — R is coercive if J(1#) — oo as
|lu|| — oo. It is easy to check that, | is coercive if and only if for any
d € R, the set ¢ is bounded, where

J9={ueE:]J(u)<d},

— 25—



3. Abstract invertibility tools

The following links the (PS) condition with coercivity [40].

Proposition 3.1. Let E be a Banach space and assume that | € C'(E,R) is
bounded from below and satisfies (PS) condition. Then | is coercive.

Remark 3.1. The converse statement (coercivity implying (PS) condition)

is valid in a finite dimensional space only.

When dealing with abstract critical point theorem we need a weaker
version of (PS) condition [4Q].

Definition 3.2. Let E be a Banach space, | ¢ Cl(E, R), and ¢ € R. The
functional ] is said to satisfy the (local, weak) Palais-Smale condition at

the level ¢, denoted by (PS). if any sequence (i, ),eN € E such that

. J%](”O =c,

e lim J'(u,) =0in E¥,
n—oo

admits a convergent subsequence.

Remark 3.2. When condition (PS) is satisfied, then it is easy to check that
(PS). holds for all c € R.

We also apply the weak form of Ekeland’s variational principle, see
[21]).

Theorem 3.1 (Ekeland Variational Principle - weak form). Let (E,d) be a
complete metric space. Let | : E— R U {400} be lower semicontinuous and

bounded from below. Then given e > O there exists ue € E such that:
o J(ue) < infuex J(u) +¢
o J(ue) < J(u)+ed(u,ue) forall u € E with u # u,.

— 26 —



3. Abstract invertibility tools

Assuming that the functional | is defined on Banach space we can use
the differential calculus. It allow us, together with the (PS) condition, to
formulate a version of the critical point theorem [21] which serves as a
counterpart of a direct method in the calculus of variation. Namely, it

can be applied when a functional is not weakly Ls.c..

Theorem 3.2 (Proposition 10.1 [40]). Let E be a Banach space and | : E — R
be a C! functional which satisfies the (PS) condition. Suppose in addition that |
is bounded from below. Then the infimum of | is achieved at some point uy € E

and uy is a critical point of ], i.e. J'(ug) = 0.

Now we will introduce the Mountain Pass Lemma given firstly by
Ambrosetti and Rabinowitz [3].

Theorem 3.3 (Mountain Pass Theorem). Let E be a Banach space and assume
that | € C'(E,R) satisfies the Palais-Smale condition. Assume that
inf J(x) = max{J(0),](e)}, (3.1)

[l €l|=r

where 0 < r < ||e|| and e € E. Then | has a non-zero critical point xo. If
moreover inf|,—, J(x) > max{](0),](e)}, then also xo # e.

We recall from [10], [17] the notion of a duality mapping from E into
E* relative to a normalization function. We shall write simply duality
mapping in the sequel with the understanding that we mean a duality
mapping relative to some normalization function. Let p > 1 be a real
number. A duality mapping on E corresponding to a normalization func-
tion ¢ (t) = tP~! is an operator A : E — 2F" such that forall u € E

* * * * -1
Au={u" € E*, (u*,u) = |[u*|, ull}, [A@)], = ul".

The next Lemma provides a sufficient condition for the existence and
uniqueness of the duality mapping (which is not continuous in general)

and some of its useful properties.



3.1. Global diffeomorphism theorem by an auxiliary functional

Lemma 3.1. Assume that E is a reflexive Banach space with a strictly convex
dual E* and that p > 1 s fixed. There exists a duality mapping A : E — E*
corresponding to a normalization function t — tP~1 which is single valued.

Operator, A is monotone, i.e.
-1 -1
(A — Av,u =) > ([[ullP~ = lolP) (lull = o).

forall u,v € E; moreover ||u||P~' = |lu*||,, u* € Auand 0|/~ = ||v*||,,
v* € Av. The functional u — @p is Gateaux differentiable at any u and with

Au being a Gateaux derivative.

Proof. Since E* is strictly convex, from [17, Proposition 1], it follows that
the duality mapping is single valued. Moreover, from [17, Theorem 1],
we see that the potential of a duality mapping A, i.e. the functional

p . . . .
@ as a convex functional has a subdifferential in the sense of

u —
convex analysis which is single valued by the preceding remarks. By
[17, Proposition 3], we see that A : E — E* is demicontinuous. Then
Proposition 2.8. from [56] suggests that since A is demicontinuous (con-
tinuous "norm to weak" in the original terminology in [56]) we obtain

e P

that u +— is differentiable in the sense of Gateaux and operator A

provides its derivative. m

SECTION 3.1
Global diffeomorphism theorem by an auxiliary functional

Now we will give a first version of a global diffeomorphism theorem
which is based on an auxiliary functional and which comes from [23]].
This was the first attempt to generalize the global diffeomorphism the-
orem to the Banach space setting. This version requires no additional

assumptions on the spaces.
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Theorem 3.4. Let E, B be Banach spaces. Assume that f : E — Bisa C!-
mapping, 1 : B — Ry is a C! functional and that the following conditions
hold

1A (n(x) =0<=x=0)and (' (x) =0 <= x=0),
1B for any y € B the functional ¢ : X — R given by the formula
¢ (x) =n(f(x) ~y)
satisfies the Palais-Smale condition,

1C for any x € E the Fréchet derivative is surjective, i.e. f'(x)E = B, and
there exists a constant , > 0 such that forall h € X

£/ ()| > ax [|H]], (3.2)

1D there exist positive constants «, ¢, M such that

7 (x) = cllx||* for [|lx]] < M,

then f is a diffeomorphism.

Proof. We follow the ideas used in the proof of Main Theorem in [38]
with necessary modifications. In view of the remarks made in Chapter 1
condition[ICimplies that f is a local diffeomorphism. Thus it is sufficient

to show that f is “onto” and “one to one”.

Firstly we show that f is “onto”. Let us fix any point y € B. Observe
that ¢ is a composition of two C! mappings, thus ¢ € C! (X,R). More-
over, ¢ is bounded from below and satisfies the Palais-Smale condition.
Thus from the Ekeland’s Variational Principle it follows that there exists

argument of a minimum which we denote by ¥, see Theorem 4.7 [21]. We
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see by the chain rule for Fréchet derivatives and by Fermat’s Principle
that

Since by [1C| mapping f'(X) is invertible we see that #'(f () —y) = 0.
Now by [LA]it follows that

fx) —y=0.
Thus f is surjective.

Now we argue by contradiction that f is "one to one". Suppose there
are x1 and xp, x1 # X2, X1, X2 € X, such that f (x1) = f(x2) = a € B.
We will apply Lemma Thus we put e = x; — x2 and define mapping
g : X — B by the following formula

g(x) = f(x+x)—a

Observe that g (0) = g (e) = 0. We define functional ¢ : X — R by the

following formula

P (x) =n(g(x))-

By [1B|functional 1 satisfies the Palais-Smale condition. Next we see that
P (e) = p(0) = 0. Using we see that there is a number p > 0 such
that

1 -
st |[x|l = [lg ()] forx € B(0,p). (33)
Indeed, since lim, o % = 0 we see that for || || sufficiently small,say

||| < 6, itholds that o (||1]|) < la, ||| and
g§(0+h)—g(0) =g (0)h+o(|h]).
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By definition of g and by [1C]we see for ||| < § that

I8 ()11 + 5[] > 18 (1) — o ([ = |

We can always assume that 6 < p < min{|le||,M}. Thus holds.
Take any 0 < r < p. Recall that by [ID|we obtain since holds

f ()| = ey [

$) =1 () 2 clg I 2 ¢ (G ) ol
Thus

inf 9 2 ¢ (30) II°>0=p@=p(0) G4

[[xl[=r

We see that is satisfied for | = ¢. Thus by Theorem 3.3 we note that
P has a critical point v # 0, v # e and such that

V' (0) =7'(f (v+x2) —a)o f'(v+x2) =0.

Since f'(v + xp) is invertible, we see that ' (f (v 4 x2) —a) = 0. So by
the assumption we calculate f (v+2xp) —a = 0 and ¢(v) > 0 by
(B.4). Thus we obtain a contradiction which shows that f is a "one to one"
operator. m

We supply our result with a few of remarks.

Remark 3.3. We see that from Theorem [3.4 by putting 77 (x) = 1 x|
we obtain easily Theorem In that case ¢ = 1, M > 0 is arbitrary,
a = 2. It seems there is no difference as concerns the finite and infinite

dimensional context.

Remark 3.4. Since the deformation lemma is also true with Cerami con-
dition, we can assume that ¢ satisfies the Cerami condition instead of the
Palais-Smale condition. However, in the possible applications, in which
the Ambrosetti-Rabinowitz condition could not be assumed, it seems that

checking the Palais-Smale condition would be an easier task.
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It is of interest if the above proof works also in case of the global dif-

feomorphism result in [38] for p # 2. However, we must assume that a
functional u + @p from Lemma 3.1|is continuously Gateaux differen-

tiable. This is the case with space WP , see [17] and as well with W&’p
which assertion can be proved exactly as in [17].
Therefore we formulate a more subtle version of the above theorem

although we believe that it is easier to apply the less refined version.

Theorem 3.5. Let X and B be real Banach spaces and let p > 1 be a real number.

] P
p

to a normalization function t — tP~ be continuously Gateaux differentiable. If

Let the potential u of a duality mapping A : B — B* corresponding

f : X — Bisa Cl-mapping such that:

2A foranyy € B the functional ¢ : X — R given by the formula

1
g (x) = » If (x) —yll”
satisfies the Palais-Smale condition,

2B forany x € X, f'(x)X = B and there exists a constant ay > 0 such that

1/ (k|| > ax |IR]], (3.5)

then f is a diffeomorphism.

Proof. We follow the ideas used in the proof of Theorem [3.4| with neces-
sary modifications. In view of the remarks made at the beginning of this
section, condition[2B]implies that f defines a local diffeomorphism. Thus
it is sufficient to show that f is “onto” and “one to one”. We will perform
this task with the Theorems[3.2land 3.3

Firstly we show that f is “onto”. Let us fix any point y € B. Observe

that ¢ is a composition of a continuously Gateaux differentiable (and thus

— 32—



3. Abstract invertibility tools

C!) functional and a C? mapping, soitis C! itself. Moreover, ¢ isbounded
from below and it satisfies the Palais-Smale condition.

Thus from Theorem [3.2]it follows that there exists an argument of a
minimum which we denote by X. We see by the chain rule and Fermat’s
Principle and by Lemma 3.1] that

0=¢'(x) = A(f(X) —y) o f'(%).
Since by 2B|the mapping f'(¥) is invertible we see that A (f (¥) —y) = 0.
Now, by the property that ||A ()|, = ||u[”~" we note that
IA(f @) =)l = IIf @) —ylI"
So it follows that
f&)-y=0
Thus f is surjective.

Now, we argue by contradiction that f is "one to one". Suppose there
are x1 and xp, X1 # X, x1, X2 € X, such that f (x1) = f (x2) =a € B. We
will apply Theorem Thus we put e = x; — x and define mapping
g : X — B by the following formula

g(¥) =f(x+x)—a
Observe that g (0) = g (e) = 0. We define functional ¢ : X — R by the

following formula

P (x) = :, g ()7

Byfunctional 1 satisfies the Palais-Smale condition. Next, we see that
P (e) = ¥ (0) = 0. Using (3.5) we see that there is a number, p > 0 such
that

1
o X[ = [lg (x)|| forx € B (0,p). (3.6)
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Indeed, since limjj; 0 O\\(Thu) = 0, we see that for || || sufficiently small, say
|k < 6, it holds thato (1) < Ja, ||k and

g(h) =g (0+h) —g(0) =g'(0)h+o(h) = f(x2)h+o0(h).
By definition of ¢ and by 2B|we see for ||| < § that

g ()1 + %D‘xz 11l = 1l () — o (W)[| = [|f'(x2)h[| = s, [|1]] -

We can always assume that 0 < p < min (6, ||e||). Thus holds. Take
any 0 < r < p. By definition of ¢ we obtain

$) = 1 18 (172 1 (Go) Il

for any x € B(0,r). Thus we get

inf (x) > (%x >pr’” > 0=1(e) =y (0)
][ =r Tp\2

We see that is satisfied for | = ¢. Thus by Theorem [3.3we note that
¥ has a critical point v # 0, v # e and such that

0=19¢'(v) =A(f (v+x2) —a)o f(v+x2) and Y(v) > 0.

Since f'(v + x2) is invertible, we see that A(f (v+ xp) —a) = 0. Thus
f (v+ x2) —a = 0. This provides the equality (v) = 0 which contradicts
{(v) > 0. Thus we obtain a contradiction which shows that f is a "one to

one" operator. m

Remark 3.5. Based on the Closed Graph Theorem it can be noticed that
assumption 2B of Theorem [3.5] is equivalent to the following: for any
v € X, the differential f'(x) : X — B is “one to one” and “onto”.
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SECTION 3.2
Global implicit function theorem by a duality mapping

Let us start with the classical local version of the implicit function the-
orem, to be found in many textbooks for example in [77], which is as

follows

Theorem 3.6. Let X, Y, Z be real Banach spaces. If U C X X Y is an open
set, F : U > (x,y) — F(x,y) € Zis of class C!, F(a,b) = 0 and the
differential Fy(a,b) : X — Z is bijective, then there exist balls B(a,r), B(b,p)
and a function f : B(b,p) — B(a, r) such that B(a,r) x B(b,p) C U and

e equations F(x,y) = 0and f(y) = x are equivalent in the set B(a,r) X
B(b,p);

e function f is of class C! with differential f'(y) given by

) == [E(fW).y)] " o F(f(y),y) (3.7)

fory € B(b,p).

Remark 3.6. If F = F(x,y) : U — Z is of class C? and all conditions of
Theorem [3.6|are fulfiled, then additionally f is of class C>.

In the two following sections we shall provide two versions of a global
implicit function theorem. Both depend on whether we apply a duality
mapping or else an auxiliary functional. While for the applications which
we mean both versions can be used, these differ as far as the assump-
tions on the underlying spaces are concerned. To prove the new version
of global implicit function theorem we apply the variational approach
and use Mountain Pass Theorem. A Palais-Smale condition connected
with function F, with respect to x, guarantees the existence of an implicit
function f : Y — X described by the equation F(x,y) = 0.



3.2. Global implicit function theorem by a duality mapping

Theorem 3.7. Let X, Y, Z be real Banach spaces. Let p > 1 be a real number.
Let the potential u — @p of a duality mapping A : Z — Z* corresponding
to a normalization function t — tP~1 be continuously Gateaux differentiable.
Assume that F : X x Y — Z is a C' mapping such that:

3A foranyy €Y the functional ¢ : X — R given by the formula

¢ (x) = ; |F (x,y)||P satisfies (PS) condition,

3B differential Fy(x,y) : X — Z is bijective for any (x,y) € X X Y,

then there exists a unique function f : Y — X such that equations F(x,y) = 0
and x = f(y) are equivalent in the set X x Y. Moreover, f € C}(Y, X) with

differential given by (3.7).

Proof. The ideas of the proof come from [38] and [24] and our Theorem
In view of the classical local implicit function theorem it is sufficient
to show that for any y € Y there exists exactly one x € X such that
F(x,y) = 0.

Let us fix a point y € Y. Functional ¢ is a composition of two C!
mappings, so it is C! itself. Moreover, ¢ is bounded from below and it
satisfies the Palais-Smale condition by Thus from Theorem [3.2]it fol-
lows that there exists an argument of a minimum which we denote by x.
We see by the chain rule and Fermat’s Principle and by the assumptions

on a duality mapping that

0=¢'(x) = A(F(x,y)) o K(%,y).

Since by BB|the mapping Fy (%, y) is invertible we get that A (F (¥,y)) = 0.
Now, by the property that ||A ()|, = ||u|/"* we note that

1A @), = IF @yl
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So it follows that
F(%,y) =0, (3.8)

which proves the existence of ¥ € X for every y € Y, such that holds.
The uniqueness will be shown by contradiction.

Let y be fixed and let us suppose that there are x1,x, € X, x; # x,
such that F(x1,y) = F(x2,y) = 0. Let us put e = x» — x7 and define a
mapping ¢ : X — Z by the following formula:

g(x) =F(x+x1,y) (3.9)

Observe that g(0) = g(e) = 0. Consequently

g(0+h) —g(0) = g'(0)h + o(h) = Fx(x1,y)h + o(h) (3.10)
for h € X, where \(I)lgﬁl — 0in Z when i — 0 in X. Thus from the

bijectivity of Fy(x, y) there exists ay, > 0 that

1
18|z + S ||1][x = [Ig(W)|z + llo(h) |z = [|Fx(x1, y)hllz = ax [[h]|x
(3.11)

for sufficiently small & such that ||o(h)||z < ay,||h||. Thus, there exist
p > 0, such that for all x € B(0, p)

1
gl > el (6.12)
Let us define function ¢ : X — R by the following formula
1 p 1 p
p(x) = Jllg@II" = JNFx+xy)ll" = olx +x)

for x € X. Of course, ¥ is continuously differentiable in the sense of

Gateaux on X and
¥ (x) = @' (x +x1)
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By assumption functional ¢ satisfies the Palais-Smale condition as
well. Take § < min{p, ||e||}. By definition of ¢,

¥(0) = ¢(e) = 0,e & B(0,9).

Moreover
1/1 P
¥ = 5 (Gan0)

for x € 0B(0, ). Thus, ¥ satisfies assumption of the Mountain Pass The-
orem, Th. Functional ¥ has a critical point v # 0, v # e such that
¢(v) > 0and

0=19'(v) = A(F (v+x1,y)) o Fe(v + x1,9).

Since Fy(v + x1,y) is invertible, we see that A (F (v+ x1,y)) = 0 and by
the property of duality mapping F (v+ x1,y) = 0. This provides the
equality ¢(v) = 0 which contradicts (v) > 0. The obtained contradic-
tion ends the proof. m

We pass to some remarks on a duality mapping which are especially
concerning the assumptions on a duality mapping. In Theorem 3.7| we
have assumed that the duality mapping has the potential which is contin-
uously differentiable in order to ascertain that the functional ¢ : X — R

given by the formula

o (x) = ; IF (o)l

is continuously differentiable. Using Lemma [3.1| note that the potential
of a duality mapping A : Z — 27 is Gateaux differentiable in case Z* is

strictly convex and Z is reflexive. Recall that functional
1 1
X f/ € (D] dt
pJo
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is C! on VNV&’p as already mentioned, for 2 < p < +c0.
There is an easy corollary for functions on R". It reads as follows.
Note that in a finite dimensional space a coercive functional satisfies the

Palais-Smale condition.
Theorem 3.8. Assume that F : R" x R™ — R" is a C' mapping such that:

e forany y € R™ the functional ¢ : R" — R given by the formula

1 2
¢ (x) =5 [IE (xy)ll
is coercive, i.e. lim||y| 00 @ (X) = +00,

o the differential F.(x,y):R" — R" is bijective for any (x,y) €
R"” x R™,

then there exists a unique function f : R™ — R" such that equations F(x,y) =
0and x = f(y) are equivalent in the set R" x R™. Moreover, f € C!(R™,R")

with differential given by (3.7).

SECTION 3.3
Global implicit function theorem by an auxiliary functional

Now we will formulate the second version of global implicit function
theorem. Here we make use of the auxiliary functional.

Theorem 3.9. Let X, Y, Z be real Banach spaces. Assume that F : X XY — Z
is a Cl-mapping, 11 : Z — R is a C! functional such that the following condi-
tions hold.:

4A (1 (z) =0<=z=0)and (' (z) =0<=2z=0),
4B for any y € Y the functional ¢ : X — IR given by the formula

¢ (x) =1 (F(xy))

satisfies the Palais-Smale condition,
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4C forany (x,y) € X x Y the differential Fy(x,y) : X — Z is a bijection,

4D there exist positive constants B, ¢, M such that

7 (x) = cx|” for |l < M,

then there exists a unique function f : Y — X such that equations F (x,y) = 0
and x = f (y) are equivalent on X x Y. Moreover, f € C1(Y, X) with differen-

tial given by (3.7).

Proof. The proof follows in the similar manner to the proof of Theorem
The differences will be discussed below. For any fixed y functional ¢
is C! and shares the same properties as its counterpart. Hence its argu-

ment of a minimum X satisfies

0=¢'(x) =1'(F(%,y)) o F(x,y).

Since by assumption[4C/mapping F, (¥, y) is invertible we see that

n(F(x,y)=0

and so F (¥, y) = 0 is solvable. Again we argue by contradiction that the
solution is unique. Supposing that there are x1, x, € X, x; # X2, such that
F(x1,y) = F(x2,y) = 0 by formula we define function g : X — Z
with properties (3.10)-(3.12). We define functional ¢ : X — R by

(x) =n(g(x)) = n(F(x +x1,y)) = ¢(x + x1).

By assumption 4B| i satisfies the Palais-Smale condition as well. Take
0 < min{|le||x,p, M}, where e = x, — x1. Again (0) = ¢(e) = 0,

e & B(0,0). By assumption@l
B
¥ =50 2 cllg@ = ¢ (Ga0)
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for x € 9B(0,0). Such ¢ also satisfies assumption of the Mountain Pass
Theorem Th. and there exists a point v € X, v # 0, v # e such that
¢(v) > 0and

0=¢'(v) =" (F(v+x1,y)) o Fe(v+x1,y).

Since Fy(v + x1,y) is invertible, we see that ' (F (v + x1,y)) = 0. Thus,
by assumption 4A| F (v + x1,y) = 0. This means that ¢(v) = 0 holds
which contradicts ¥(v) > 0. The obtained contradiction ends the proof.
n

Some refinement of results in [35] is givenin [36], [37] where some
assumptions are weakened. Similar analysis could also be performed
in our case. As well we can replace the Palais-Smale condition with its
weak version. Moreover, in [77] there are some other versions of the local
implicit function theorem. These cannot be successfully applied in our
case. Also a different approach towards global implicit function theorem

can be investigated with results contained in [66].



3.4. Conclusion and related results

SECTION 3.4
Conclusion and related results

We would like to mention work [76] for some other approach connected
with the nonnegative auxiliary scalar coercive function and the main as-

sumption that for all positive 7 :

sup || (x)7! < +oo

x| <r

and ||f(x)|| = +oo as ||x|| — +oco. The methods of the proof are quite
different as well. One of the results of [76] most closely connected to ours

and to those of [38] reads as follows

Theorem 3.10. Let X, B be real Banach spaces. Assume that f : X — Bisa Cl-
mapping, || f(x)|| — +ooas ||x|| = 4oo, forall x € X f (x) € Isom (X, B)
and forall x € X

sup
x| <r

£ ()71 < +oo

forallr > 0. Then f is a diffeomorphism.

The main difference between our results and the existing one is that

we do not require condition sup <, | f/(x)7Y|| < +oo forallr > 0. We

have boundedness of H f’ (x)*lH but in a pointwise manner. Recall that
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@ (x) = 1 (f (x) —y) is bounded from below, C! and satisfies the Palais-
Smale condition and therefore it is coercive as well. However, coercivity
alone does not provide the existence of exactly one minimizer. We would
have to add strict convexity to the assumptions. Thus we can obtain eas-

ily the following result

Theorem 3.11. Let X, B be real Banach spaces. Assume that f : X — Bisa
Cl-mapping, 7 : B — R is a C! functional and that the following conditions
hold

5A (1 (x) =0<=x=0)and (1 (x) =0<= x=0),

5B for any y € B the functional ¢ : X — R given by the formula

is coercive and strictly convex,

5C for any x € X the Fréchet derivative is surjective, i.e. f'(x)X = B, and
there exists a constant oy > 0 such that for allh € X

If' ()R] = ax [[B]],

then f is a diffeomorphism.

Proof. Let us fix y € B. Note that by [5B| ¢ has exactly one minimizer X.
Thus by Fermat’s Principle we see that

¢'(x) =7'(f(x) —y)of'(x) =0.

Since by [5C mapping f’(X) is invertible we see that #'(f () —y) = 0.
Now by [FAlit follows that

f®) -y=0.
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Thus f is surjective and obviously "one to one" since X is unique. m

We believe that checking that ¢ is strictly convex is still more demand-
ing than proving that ¢ satisfies the Palais-Smale condition.

It is well-known that the implicit function and inverse theorems are
equivalent in the sense that the validity of one implies the validity of the
other. The following theorem is known as the Hadamard-Lévy theorem
(see [33], [55], [57], [65])

Theorem 3.12 (Hadamard-Lévy). Let E, F be two Banach spaces and f :
E — F bealocal diffeomorphism of class C! which satisfies the following integral
condition

/ min || f/(x) 7|7 tdr = oo.
0

[lx[|=r
Then f is a global diffeomorphism.

One interesting global invertibility result for non-smooth functions
was stated in [39]. In order to state the result we shall define the modulus
of surjection of a function f at a point x. Let E, F be two Banach spaces,
f : E — Fand x € E. We denote by B[a,r] the closed ball of radius r

centered ata € E.

Sur(f,x)(t) =sup{r > 0: B[f(x),r] C f[B(x,t)]} >0

Thus, for any t > 0, the value of the modulus of surjection of f at x
is the maximal radius of a ball centered at f(x) contained in the f-image
of the ball of radius t centered at x. We further introduce the constant of

surjection of f at x by

sur (f,x) = lirtILiOnfSW(ft’x)(t)
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Obviously, Sur(f, x) > 0is a sufficient condition for f to be surjective
at x, that is, for Sur(f,x)(t) to be positive for small t. The following two

theorems are taken from [39].

Theorem 3.13. Let E, F be two Banach spaces and f : E — F. Suppose that the
graph of f is closed and there is a positive lower semicontinuous (l.s.c.) function
m: [0,00) — [0, 00) such that

sur (f,x) >m(||x||), x € E (3.13)

Then

Sur(f,x)(r) > /Or m(s) ds  foreveryr >0

Theorem 3.14 (Ioffe’s). Let E, F be two Banach spaces and f : E — F be a con-
tinuous mapping that is locally one-to-one (i.e., every x € E has a neighborhood
in which f is one-to-one). Suppose that there is a positive lower semicontinu-
ous (Ls.c.) function m : [0,00) — [0,00) such that condition and the
following condition are satisfied

/Ooom(s) ds = 4o

Then f is a global homeomorphism, the inverse mapping f " is locally Lipschitz,
and for every y € F, the Lipschitz constant of f~! at y is not greater than

m(lF @)

In [41] Katriel proved that from Ioffe’s global inversion theorem (that
is from Theorem stated above) one can obtain the Hadamard-Lévy

theorem.
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CHAPTER

Applications of a diffeomorphism

theorem

The results concerning the application of the global diffeomorphism the-
orem are presented in this chapter. First we prove the existence of a
unique solution of an integro-differential equation and its differentiable
dependence on a parameter. Consider a space WS 7(]0,1], R"); with fixed
p > 2. Same as before we denote LP([0,1],R") by L? and W&’p([O, 1], R™)
by Wé’p for short.

SECTION 4.1

Application to integro-differential system

In this section we will examine the solvability and differentiability of a
non-linear operator between two Banach spaces applying a global diffeo-
morphism theorem, presented in Section Usually, in the literature,
the existence of the solution to integro-differential equation is obtained
by the Banach fixed point theorem or another type of fixed point theorem,
see [Z1]], [72]. Let us formulate a nonlinear integro-differential equation

with variable integration limit with an initial condition, which reads as
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follows

x'(t) + /Otd)(t, 7,x(1)) dt = y(t), forae.te[0,1], (4.1)

x(0) =0, (4.2)
where y € L7 is fixed for the time being.

Now we impose assumptions on the nonlinear term. These ensure
that the problem is well posed in the sense that the solution to (&.1)-(.2)
exists, it is unique and the solution operator depends in a differentiable
manner on a parameter y provided we allow it to vary. This implies that
problem (4.1)-(4.2) is well posed in the sense of Hadamard.

Let P = {(t,7) € [0,1] x [0,1];7 < t}. We assume that function
@ : Py x R" — R” satisfies the following conditions:

6A P(-,-,x) is measurable on P, for any x € R" and ®(¢, 7, -) is contin-
uously differentiable on R” for a.e. (t,T) € Pa;

6B there exist functions a, b € LP(Pa,Rj ) such that
|D(t,T,x)| <alt,T)|x|+b(tT);

for a.e. (t,T) € Py, all x € R" and such that

(p=1)

allrpyr) <2 7 (4.3)

6C there exist functions ¢ € LP (P, Ry ), « € C(Ry,R]) and a constant
C > 0 such that

|®x(t, 7, x)| < c(t, T)a(|x])

for a.e. (t,7) € Py and all x € R", moreover

t
/ c(t,7)dt < C, forae.t €0,1].
0
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We shall further indicate how to weaken the condition (4.3), see Remark
This is based on work [48] which came to our attention by personal
communication of the Author. Work [48] is not already published, neither
is posed on any server.

The main result of this section is the following theorem.

Theorem 4.1. Assume that conditions[6A]- @hold Then for any fixed y € LP,
problem (!)—(E) has a unique solution x, € W0 P. Moreover, the operator

— 1y
LP 3y x, €W,

which assigns to each y € L a solution to ({.1)-(4.2) is continuously differen-
tiable.

In order to be in the context of Theorem we put X = Wé’p ,B=1L1F

and define an operator
f: Wé’p Sx(-) =X () + / ®(-,7,x(1))dr € LP (4.4)
0
and a functional ¢ : Wg’p —+ R

1 1 /1
p(x) = JIIF) =yl = / n

¥ (1) — y(t) + /th>(t, o x(0)dt|

(4.5)

By Minkowski’s and Holder’s Inequalities we get

/01/ D(t,7,x(1)) dt

dt<//|<I>th )|P drdt

g/o /O(a(t,r)|x('t)|+b(t,r))” drdt

1 ,t

gzp—l/ /up(t,r)|x(r)|” dedt
0 JO
1 t

4orl / / b (t,7) dudt

<2rt ||x||~1p ||al zﬂ(pA,]R)"i_zp leHLP Pa,R)
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thus it follows that f is well defined and so is functional ¢. Before proving
the main theorem we will provide two auxiliary lemmas in which we will
show that the assumptions of Theorem [3.5|are satisfied.

Lemma 4.1. Assume that conditions[6A|-[6C hold. Then mapping f given by
is continuously Gateaux differentiable and its Gateaux derivative f'(x) at
any point x € Wé’p is given by

FEOO =K+ [ @l na@nmar @

forany h € VNVS’p . Moreover, for any fixed x € Wg’p operator f'(x) is “one to

one” and "onto”.

Proof. The first part of the proof is obvious. In order to prove the second
part we will show that for any fixed v € L?(0,1) the following linear

integro-differential equation
t
H(E) + / ®u(t, T, x(T)h(T) dT = v(t), forae.te[0,1]  (47)
0

. R, ) .
has a unique solution in W,”. To prove this property we use some reduc-

ing method. First let us fix v € L. We consider an equation:
W(t)+u(t)=o(t), forae.te|0,1].

with any fixed u € LP. Such equation has a unique solution h, € VNV&’p

given by

t
ha(f) = / (—u(s) +o(s)) ds, forae. te[0,1].

0
Introducing the obtained solution into equation (.7) we get

u(t) = (Tu)(t) forae.te[0,1], (4.8)
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where the mapping I is given by
T:17(0,1) 3 u(-) — /'q>x(-,r,x(r))hu(r) drell.  (49)
0

We will show that I' is the contraction mapping and thus it has the unique
fixed point. We make use of the Bielecki norm in L? which for the arbi-

trary k > 0 is given by

ol = ([ Hlutop )’

Let us observe that for any u € L?(0, 1) the following relation holds
_k
e 7 ullwr < ulle < |[uflwr (4.10)

so the Bielecki and L” norms are equivalent. For any u, 1, € L” we have
1 » t p
P = Tuallf = [ | [ @u(t,7,(0)) (i (1) = hua (1)) e

— /1 ekt /t D, (t,7,x(7)) /T(ul(s) — up(s)) dsdt '

/ (/ |®y(t, T, x(T ]‘Mir) // |11 (s) — up(s)|P dsdrdt
/ (/ |®y(t, T, x(T )]'idr> /]ul ) — up(7)|P drdt

§Bﬁ/ /e*kt\ul(s)—uz(s)\p dvdt
0 Jo

dt

dt

b 1
B% ; e M |uy(t) —uz(t)\pdt—e’k/o |u1(T) —up(7)|PdT
4

q

p
< 7!|u1—uz|\k,

<

where B > 0 is such that

t
HxHqC/O c1(t,t)dt <B, forae.te€[0,1]
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r
(see assumption. For sufficiently large k we see that Z- € (0,1), hence
the mapping I is a contraction with respect to the Bielecki norm. Thus it
has a fixed point u* € LF. So, for every v € L? there exists unique u* € L

which solves 1} Moreover, they determine unique h € Wé’p according
to:

W(t)+u*(t) =o(t) forae.tel0,1], (4.11)

which in fact depends solely on v € L. Introducing the definition
of I' for u* into (4.11) we get that there exists a unique h € Wé 7 such that
the equation (4.7) holds which finishes the proof. m

Lemma 4.2. Assume that conditions [6A] - [6C| hold. Let y € L be fixed.
Then functional ¢ given by is continuously Gateaux differentiable and its
Gateaux derivative at any point x € Wé’p is given by

1 p—2

¢ (= |

. <x’(t) —y0+ [ "ot T, x(1)) dr)
. (h’(t) + /Otcbx(t, 7, x(7))h(7) dr) dt

(1) — (1) + /th)(t, 7, x(1)) dt

forany h € Wé’p . Moreover, functional ¢ satisfies the (PS) condition for any
fixedy € LP.

Proof. Using and the formula for the derivative of x +—» % |x||” in
Wé’p together with the theorem on the differentiability of a composition
of mappings for Fréchet derivatives we obtain that the differential ¢’ (x) :
Wé’p — (Wé’p ) " of ¢ at any fixed point x € Wé’p is given by the above

formula for any h € VNV(} s

— 52 —



4. Applications of a Diffeomorphism Theorem

By Holder’s Inequality for x € W,”, we have

/|<I>trx ]dr<</ lllda> </ |D(t, T, x(T |pdT>
:%(/ |P(t, T, x T))|”dr>p

(/ (¢, T, x(t \”dT)l

Thus, using basic relation between norms (see Poincaré’s Inequality) we

/(/ (¢, T, x(1 \dr> dt
/(/ Dt T, x(T V’dr) dt
< [ ([t lxto) + b0, 07 i ) a
. /01 (/Ot(a(t,r)|x(f)|)p dr> dt
4orl /01 </Ot(b(t,r))p dT) dt

< 2P 1”“ ~1p +2P" ]HbHLpp R)

have

| et x()dr

HLP (Py,RM) HXH

p=1 p=1 P
< (27 el eyl lgge +27 Bl )
Therefore the following inequality might be deduced for any x € WS o’

+/ )dt

7)) dt

==

(Pe(x)) (4.12)

LpP

> 12w = llyller =

Lr

> (1 —zPHaHm,Rn)) ([P
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where ¢ = |[y|[r(01) + 27 011 (py R7)-
Now, let (x,)nen be a (PS) sequence for ¢, i.e.
e ¢(x,) < Mforalln € N and some M > 0,
e lim, 0 ¢'(x,) =0in (Wg’p)*.

We have by

Y/ pM > {/pe(xn) > <1 2

for n € N. This means that the sequence (x,),eN is bounded because

ol ) il —¢ - (13

p—1
1-27 Hﬂ||LP(PA,1R) >0

Consequently the sequence (x,),en is weakly convergent, possibly after
choosing a subsequence which we assume to be chosen, in Wg’p to some
xo. Note that provides coercivity of ¢. Observe also that (¢'(x,) —
@' (x0))(xn — x9) — 0 as x, — xo.

From this we see that

(¢'(xn) — ¢'(x0)) (xn — x0)
/yl At ) [P2B(t, %) — A( x0)|P~2A(, x0)) (B(t xu) — A(t, x0)) dt

4
+ Y " ¥i(xn x0), (4.14)

i=1

where
Bt x) = ¥\ () — y(£) + /thD(t, T, x(7)) d,

At x0) = xb(t) — y(b) + /Otcb(t, 7, x0(1)) dt
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and

. /Ot O (b7, x0(1)) dr> dt

We will show that ¥;(x,,x9) — 0asn — oo fori = 1,...,4. The weak

.ol Y .
convergence of the sequence (x,)nen in W7 to xo implies the uniform



4.1. Application to integro-differential system

convergence on [0,1] and the strong convergence in L? of the sequence

(xn)neN to xop.

Let us consider the term ¥;(x,, x9). From the Lebesgue Dominated

Convergence Theorem it follows that
t
/ ®(t, 7,10 (7)) — ®(t T, %0(7)) dT — 0
0
asn — oo forall t € [0,1]. Moreover

/tCD(t,T,xn(T)) —®(t,7,x0(7)) dr| < z/t Ma(t, ) + b(t, 7) dt
0 0

for M; > 0 such that
[xu(T)] < My
fort € [0,1] and n = 0,1, .... The function
t
0,1 5t 2/ Mua(t,T) + b(t,7) dT € R
0

belongs to L” and using the Lebesgue Dominated Convergence Theorem

we assert that

/0. O(-, T, %, (1)) — D(-, T, x0(7)) dT = 0
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in L7 as n — oco. By Holder’s inequality

/Ot (t,T,x,(7)) — ®(t, T, x0(7)) dT)) dt

(p—1)q :
dt
1
p P
< )
1
q
([ k )
1

</ / (t,T,x(T)) — D(t, T,xo(r)))”dr)dt> ’

<((1+ |\a||Lp<pA,Rn>) [allgges + 1yl + 11611y )

1

</ / O(t, T, x,(7)) — P(t, T, %0(7)))" d7) dt)p =0

p—1

+/ (t, 7T, x,(7)) dT

+/ (t, T, x,(7)) dT

D(t, T, x,(7)) — O(t,T,%0(7)) dt

+/ (t, 7T, x,(7)) dT

==

as n — oo. The same reasoning might be applied to prove that ¥ (x,, xo)
tends to 0 as n — oo.
Let us consider ¥3(x;, xo). From the Dominated Convergence Theo-

rem it follows that

/0. D, (-, T, x0(7)) (x0(T) — x0(7)) dT — 0

as n — o0. As in the previous case applying Holder’s inequality and

==

¥ (xn,%0) < (14 lalluopyre) ) el Lo + 1yl + 1]l (py ) )

. </01 (/Ot 1D (£, T, %0(T)) (3 (T) — x0(T))|” dT) dt)é Ly

— 57 —



4.1. Application to integro-differential system

as n — oo. Convergence of ¥4(x,, x9) to 0 as n — oo follows from the
reasoning presented above.

Now, the following well known inequality will be used: For all p > 2
it holds, see [10], p. 3

(|alP"2a—|b|P2bla—1b) > cpla—b|P (4.15)

foralla,b € R", n € N, where ¢, =
product on R".

Using relation and substituting a and b with § and A defined in
we conclude that

WHxn_xOHWé,p

m and (- |-) denotes an inner

1
p

< 5 (] 1) = 54(0) = [ (@(t,750(0)) = 000,73 (2P )

5 </01 /Ot (T, xo (7)) — CD(t,T,xn(T))]’”det> g

where c, is given above. Considering equality (4.14) and taking the above
relation into account

(¢/ (xn) — ¢/ (x0) (3 — x0)
1 t
> cp [ () = x5 = [ (@(t,7,70(r) = @(t,7,3,(7))) T

4

p
X dt

+ ‘Fi(xn/xO)

i=1

SO
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On the other hand one can observe that

|9 (xn) (xn — x0)| < qu'(xn)ll(wé,p)* [ = xol [ 10

Therefore
@ (xn)(xy — x0) = 0

as n — oo due to the fact that (x,)sen is bounded and ¢'(x,) — 0 as
n — oo. From the weak convergence of the sequence (x,)nen to Xg in
Wol 7 it follows that

¢'(x0)(xn — x0) = 0
asn — . So

(¢'(xn) — ¢'(x0)) (x5 — x0) = 0.

as n — oo. Thus

1
/o
as 1 — oo. Of course

/01 (/Ot |®(t, T, %0(T)) — D(t, T, % (7)) | dT) dt — 0

¥, (8) — xb(t) — /th)(t,T,xo(T)) d(t, 1, xa(1)) dr| dt 0

as n — oo. Consequently, ||x, — x0||V~VS,p — 0asn — oo, i.e. the function
¢ satisfies the (PS) condition. m

Now we can proceed with the proof of the main result.
Proof of Theorem We will use Theorem with E = Wg’p and
B = LP(0,1). Condition 2B|follows from Lemma

Based on the Closed Graph Theorem one can conclude that the as-
sumption (b2) from Theorem is equivalent to the following one: for
any x € E, the differential f'(x) : E — Bis “onto” and “one to one”. Thus

it is sufficient to use Lemmaf4.1| to get the assertion. m
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Remark 4.1. Applying the similar reasoning as in [48] the assumption [6B]
of Theorem 4.1|might be reduced to a slightly weaker form:

F2’ there exist functions 4, b € LP(P5,IR7) such that
|D(t, T, x)| <a(t,T)|x|+b(tT)

for a.e. (£, 7) € P, all x € R" and there exist a constant @ > 0 such
that

t
/ af(t,v)dt <a’
0
forae. t € [0,1].

For any k > 0 let us define another form of the Bielecki’s type norm

1
1 v
HxHWé,plk = </o e~k |x (1) [P dt) )

For k = 0 the above function defines a norm introduced by and

therefore further we will skip index 0. It is easy to notice that:
—k
e [xllgon < I1¥llgaey < 1xllgar
Forany k > 0and x € VNV(} 7 we state the following relations:

1 gon,

[[x[[x < (4.16)

1
P

and

H/O Ix(7)| dt

1 t PNy e
_ (/ ekt </ |x(T)|dT> dt)p < Wk g7
k 0 0 kr
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Now let us prove the stated relations starting with (4¢.16). Fix k > 0 and
X € Wé’p . Then

1 1 t
HxHZ:/ e’kt|x(t)]’9dt:/ ekt / x'(T)dt
0 0 0

1 t
g/ (ekt/ (1) dr) dt
0 0
1 1
:/ (1) | </ ek dt> dt
0 T
1 ! —kt |, p e_k ! ! p
:E/o e (1)] dt—T/O K (£)|P dt

1—ek 11 HxHéV“’k
< / eI ()P dt < — D"k
k 0 - k

Now let us turn to the relation @.17).

| wcotee] = et (f wconee) e
< [len ( A rx<r>vdr) dat
= [l ([ et ar

1 /1 iy e—k 1
— f/ e \x(t)|”dt——/ Ix(£)|Pdt
k Jo k Jo

P
dt

P
g Tl
-k - k2

Having in mind the relation (4.10), which states that L” norm || - ||.» and
Bielecki norm || - || are equivalent we can redefine functional ¢ : VNVS’p — R

in the form:

p(x) = ; 1F(x) =y

:1/1e—kt
pJo

(1) —y(t) + /Otcb(t, o x(o)de| at
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Therefore the following inequality might be deduced for any x € I/~V; ”

(pp(x))7 = +/ ))dt k
>r|x’uk—uyuk—H/ )dr

/0 x(t)dt

a
> ||x] ’Wé”’,k - EHXHWS"’,k +4,

k

/0. b(-,T)dt

> 12— Iyl — 7 k—\

k

where d = ||y||x — || [, b(-, T)d7||,. For sufficiently large k > 0, namely

for k > max {1, a’ } we have the coercivity of functional ¢.

4.1.1 Example

We finish this section with an example of a nonlinear term satisfying our

assumptions[bA]-[6C| Let us consider the function
®:PyxR— R

given by

O(t,T,x) =21 7F(t - 7)ZIn (1 +(t—1)? x2)
fort,T €[0,1],+ > 7, x € R. Since
In(1+5%2%) <In((14?) (1+2%) =In(1+*) +1In(1+2%) < [s| + ||
for s,z € R, therefore

(1,7, x)| <2V F(t— 1) x| + 21 P(t — 1)3
Let us put

alt,7) =27 (1 =)’

fort, 7 €[0,1],t > 1.
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1 t
P _ 1— N2 p
||aHLp(pA,]R) —‘/0 <A (2 p(t T)Z) dT) dt
4 <
5p+2)5p+4) —

—(p=1)
Consequently, |[a|[pr(p, r) < 2-("-1) < 27% . Moreover

— or(1-p)

op(1=p)

Dy (t,T,x)| < 217P(t— 1)2 x|

and

_ 27 a2
5q+2 ~ 5q+2

t t
/c(t,T)”’ dT:Z’p/ (t—0)F dr te0,1].
0 0

Hence, ® satisfies assumptions[6A]-[6Cl Theorem [4.1| shows that the ini-

tial value problem
/ f o1 1 2.2
x'(¢) —|—/ 27P(t—1)2ln <1 +(t—1)"x ) dt =y(t), t€[0,1]ae.
0
with
x(0) =0

has a unique solution x, € Wg’p for any fixed y € LP. Moreover, the

solution mapping
p NP
LP>y—x, €W,

is continuously differentiable.






CHAPTER

Application of a global implicit
function theorem

The results of this Chapter are based on [26]. Let us consider the follow-

ing integro-differential equation
t
X (t) + / O(t, 7, x(7),2(1))dT = y(t), for ae. t € [0,1], x(0) =0, (5.1)
0

wherey € L7,z € LP([0,1],R™), P, = {(t,7) € [0,1] x [0,1];T < t} and
p > 2. The solutions belong to a WS . On the function

P : Py xR"xR" - R"
we assume that

7A ®(-, -, x,z)is measurable on Py forany x € R"andz € R"; ®(t, 7, -, )

is continuously differentiable on R" x R™ for a.e. (t,T) € Py

7B there exist functions a € L7 (Pa,R]), b € L¥(Py, Ry ) such that
|D(t,T,x,2)| <a(t,7)|x|+b(tT)|z];
fora.e. (t,T) € Py, all x € R", all z € R™ and also
1-p
HaHLP(PA,]R) <2
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7C there exist functions ¢,e € LP(Py,R}), a,p € C(Rj,RJ) and con-
stants C, k, p > 0 such that

Bt 7,%,2)| < clt, D)a(|x]) + K2

|@(t,7,x,2)| <e(t, T)B(|x]) + plz]

fora.e. (t,T) € Pp,allx € R", allz € R" and
t
/ c(t,t)dt < C, fora.e. t € [0,1].
0

In what follows we shall assume that hold.
We should show that the mapping

F:W,” x LP x LP([0,1], R™) — L

given by the formula

-t
F(x,y,2) = x'(f) +/ O(t, 7, (1), 2(7))dt — y(t)
0
satisfies assumption of the global implicit function theorem [3.7]with
X =Wy, Y =LV x LP([0,1],R") and Z = L.

We mentioned already that space L? is a uniformly convex Banach
space and so is its dual. Hence we can use the first version of global im-
plicit function theorem. By a direct calculation we get the following (see
[70] for the excellent background on calculation of derivatives in Banach

spaces)

Lemma 5.1. Assume that hold. Then mapping F is of class C! and its

differentials in x and in (y, z), respectively, read as follows

Fe(x,y,z): VNVS”Q — LP,
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Fi(x,y,z) —|—/ D, (t,7,x(7),z(7))h(T)dT,

F(ylz)(x,y,z) : LP x LP([0,1],R™) — LP,

Fy2(xy,2)(w,0) = /Ot D, (t,7,x(7),z(7))v(T)dT — U(t).

Lemma 5.2. Assume that hold. Fix functionsy € LP and z € LP([0,1], R™).
Define the mapping @ : Py x R" — R" by formula ®(t,t,x) = ®(t, T, x,z(t)).
Then the functional ¢ : Wé’p — R given by the formula

14

£+ /OtCID(t,T,x(T))dT—y(t) dt

o)=L IFP =1 [ |
po pJo
satisfies the (PS) condition.

Proof. Observe ¢ as a composition of two C! mappings is in fact C'. By

Holder’s Inequality and classical embedding results we have for any x €

e
/OtQD(t,T,x( ))d _/ </ ®(t, 7, x(t |”dr> dt
g/o (/0 ( (t,T)|x(T)] + b(t, T))p dT) dt

< 27Yall}, p, gy ||x!|~1p+2” "Bl (b, -

with b(t, T) = b(t,7)|z(7)|. Let

p-1 ~
¢ = [lyllr +2 7 [[b]|1r(py -
We see that for any x € Wé’p

1

(po(0)7 = ¥ () =y () + [ B, 7x(x)) dr
Lp
> 11¥llo = Iyl — | [ 670 de

> (1 —2pr|a|\Lp<pA,Rn>) Iellgan —c

(5.2)

L
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(p-1)
Note that 1 — ZPTHaHLp(PA,IR) > 0. Let (x,)sen be a (PS) sequence
for ¢, s0 |¢ (x,)| < M for some M > 0. We have by

(=1
Yoz {fpote) = (127 lalluame ) ol lge -

for n € N which means that the sequence (x,),en is bounded, so it may
be assumed to be weakly convergent in Wé’p to some xo.

Let us calculate
(¢'(xn) — 9'(x0)) (xn — x0)
= [ B 2Bx0) — ML) A 20)) (6 ) — A 7))

4
+ Z Ti (xn/ xO)/
i=1

where
Bt ) = %0 =)+ [ Bt x(0) dr

At x0) = x((t) —y(t) + /th)(t, T,%0(7)) dt

and
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" -2
W30 0) = [ ( (0 -0 + [ B0 () dr|

. <x;(t) —y(t) + th)(t, ) dr)
(x0(t) — x0(t)) /Ot<bx(t, T, %, (7)) dT) dt,

; 2
xo(t) —y(t) —|—/O D(t,7,x0(7)) dT ’

xo(t) —y(t) + /th)(t, T,%0(T)) dr)
.(xo(t)—xn(t))/otcbx(t,’t,xo(r))dT> dt

We will show that ¥;(x,, x9) — 0asn — oo fori = 1,..,4. The weak
convergence of the sequence (x,),eN in I/N\/(}’p to xp implies the uniform

convergence on [0, 1] and the strong convergence in L? of the sequence

(x;/l)neN tO .'X'().

Let us consider the term ¥;(x,, x9). From the Lebesgue Dominated

Convergence Theorem it follows that

/Otcp(t, T, %0(T)) — ®(t, T, %, (7)) dT — 0

asn — oo for t € [0,1]. Moreover

/Ot D(t, T, x,(1)) — D(t, T, %0(T)) dT

for M; > 0 such that

|x,(7))| < M;, forte[0,1]]andn=0,1,....

< Z/Ot (Mla(t,r) —|—E(t,1’)) dt
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Since the function
[01]9t—>2/ tTMl—l—b(tT))dTGIR

belongs to L? and using the Lebesgue Dominated Convergence Theorem

we assert that

[ @0t x(0) =8, x00(1) dr =0

0
asn — oo in LP. By Holder’s inequality
(p=1)q g
dt
1
1 t_ _ p b
(/ (/ @(t,r,xn(r))—@(t,r,xo(r))dr> dt>
0 0
1 1 ~
< (1 +27llal ey ) Hxallgges + 1yller +27Bllspy o))

1

: (/01 </0t (D(t, T, 20(7)) — D(t, T, 20(7))" dr) dt) " o

as n — co. The same reasoning might be applied to prove that ¥ (x,, xo)

+/ (t, T, x,(7)) dT

¥1(xn,x0) < ( ;

==

tends to 0 as n — co.
Let us consider ¥3(xy,, xo). Firstly, we see that for any ¢t € [0,1] the

following estimation holds

/CD (t, T, x0(T) dT (x,,(t) — x0(t ‘ / (D (t, T, x0(T))| dT |2y — x0]|c -
Since sequence (x,),cp is uniformly convergent in C to xo, we see that

/q>x 7, x0(7)) dT(xa(-) — x0(-)) = O

asn — coon [0,1]. As in the previous case we see that

==

¥ (xn,%0) < (14 lalliopy e ) 1l Lo + 1yl + Bl (py ) )

l

: </01 (/Ot | (t, T, x0(7)) (xn(T) — 20(7))|" dr) dt) o
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as n — oo. Convergence of ¥4(x,, x9) to 0 as n — oo follows from the
reasoning presented above.
Using relation (4.15) and the Lebesgue Dominated Convergence The-

orem we conclude that

11 = ol

1
)

P [
dt)

) — () — /OtCD(t,T,xo(T)) —B(t, 7, 10(7)) dT

(/ (/ |D(t,7,%0(T)) — (t, T, xu(7))|" dr> dt)'lg

From the formula for a derivative and from (4.15) we have

%<

(¢’ (xn) — ¢'(x0)) (xu — x0)

> Cp /0.1 x,(£) = xq(t) — /Otcp(t,T,xo(T)) —®(t, T, x,(7)) dt ’

dt

p

XL (F) = % (F) — /th>(t, T, %0(7)) — B(t, T, xa(7)) dt| dt

4

Z xn/ X()

i=1

< |(¢' (xn) = @' (x0)) (xn — x0)| +

On the other hand one can observe that
9" (xn) (0 — x0)| < ’|§0/(xﬂ)||(wé,p)*”xn = ol [
Since (x,)yen is bounded and ¢'(x,) — 0 as n — oo we see that
@' (x4) (xn — x0) = 0
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as n — oo. From the weak convergence of the sequence (x,)neN to xg in
Wg 7 it follows that

¢'(x0) (xn — x0) = 0
as 1 — 0. So
(¢'(xn) — ¢'(x0))(xn — x0) = 0
as n — oo. Thus
1
I

as n — oo. Of course,

p
dt — 0

¥ (8) — xh(8) — ./th>(t, 7, %0(7)) — B(t, T, 10 (7)) dt

1/t —
/ (/ B (t, 7, %0(7)) — B(t, T, 24(7))|" dr) dt =0
0 \Jo
as n — oco. Consequently,
[ = xoll s — 0

asn — oo, 1

We recall that the Bielecki norm in L? for the arbitrary k > 0 is given
by

[l = (/0 ekflu(t>|”dt>;-

Let us observe that for any u € L? the following relation holds
_k
e Plfulley < lullx < [lullrr

so the Bielecki and L? norms are equivalent.
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Lemma 5.3. Assume that hold. Fix functionsy € LF and z € LP([0,1], R™).
Then for any admissible h € Wé’p we see that

W(t) + /OthX(t, T,x(7),z(T))h(T) dT = ' (t) + /OtQDx(t, T,x(7))h(7) dt

and Fy(x,y,z) is bijective for any x € Wé’p .

Proof. We must prove that for any fixed v € L7 the following linear

integro-differential equation

W (t) + /Otcbx(t, T,x(7))h(t) dt = v(t), forae.t € [0,1] (5.3)

. . ~ 1 . - .
has a unique solution x & W, P We consider an auxiliary equation

W(t)+u(t)=o(t), forae.tel0,1],

where u € LP and which is uniquely solvable by h,, VNVS P given by

() = /Ot(—u(s) Vo(s))ds, fortel[o1].

Now, consider the mapping

Tl 5 u(-) = /()'Ex(-,r,x(r))hu(r) dre L.

In order to show I is the contraction mapping and thus it has the

unique fixed point, we make use of the Bielecki norm. Let

d(t,7) = (c(t, T) + k|z(7)|) max{a(|x(7)|) + 1,7 € [0,1]}
and let B > 0 be such that (see assumption [7C).

¢
/ d1(t,t)dt < B, forae.te|0,1].
0
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For any uy,u; € LP we have using suitable change of variables for
double integral applied to fol fot e *|uy (1) — up(7)|P drdt that

||Tu1 — l"u2||,’j

< /01 <ekf </Ot 1@, (1,7, (7)1 dr>5/0t/;|u1(s>—u2(s)yp dsdr) dt
<[ (k (f |q>x<t,r,x<r>>|wr)5/Ot|u1<r>—uz<r>wdr> at

< Bi /01 </Otekt\u1(r) —up(T)|P dT> dt

ﬂ ! —kt . P .k ! o 4
< ? Oe |ug(t) —up(t)|P dt —e ; lu1(T) —up(7)|P dt
B!
< 2l — wll]

For sufficiently large k we see that % € (0,1), hence the mapping I' is
a contraction with respect to the Bielecki norm. Thus it has a fixed point
which solves uniquely (5.3). m

The above Lemmas show that all assumptions of Theorem [3.7]are sat-

isfied. Thus we can formulate the following

Theorem 5.1. Assume that hold. Fix functions y € LP and z €
LP([0,1],R™). Then there exists a unique solution x,, € W;’p of equation

and a C' mapping
FLP X LP([0,1], R™) 3 (y,2) > xy, € W,7
with the differential f'(y,z) at point (y,z) € LP x LP([0,1], R™)
L x LP([0,1], R™) 3 (1,0) — guo € Wo7,
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where gy, is such that
t
Soo®) + || @t 542(1),2(0)) g0 dT
t
- —/0 @, (1,7, x,2(1))0(7) dT + u(7)
fora.e. tin[0,1].

Now we provide an example of a function satisfying conditions
[7Cl Let @ : Py x R x R — R be given by

O(tT,x,2) =21 P(t— T)2 In(1 + x2) + T34 (sin? x) In(1 + 22)
It might be noticed that

O(t,T,x,2) < 2VP(t — 17)2|x| + T3 42|

Let us put
a(t,7) =21P(t - T)%
Consequently
1/ gt .
laltt, = [ ([ @ re=oiyac) a
0o \Jo
— or(1-p) 4

< 2r(1=p) < o(1-p)
(p+2)(p+4) ~

fort,T €10,1],t > 7, p > 2. Moreover
| (t, T, x,2)| < 227P(t— 1)2|x| + T3#4z),
D, (1,7, x,2)| < 2T3#42]

and
(2-p)g+1 (2—p)g+1
dr=2""" a2

t t
14t —2@=ph _ £
/Oc(t,r) dt =2 /O(t 7) 2 <

for t € [0,1]. Hence conditions are satisfied.

N
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CHAPTER

An application of Diffeomorphism
Theorem to Volterra integral
operator

SECTION 6.1

Introduction

We will denote space Wol’z by ﬁé and recall that it consists of absolutely
continuous functions x: [0,1] — R" that x(0) = 0, * € L?([0,1],R"). We

define
V(x)(t) = x(t) + /O ot T, x(1)) dr. ©6.1)

In this chapter we shall investigate the nonlinear integral operator
V: H) — H} defined pointwisely for all € [0,1] by . Thus V is

considered with an initial condition
x(0) = 0. (6.2)

We focus on showing that V' is a diffeomorphism under some con-

ditions imposed on the nonlinear term v. This in turn ensures that the
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associated Volterra integral equation

x(t) + /Otv(t, T,x(1))dt =y (t) fort € [0,1], 6.3)
(0)=0

x(0)

is solvable for any y € Ijlé and that the solution operator which assigns
to each y the unique solution to (6.3) is of class C!. In other words, we
can say that solution to depends in a C! manner on a functional pa-
rameter y. The proof relies on a global diffeomorphism theorem. We are
inspired by [7] which contains similar approach in Hilbert spaces. How-
ever it is not shown there that the mapping is C!. The Authors require
only differentiability which is not sufficient in order to obtain a diffeo-
morphism. We fill this gap. Our calculations are based on the work men-
tioned however, we use the scheme which we developed already.

In this chapter we investigate the solvability of Volterra equations by
variational methods, since the main theorem on which we base our in-
vestigation is proved with the mountain pass geometry. This again is not
very common since for the unique solvability of Volterra equations re-
searchers used to apply a fixed point approach based on the Banach fixed
point theorem, or else the successive approximations, the Schauder and
Schauder-Tikhonov Theorem together with some other tools, see for ex-
ample [5], [9], [54], [67]. We also use as a technical tool the method of suc-
cessive approximations for auxiliary linear problem. Integro-differential
and integral operators are usually considered in the space of continu-
ous functions [14, 51], the space of square integrable functions L? [43].
The application of numerical methods such as Wavelet-Galerkin Method
(WGM), Lagrange interpolation method, Tau method, Adomian’s de-
composition method and Taylor polynomials [4} 64, 34} 19, 49], for solv-
ing the nonlinear integro-differential equations is rather common as they

are hard to solve analytically and exact solutions are scarce. The appli-
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cation of integral operators can be found in many discipline of science
and engineering: in biology to investigate the spread of epidemic [29], in
mechanics for modelling alloys with a shape memory [11}160], in nuclear
reactor dynamics [14], [15].

The chapter is organized as follows. We formulate assumptions and
main results pertaining to the properties of the Volterra operator V de-
fined above and the associated initial value problem. For the proof of
main results, we investigate the associated Volterra equation. We use
methods typical in L? setting in the case of equations. Then, we prove the
main result which requires construction of a suitable action functional
and demonstrating that it has a mountain geometry. An example of a

nonlinear Volterra equation satisfying our assumptions finishes the pa-

per.

SECTION 6.2

Assumptions and main results
Let
Pyn={(t,7) €[0,1] x [0,1] : T < t}.

We assume that function v: Py x R" — IR" satisfies the following condi-

tions

8A (i) the function v(+, 7, -) is continuous on the set G := [0,1] x R"
fora.e. T € [0,1],

(i) there exists v(-, T, -) continuous on G for a.e. T € [0,1],
(iii) there exists vy (-, T,-) continuous on G for a.e. T € [0, 1],

(iv) there exists vy(+, T, ) continuous on G for a.e. T € [0,1];
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8B (i) the function v(¢,-, x) is measurable on [0,1] for all (£, x) € G,
there exists functions ¢,d; € L2(P5,R*) such that

lo(t, T, x)| < ci(t,T)|x| +di(t, T)
fora.e (t,7) € Py, x € R" and
(1 - ﬁ||c1||L2(pA,R)) >0, (6.4)

(ii) the function v¢(¢, -, x) is measurable on [0,1] for all (t,x) € G
and there exist functions ¢, d, € L2(P5,R") such that

|oe(t, T, x)| < co(t, T)|x| + da(t, T)

fora.e. (£, T) € Py, x € R",

(iii) the function v,(t, -, x) is measurable on [0,1] for all (¢,x) € G
and locally bounded with respect to x,

(iv) the function vy(f, -, x) is measurable on [0,1] for all (t,x) € G
and locally bounded with respect to x.

Assumption [BB|i). means that v is locally bounded with respect to
x, i.e. for every p > 0 there exists k, > 0 such that for (t,7) € P, and
x € B, = {x € R": |[x| < p} we have |v(t,7,x| < k,. This follows
by the growth condition and since x is absolutely continuous. The same
comment concerns the other assumptions. Assumption i) may seem
a strong one, but it is required if one wants to prove that operator V
defined by (6.1)-(6.2) is well defined. Any weaker integrability condition
assumed on function ¢; and in a consequence on d; would provide that
the operator V would act into a space different than Ijlé.

Our main results read as follows

Theorem 6.1. Assume that conditions hold. Then operator V defined by
(6.1)-(6-2) is a diffeomorphism.
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Theorem [6.1] can be restated as follows.

Theorem 6.2. Assume that conditions hold. Then for any y € FI& prob-
lem has a unique solution which depends in a continuously differentiable
manner on the parameter y or in other words, the solution operator is a diffeo-

morphism.
Theorem [6.2]admits immediately the following

Corollary 6.1. Assume that conditions hold. Let w € L2. Then the

initial value problem

x(t) +o(t, T, x(1)) + /Ot vi(t, T, x(7)) dT = w (¢)
with an initial condition
x(0) =0
has exactly one solution x which is defined on [0,1]. Moreover, x € ﬁé.

Proof. For the proof it suffice to use Theorem Indeed, define

y(t) = /Otw(r) dt.

Note that y € H} and then we find such a unique x that V (x) (t) = y (t).
The direct differentiation finishes the proof while the fact that x satisfies
the boundary condition follows from the definition of the space which

we consider. m

The remaining part of the chapter is devoted to the proofs of the above
results preceded by some properties of the Volterra operator considered

in the setting of space H} which we provide.
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6.3. On the Volterra operator

SECTION 6.3
On the Volterra operator

This section is concerned with some Volterra equation in the setting of
space Ijlé. We think that such results are of independent interest. We start

with showing that in our case, operator V is well defined.

Lemma 6.1. Assume that conditions [SA[i), [8ANii), [SB(i) and [8B(ii) are satis-
fied. Then the operator V: HY — H} given by is well defined.

Proof. Let x € H}. It is enough to show that the function

u(t) = /Otv(t,l',xo(r)) dt

is absolutely continuos and its derivative is p-integrable since 1 (0) = 0

by definition. Note that u is already continuous as a function of an upper
integration limit. Take any system of points t; < t, < ... < ty41 from
[0, 1]. By [8B(ii) using Lagrange Mean Value Theorem applied to the func-

tion v with respect to first variable we have

N N t
Y lutiss) —u(t)| = 0| [ o(hia,30(0) = ot T 30() de
i=1 =1
i+1
/ (ti11, 7, %0())dT
N
< /0 ko dTZ tiy1 — til + ko Z |tiy1 —ti
i=1 i=1
N
=2k, Y |tis1 —ti
i=1

where 0 < t; < t < .. < ty < ty41 < 1. Therefore u is absolutely

continuous. Hence for almost every t € [0, 1] there exists the derivative

of u which is an L! function. Thus we must show that i is integrable with
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power 2. Now, by Holder’s inequality we see that

/|u |2dt<2/ lo(t, 1, x0() 2

gz/ |v(t,t,x0(t)|2dt+2/ / l0:(t, T, x0 ()| dt dt.
0 0 Jo
6.5)

2

vttrxo()dr dt

Consequently applying [8Bi), 8B(ii) we have the more general estimate
o (£, 7% (1) dt|Ra(p, o :/ </ o (1,7, % ( |dr> dt

/(/ 0 (4,7, % (T |2dr> dt
< [([ @@ iaenri)a
<2/ (/ c (t,7) |x (1 )|)2dr>dt (6.6)
+2/ (/ dltr)dr>dt

< 2||C1||L2 (Pa,R") ||x|’ +2||d1||L2 (PaR)

2
< (ﬁncnnz(m,m\|x||g3 + V2l li2(py ) )

and analogously

1 t
lox(t, 7 6(0)) Ay gy < [ [ Tealt, DIx()] + do(t, 0 de

1 t
<2z [ [ St dvat
0 JO
1 t
+2/ /d%(t,r) dr dt

< 2HC2HL2 (PyR") ||x]| +2||d2||L2 (PaJR*)

2
< (ﬂnczHL«pA,mﬂuxugé + V2|l [ 12(p, ) )
6.7)
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We have thus proved that V is well defined in H}. m
Let us now consider for any t € [0,1] and arbitrary x,¢ € H} the

linear integral equation of the form

h(t) + /0 et T, x(1))h(7) dr = g(1) 6.8)

for t € [0,1]. The solvability of this equation is crucial in the application
of the Global Diffeomorphism Theorem since it provides the invertibility
of the derivative of the Volterra operator. In case of Volterra operators the
question of uniqueness requires some different means then in previous
chapters due to the nonlinear structure of this operator. The technique
which we present is commonly used for such kind of operators.

For every fixed p > 0 define I, such that
l, = max { sup  |ui(t, T,x)|,  sup  |ou(t, T, X) ]} (6.9)
(t,T)EP,|x|<p (t,T)EP,|x|<p

and fix M such that

sup [g(t)] < M.
te[0,1]

Constant [, is well defined by remarks following the assumptions
while M is finite by continuity.

Theorem 6.3. Assume that conditions hold. Fix x,¢ € H} and define

p = sup,cpy |x(t)| and I, by . Then the equation has a unique
solution h € H}.

Proof. Let us define the bounded linear operator T': Ijlé — ITI(% pointwisely
forallt € [0,1]

Th(t) = /Ot vx(t, 7, x(7))h(T) dt.
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Note that T is linear bounded due to assumptions on vy. For any n € N,

t € [0,1] and g € H} we define the following sequence of iterations

T'h(t) = /Ot (b, 7, x(7)) T h(7) d.

First, we will estimate |T"h(t)| for t € [0, 1] with some fixed n. It is easy

to observe that the first iterate can be estimated by

ITh(t)| = ’/Otvx(t, T,x(7))h(T) dT

< t,M
for all t € [0,1]. Similarly, the second iterate might be estimated by

IT2h(t)| = ‘/Otvx(t, 7, x(0))(T'h) (t) dt

IZM

N

t
< /Ux(t,T,x(T))TlpMdT
0

2
< 5h

forall t € [0,1]. The third one for all t € [0, 1] is estimated by

IT3h(t)| = ’/Ot o (t, 7, x(7)) (T2h) (7) dt

t TZ ) t3 3

< /0 vy (t, T,X(T))?lpM dt| < ﬁlPM'

Therefore, we assert that
t?’l
n n
|T"h(t)] < EZPM
forall t € [0,1]. Assume that
t(l’l*l) _
T(n-1) < (n-1)
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for all t € [0,1]. Now by induction let us observe that

[ T"h(t)] = ‘/ot vx(t, 7, x(0)) (T V) () dT

T(n—l) (n-1)
< -
< /O o (1,7, x(0)) [yl M dT
<1 pum / L0 go| = By (6.10)
“(n=1)1°F 0 nt'f ’

for all t € [0,1]. Taking into account the definition of the operator T, we

see that equation might be rewritten in the following form
h+Th=g.
Let us consider the sequence (11,),enN, given by the formula
hyi1 = g — Thy,

for all n € INp with hy = 0. Note that as is the case with Volterra equa-
tion in L2, hy can be chosen arbitrarily and the choice hy = 0 is just for

convenience. It might be observed that

hpp1 =8 —Tg+T?g—Tg+ .+ (-1)"T"g
=g+ (-1)Tg (6.11)
i=1

for all n € Ny with T’ = ¢. Again considering the estimate (6.10),
applying the induction and the fact that by Lemma [6.T| for all k € Ny
Tkg € H}, we get for any n € Ny

1
g, = [
1 " tn—l t " Tn—l p
< [ -
< (sz(n_l)!Jr/o lpM(n_l)!dT> dt

1 lgM lgM 1 p lgM p
<), (<n_1>!+<n_1>z/0 d’f) dtg"‘”((m—l)!) |
(6.12)

oe(t, b, x(£))T" g (t) + /Otvxt(t, 7, x(7)T" g(7) dt ' dt
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Consequently, for any n € Ny, we get

n

n ~ [
T gHHg Sz(n—l)!'

n

"M
By the classical d’Alembert’s criterion series Z 2=y converges. More-

over, it provides majorant for the series Z (—1)/Tig. Consequently, the

sequence (hn+1)n€N0 defined by isa Cauchy sequence in HO, which
converges to some h € Hé. The operator T': Hé — Hé is continuous.
Therefore, 1 is a solution to equation (6.8).

Now we will show that / is a unique solution to equation (6.8). By
contradiction, let us assume that there exists h; € ﬁé, which satisfies
and h # hy. For h* = h — h the following equation holds

h* —Th* =0.
Applying operator T on the above equation n times we obtain
(=D)"h* +T"h* = 0.

Note that T"h* — 0 as n — oo by estimate (6.12). Then also T?"h* — 0 as
n — oo and so consequently i* = 0. Therefore, equation possesses

one unique solution in H}, what completes the proof. m

SECTION 6.4
Proofs of main results

The proof of our main results relies on the application of Theorem 1.2
with X = B = H}. Thus we must show that V is continuously Fréchet dif-
ferentiable on X, next we should properly define functional ¢ and what is
the most difficult task we must show that ¢ satisfies the PS-condition. We
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consider the functional ¢: H} — R* defined by the following formula

p(x) = 1||v<x> vl
2
t)+o(t £ x( +/ ve(t, T, x(T)) dt| dt. (6.13)

By and the functional ¢ is well defined which is very easy to be
verified.
Before we proof the main results we will introduce some auxiliary

lemmas.

Lemma 6.2. Assume that [SA\i), [8A[ii), [8B(i) and [8B\(iii) are satisfied. Then
operator V defined by is continuously Fréchet differentiable at every point

X e H& and its derivative reads

V()h(t) = h(t) + /0 ot T, £(1))h(T) dT (6.14)
for h € H} and for any t € [0,1].

Proof. 1t is sufficient to show that the operator

T(2)(1) = /Otv(t, 7,2(7)) dt

is continuously Fréchet differentiable. Applying Mean Value Theorem
3.2.6. p. 119 [18] for any t € [0,1], any h € H} and some 6 € [0, 1] we can

write
V(E+h)(t) = V(#)(t) = /Ot(v(f,T,f(T) +h(1)) —o(t, T, %(7))) dt
— /01 /Ot ox(t, T, #(T) + 6h(T))h(T) dT d6
= [t v 2(0)0(x) de
- /01 /Ot (0x(t, T, 2(T) + 61(T)) — va(t, T, 2(7))) h(7) d db.
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Moreover

/01 /Ot[vx(fr T, 2(T) + 0h(T)) — vi(t, T, £(7))]h(T) dT dO

1 t
§||h|ywé,,,/0 /0 (02 (£, 7, £(7) + 01(T)) — ve(t, T, £(1))| d db.

Since the norm convergence in ﬁé implies the uniform convergence in
C (0,1), by the assumption of the lemma and by the Lebesgue Dominated

Convergence Theorem we obtain that for all ¢ € [0, 1]

/Ot 02 (£, T, 2(7) + 0h(T)) — va(t, T, £(7))| dT — 0

when HhHﬁé — 0. Thus

1] /01 /Ot l0x(t, T, £(T) + 6h(T)) — vx(t, T, 2(7))| dr d8 = o(h),

where 2 5 0 as ||h|| 51 — 0. In a consequence
(1l Hy

V(& +h)(H) - V(#)() = /Ot vx(t, T, 2(1))h(T) dT + o(h)

which means that V is Fréchet differentiable. In order to prove that V is

continuously Fréchet differentiable one needs to show that
H 3x— / vx(-, T, x(T))h(T) dT € (H&)*
0

is continuous in x uniformly in / from the unit sphere in H} (see Theorem
5.9. p.119 from [70]). Let us take a sequence (x;), o convergent in H} to
some xg. This sequence is also convergent in L? and in C (0,1). Fixh € H}
such that ||h|| = 1. Applying the same arguments as in obtaining we
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see that

/

d 2

i /Ot (0x(t, T, 3 (7)) — 02 (t, T, %0(7))) h(T) dt

1
< 112 [ fox(t b xa (1) = a1, 20(0) P

1 t
+||h||%62/0 /0 02t (T, %0 (T)) — vt (£, T, x0(T)) 2 dT dt.

Again by the Lebesgue Dominated Convergence Theorem we get the fol-

lowing

1
/ (02 (£, 1, %0 (F) — 02 (£ £, x0(E)[? dE = 0
0

and

1 t
//|vxt(t,7,xn(r))—vxf(t,T,xo(T))|2det—>0
0 JO

as n — oo. This finishes the proof. m

Lemma 6.3. Assume that conditions [8A|and [8B|hold. Then functional ¢ given
by is continuously Giteaux differentiable and a Gateaux derivative at any
point x € H} is given by

¢’ (x)h :/01 (x(t)—y(t)Jrv(t, t,x(t)) + /Ot vi(t, T, x(T)) dr>
. <h(t) 4ot t x(0)A(E) + /Ot v (b, T, x(T))h(7) dT) dt
(6.15)

for any h € H}. Moreover, functional ¢ satisfies the PS-condition for any fixed
y € H}.

Proof. Using 1i and the formula for the derivative of x — 3 x| in

H} together with the chain rule for Fréchet derivatives we obtain that the
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differential ¢'(x) of @ at any fixed point x € H} is given by 1) for any
h € Hj.
Therefore the following inequality might be easily deduced for any
x € Hj
) + / ) dt
Hj
> 1l ~ Iyl - | /0 o7, x(1)) dt

> (1= V2llerllixpy ) ¥ gy o — € (616)

2¢(x) =

7l
HO

where ¢ = ||y ]H(% + /2| |dq| |12(p, k- This means that ¢ is coercive.

Now, let (x,)nen be a (PS) sequence for ¢, i.e.
e ¢(x,) < Mforalln € N and some M > 0,

e lim ¢'(x,) =0.

n—o0

We have by (6.16)

VaM 2 29(0) = (1= V2l ]l =€

for n € N. This means that the sequence (x,),en is bounded because of
condition (6.4).

Consequently the sequence (x,),en is weakly convergent in H} to
some xg, and uniformly convergent on [0, 1] . Moreover, we get the weak
convergence of derivatives of (¥,),cn in L? of the sequence (x,)nen to
Xp-

Let us calculate

Z(Q/(xn) —Q <XO — xO / |77 t Xn — t X0 | dt + Z"Ij Xn,X())
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where
1(t, %) = 2a(t) + 0(t £, 2 (1)) + /Ot or(t, T, xu(1)) dT
n(t, x0) = 20(t) + 0(t, £, xo(t)) + /Ot ot T, x0(7)) dt
and
Fix0) = [ 005 = n(t,%0)
( Ot (0r(t, T, x0(T)) — 01t T, %0 (7)) dr) dt,
a2 (o, x0) = /01 (7 (¢, xn) —U(t x0)) - (v(t,t, x0(t)) — o(t, £, x4 (t))) dt,
Y3 (X, X0) /01 (17 (£, %) vxt (t, Txn(r))(xn(r)—xo(r))dr) at,
4o, 20) = [0 x0)oa (0 (0) () — 30(0)

Y5 (0, X0) = — /0 (;7(1% %0) /O tvxt(t,r,xo(r))(xn(r)—xo(r))dT> at,
Ye(xn, x0) = — /01 n(t, x0)vx(t, £, x0(f)) (20 (t) — x0(t)) dt.

We will show that ¥;(x,,x0) — Oasn — oo fori = 1,...,6 . First
let us consider ¥;(x,, x9). Form the Lebesgue Dominated Convergence
Theorem it follows that for all fixed ¢ € [0, 1]

/Ot(vt(t, T,x,(T)) — (¢, T, x0(7))) dT — 0

as n — oo. From the properties of the sequence (x,),cN We see that there
is M7 > 0 for which

%2 (7)) < M
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forall T € [0,1] and n = 0,1,.... Let us consider the term ¥1(x,, xo).
Note that for any fixed t € [0, 1]

/Ot(vf(t,r,xn(r)) —ve(t, T, x0(7))) dt| < Z/Ot(Mlcz(t,T) +dy(t, 7)) dt

and that the function
t
[0,1] 5t — 2/ c2(t, T)My +da(t, T)dT € R
0

belongs to L?([0,1],R). Using the Lebesgue Dominated Convergence

Theorem we assert that

/.(Uf('rTrxn(T)) —v¢(+, T, x0(7))) dT — 0

0

as n — oo in L2. Let us observe that

Yq(xy, x0) < /01 < /Ot (ve(t, T, x0(T)) — ve(t, T, x0(7))) dT
+ /0 L (0r(t, T, %0(T)) — 08(t, T, %0 (7)) dT) it (6.17)

By Holder’s inequality and (6.6), the first term of (6.17) might be
estimated

<|17 (t, x,(1))| /t (ve(t, T, x0(7)) — ve(t, T, %0 (T))) dT> dt
<

1
( 17 (t, xu(£))]? dt>

1
< / l0¢(t, T, x0(T)) — vs(t, T, % (7)) |? dT dt) i
( I (t, % (£))]? dt)

1
< / [0¢(t, T, %0(T)) =05 (t, T, %, (7)) |? dT dt> i — 0
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as n — oco. Note that by definition and since (x;), < is bounded it fol-
lows that

([esiora),

is bounded. The second term of (6.17) tends to 0 as n — oo as well.
Consequently ¥1(x,, x0) — 0asn — oo.

The similar reasoning might be applied to prove that ¥»(x,, xo) tends
to 0 as n — co. Let us consider ¥3(x,, xo). Firstly, we see that for any
t € [0,1] the following estimation holds

/:wﬂ(t/ T, %, (7)) (20 (T) — x0(7T)) dT

1
< [ (ot 7 30(7) d] 10 = ol

Since the sequence (), o is uniformly convergent in C (0,1) to xo, we

see that

/O' st (T %n (1)) dT (0 () — x0(-)) — 0

asn — coon [0,1]. As in the previous case applying Holder’s inequality

Y3 (x, x0) < (/01|77(t,xn)|2dt);

1

. (/01 /ot k)xt(l‘,T,Xn(T))(xn(T)—xo(T))|2dT dt) 2—> 0.

Convergence of ¥;(xy, x) to 0 for i = 4,5,6 as n — oo follows from

the reasoning presented above.

—94 —



6. An application of Diffeomorphism Theorem to Volterra operator

Using Lebesgue Dominated Convergence Theorem we conclude that

1
[ — ol < (/O

+/0t(z;t(t, T, %,(T)) — ve(t, T, x0(7))) dT‘Z dt>;
_ </01 [o(t,£,xu(1)) — o(t, £, x0(0)

Xu(£) — Xo(£) +0(t, 8, x,(F)) — (1, x0(t))

+/Ot(vt(t,’r,xn('t)) oyt T, %0(7))) dr‘z dt)z.

From the equality (6.14) we have

(9" (xn) = ¢'(x0)) (xn — x0)

1
> / in(1) — g0(t) + 0t t, x(1)) — 0(t, £, x0(t))

—Jo
+ /Ot(vt(t,r,xn(r)) —o(t, T, x0(7))) dT‘z dt + i‘?i(xn,xo).
i=1

So,

/

Xn(t) — xo(t) + (L, t,x,(t)) — 0(t, t, x0(t))
+ /Ot(vt(t, T,x,(T)) — ve(t, T, x0(7))) dT‘Z dt
6
< [(¢' o) = ¢/ G s = 30|+ Lo i) .
On the other hand one can observe that

19/e) (e = 20)| < 116 (el g n = 0l

Since (xy)nen is bounded and ¢’(x,) — 0 as n — oo we see that
@' (x)(xy — x0) — 0.
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as n — oo. From the weak convergence of the sequence (x,)neN to xg in
H} it follows that

¢’ (x0) (xn —x0) — 0
as n — . So,
(¢'(xn) — ¢'(x0)) (xn — x0) = 0

as n — oo. Thus

r

Xn(t) — Xo(t) +0(t, £, x,(t)) —0(t, t,x0(t))

+ /t(vt(t,r,xn("f)) ot T, x0(7))) d| dt = 0
0

as n — oo. Of course,

/01 ”Z)(t, t,xn(t)) — 'z)(tl t,XO(t))|2 At — 0

and

1 gt
/ / (04 (£, T, % (T)) = 0e(£, T, x0(7)))|* dTdt —= 0
0 Jo
as n — oo. Consequently,
Hxn — XOHHS —0

i.e. the function ¢ satisfies (PS) condition. m
Now we are in position to prove our main result.

The proof of Theorem Set X = B = H}. From Lemma 6.3 we conclude
that for any y € H} the functional ¢(x) = 1 ||V(x) — yH%é satisfies (PS)
condition, i.e. the first assumption of Theorem 1.2 is fulfilled. Theorem
provides sufficient requirements for equation V'(x) = g to possesses
a unique solution in H} for any ¢ € H} which is equivalent to the second
assumption of Theorem 1.2. Therefore, V': ﬁé — ﬁé is a diffeomorphism

and the theorem is proved. m
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SECTION 6.5
Example

We finish the paper with an example of function satisfying assumptions
BAland BBl Let us assume v: Py x R — R is given by

ot x) = 5 (t =) (1 + (£ - 1))
fort, T €[0,1],t > 7, x € R. Since
In(1+45%2%) <In((1+5%)(1+2%)) =In(1+5%) +1In(1+2%) < |s| + |z|
for s,z € R, therefore

1
[o(t,T,2)] < 5 (E = 1) + 5 (0 =)

N —

Let us put

NI—=

&t 7) :%(t—r)

fort,T €[0,1],t > 7. Then

1) 2 1
el o, g //(t—w)ww<m

forallt, T € [0,1],t > T, p > 2. Consequently,

1
le1llr2(pym) < 5

hence condition (6.4) is satisfied. We see that

4(t — 1)3x?
14 (t—7)%x%

Nl—

ot T,%) = 2 (t— 1) In(1+ (F — 1)) + %(t _ 1)

2
Since In (1 +4?) < |a| fora € R and

4(t — 1)3x?
14+ (t—1)%2 —
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forallt,7 € [0,1],t > T and any x € R we see that the following inequal-
ity holds

(t— 1) 2|x| + 2P (t — 7).

N —

[o1(t, T, x)| <
Let us put
et T) = 2(t — 1)
2
and
do(t,T) = 2(t— 7).

In an elementary way it can be checked that ¢, dy € L?(Py,IRT). Let us

note that
1 1 Z(t — T)4x
t = _(t—17)2—~ 7~
ox(t, T, %) > 7) 1+ (t—1)%2
and
1 17(+ — )42
v (T, Xx) = ,(t_T)7/zx9+ (t—1) xz‘
2 (1+ (t — 7)%x2)
Observe
1
o(t, T, x)| < S(t=1)°2
and

|0 (8, T, x)| < 13(t —7)7/% |«

Thus we conclude that v satisfies assumptions [8Aland
Then we can formulate the following result. Note the existence of
the initial value problem for the related first order differential equation is

defined on the whole interval [0, 1].
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Proposition 6.1. The integral Volterra operator V: H} — H} defined point-
wisely for all t € [0,1] by

V(x)(t) = x(t) + /Ot %(t —D)2In(1 + (t — 7)*x (1)?) dx,
x(0)=0

defines a global diffeomorphism. Moreover, problem the initial value problem

—x=(t—1)2In(1 + (t — 7)*x?)

+ % /ot <(t - T)’% In(1+ (t—1)*?)

4(t — 1)3x?
14 (t—1)%x2

NI—

+%(t—r) >dT:w(t)

with x (0) = 0 has exactly one solution for any fixed of parameter w € L2 and

the solution depends in a C' manner in parameter w.






CHAPTER

Finite dimensional results
- invertibility without continuous
differentiability

In order to present our results we start with some preliminaries.

A function f : R" — RF is called locally Lipschitz continuous, if to
every u € R" there corresponds a neighbourhood V,, of # and a constant
L, > 0 such that

|f(z) = f(w)| < Ly||z—w| forallz,w € V,.

Ifk=1(f:R" — R)and u,z € R", we write f°(u;z) for the generalized
directional derivative of f at the point u along the direction z, i.e.,

fw+iz) - flaw)

(u;z) := limsup ;

w—u, t—0*

The generalized gradient of the function f at 1, denoted by of (1), is the

set
of (u) := {¢ € L(R%,R): (&z) < fO(u;z), forall z € R"}.

For the definition of a generalized Jacobian of a vector valued function
f : R" — R" we refer to [13] p. 69. We denote the generalized Jacobian at
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x again by df(x). For a fixed x the set 0f (x) being of maximal rank means
that all matrices in 0f (x) are nonsingular. This assumption is equivalent,
when f is smooth, with the assumption that det f'(x) # 0 for every x € D
where D C IR" is some open set. Compare with [66] where this condition
provides local diffeomorphism for a differentiable mapping. Note that
it is not enough to assume that det[f’(x)] # 0 whenever it exists, which

happens a.e. for a locally Lipschitz function.

A point u is called a (generalized) critical point of the locally Lipschitz
continuous functional | : R” — R if 0 € 9J(u). In this case we identify
L (R",R) with R" so that 9] (1) C R". ] is said to fulfill the non-smooth
Palais-Smale condition, see [53]], if every sequence (uy),en in R” such
that (J(u,))nen is bounded and

]O(”n;” —Up) > —&nlu — uyll

for all u € R", where ¢, — 0", admits a convergent subsequence. Our

main tool will be the following result based on the zero-altitude version
of Mountain Pass Theorem from [53], where we replace non-smooth (PS)
condition with coercivity which we require and which guarantees that
(PS) condition holds.

Theorem 7.1. [52] Let | : R" — R be a coercive locally Lipschitz continuous
functional. If there exist uy,uy € R", uy # up and r € (0, |[ux — uq||) such
that

inf{](u) : |lu — wi]| = r} > max{J (), ] (u2)}

and we denote by T the family of continuous paths vy : [0,1] — R” joining uq
and u», then

ci= §2§3%3§](7(5)) > max{J(u1), J(u2)}
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is a critical value for | on R" and K \{u1,u} # @, where K. is the set of

critical points at the level c, i.e.
Ke={ueR":J(u)=cand0 € dJ(u)}.

The basic properties of generalized directional derivative and gener-
alized gradient were studied in [13] and later in [50].

We consider locally invertible mappings f : R" — IR”" that are Fréchet-
differentiable and which need not be continuously Fréchet-differentiable.
Additionally, we assume that f is strictly (Hadamard-like) differentiable.
Let us recall that a function f : D — R" defined on a open subset D of R"
is strictly differentiable at xo € D, see [12] p. 30, if there exists an element
f'(x0) € R" (called the strict derivative) such that

im L@ =@ o) 2 forallz e RY

w—xg,t—07T t

provided the convergence is uniform for z in compact sets. We will de-
note any derivative at xop by f'(xp) and (-, -) stands for the scalar prod-
uct in R” and also for the action of linear mappings on R”. A continu-
ously Gateaux differentiable, thus a continuously Fréchet-differentiable
functional has necessarily the strict derivative which coincides with the
Fréchet derivative, see Corollary and its proof, p 32. [12]. On the other
hand a Fréchet-differentiable functional f : R" — R" need not be strictly
differentiable, see Example 2.2.3 p. 33 [12] in case n = 1. However, if f
is Fréchet-differentiable and locally Lipschitz and the generalized gradi-
ent reduces to a singleton, then both differentiability notions mentioned
coincide, see Propositions 2.2.1 and 2.2.2 from [12].

The methods which we apply are the known result on local diffeo-
morphism in case of Fréchet-differentiable mappings contained in [66]
and the Mountain Pass Theorem (MPT for short). Since the MPT works

either for C! functionals or for locally Lipschitz ones, we must use its
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locally Lipschitz counterpart. Using non-smooth critical point theory ap-
plied to a functional x — || f (x) ||* we provide sufficient conditions for
f to be global diffeomorphism. The local invertibility results we base on
is as follows, [66], see also [6] for a result concerning homeomorphism
only.

Lemma 7.1. Let D be an open subset of R". Assume that f : D — R" isa
Fréchet-differentiable map and the following condition holds:

e detf'(x) # 0 for every x € D.
Then f is a local diffeomorphism.

If f is strictly differentiable the Clarke subdifferential reduces to a
singleton, i.e. its strict derivative, see Proposition 2.2.4 page 33 [12]. Note
that a Fréchet-differentiable function f need not necessarily yield that the
Clarke derivative at x reduces to a singleton, namely to { ' (x)}, see the
mentioned Example 2.2.3 p. 33 [12].

With the above, see [25]].

Theorem 7.2. If f : R" — R" is a Fréchet-differentiable mapping such that

9A for any y € R" the functional ¢ : R" — R defined by

P () =5 If (<)~ Il
1S coercive,
9B for any x € R" we have det f'(x) # 0,
9C f :R" — R" is strictly differentiable,
then f is a diffeomorphism.
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Proof. By Lemma [7.1| condition 9B|implies that f defines a local diffeo-
morphism. Thus it is sufficient to show that f is “onto” and ”one to one”.

Let us fix any point y € R". Since ¢ is a composition of a C! mapping
and a strictly-differentiable mapping it is locally Lipschitz continuous
by Theorem 2.3.10 (Chain rule) p. 45 [12]. Moreover, by the mentioned
Chain rule and condition [9B| the Clarke subdifferential df(x) is equal to
{(f (x) —y) o f'(x)} forany x € R". Since ¢ is continuous and coercive it
has an argument of a minimum ¥, which, since ¢ is Fréchet-differentiable
as a composition of a C! functional and a Fréchet-differentiable mapping,

it satisfies the classical Fermat’s rule, i.e.

(f(®)—y)of(x)=0

which means that 0 = f/(¥)T o f (X) —y), where &T denotes the transpose
of the matrix ¢. Since by[9B|det f'(X) # 0, we see that f (¥) — y = 0. Thus
f is surjective.

Now we argue by contradiction that f is "one to one". Suppose there
are x1 and xp, x1 # X2, x1, X2 € R”, such that f (x1) = f (x2) =a € R™
We will apply Theorem We put e = x; — x2 and define mapping
g :R" — R" and a locally Lipschitz functional ¢ : R" — R by

§() = f(x+ ) —aand p(x) = 1 g ()]

Indeed, g is strictly differentiable and 1 is locally Lipschitz by the same
arguments as ¢ is. Note that ¢ (¢) = 1 (0) = 0. By [9A] ¢ is coercive, so
it satisfies the non-smooth Palais-Smale condition. The same conclusion
holds for functional .

Observe that g(0) = g(e) = 0. Consequently, since g is Fréchet-
differentiable

§(0+h) —g(0) =g'(0)h +o(h) = f'(x2)h + o(h) (7.1)
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for h € R", where TI(ThI)\ — Owhen h — 0. Fromthere exists ay, > 0
that || f'(x2)h|| > ay,||k|]. Thus from (7.1) we see that

[g(R)]] +%wx2||h|| > [I§(WI + llo(r)I| = |If' (x2)h]| Z ax,|R]]

for sufficiently small h such that |[o(h)|| < 3au,||h||. Thus, there exist
p € (0,]le]|), such that for all x € B(0, p)

1
()] = Fa ||x[- (72)

By the classical Weierstrass Theorem 1 has an argument of a mini-

mum over 0B (0,p) which we denote by w and which is non-zero and

1/1 2
P(w) > 5 (Zﬂxzp)

by definition of ¢ and by (7.2). Therefore

satisfies

inf (x) > 9 (w) >0 =g (e) = 1 (0). (7.3)

lxll=p
Thus by Theorem [7.1|applied to | = 1 we note that ¢ has a critical point
v # 0, v # e and such that

W' (v) = (f (v+x2) —a) o f/(v+x2) =0.

Since det f'(v + x2) # 0 we see that f (v + x2) —a = 0. This means that
P(v) = 0. By we obtain that ¢(v) = ¢ > ¢ (w) > 0. The obtained
contradiction shows that f is a "one to one" operator. m

Now we provide some result which extends a bit a result of Katriel.

Namely, see [25],

Corollary 7.1. Let X, B be finite dimensional spaces. Assume that f : X — B
is a C'—mapping, 1 : B — Ry is a C! functional and that the following
conditions hold
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10A (7 (x) =0<=x=0)and (' (x) =0<= x=0);

10B for any y € B the functional ¢ : X — R given by the formula

is coercive;
10C det f'(x) # 0 forany x € X;
10D there exist positive constants «, c, M such that

7 (x) Z cllx|* for [|lx]] < M.

Then f is a diffeomorphism from X onto B.

Remark 7.1. The notion of strict derivative (Hadamard-like) is not to be

confused with the notion of Hadamard derivative which reads

lim fxo+tz) —
t—0+ t

S0 _ #1(xy),2) forallz € R”

provided the convergence is uniform for z in compact sets. This notion
coincides with the Fréchet-differentiability in finite dimensional spaces
but it is irrelevant to our considerations, see remarks in [12] p. 30 con-

cerning classical derivatives.

SECTION 7.1
Applications to algebraic equations

We conclude this section with some applications of Theorem [7.2] to the
unique solvability of nonlinear equations of the form Ax = F(x) where
A is a nonsingular matrix and F is a C! nonlinear operator. We mention
papers [75]], [74] which concern existence and multiplicity of solutions to

such problems by variational and also monotonicity tools.
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In the following we consider the problem
Ax =F(x) +¢, (7.4)

where ¢ € R" is fixed, A is an n x n matrix which is not positive definite,
negative definite or symmetric; F : R” — IR" is a locally Lipschitz func-
tion. We consider R" with Euclidean norm in both theoretical results and
the example which follows.

Note that when A is such as above one cannot apply even the simplest
variational approach, i.e. the direct method relying on minimizing the

Euler action functional

J (x) = (Ax,x) = F (x) = (&, x),

and where F : R" — R is the potential of F. The difficulties are due to the
fact that term (Ax, x) need not be coercive nor anti-coercive. Moreover,
uniqueness which we achieve, in the classical approach requires strict
convexity of the action functional which is again an assumption rather
demanding.

In order apply Theorem [7.2]to the solvability of we need some
assumptions. Let us recall that if A* denotes the transpose of matrix A,
then A*A is symmetric and positive semidefinite. However, A*A being
positive semidefinite is not sufficient for our purposes. We assume what

follows
11A Matrix A is nonsingular.

By assumption we see that matrix A* A is positive definite with eigen-

values ordered as
O<A < <Ay
Now we can state the following existence theorems.
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Theorem 7.3. Assume that holds, F : R" — IR" is a locally Lipschitz
function and that the following conditions hold:

12A There exists a constant 0 < a < /A1 such that
IE (o)l < afx]
for all sufficiently large x € R",
12B det (A — F' (x)) # 0 for every every x € R".
Then problem has exactly one solution for any ¢ € R™.

Proof. We need to show that assumptions of Theorem [7.2| are satisfied.
We put ¢ (x) = Ax — F (x). In order to demonstrate [9A] we see that for
sufficiently large x € R"

lo () = |Ax = F (x)[| = [[Ax[| = |[F (x)]]

> (4 Ax,x) —alx|| > (VA —a) x|

Hence the function ¢ is coercive. From [12B]it follows that condition [9B]is
satisfied and |9C|is obviously satisfied. From Theorem [7.2}it follows that
@ is a global homeomorphism and equation has exactly one solution
forany i € R". m

Theorem 7.4. Assume that holds, F : R" — IR" is a locally Lipschitz
function and that the following conditions hold:

13A There exists a constant b > /A, such that
IF (Il > b x|
for all sufficiently large x € R",
13B det (A — F' (x)) # 0 for every every x € R™.
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Then problem has exactly one solution for any ¢ € R".

Proof. We put @1 (x) = F(x) — Ax and we observe that for sufficiently
large x € R"

s ()] = [IF (x) = Ax]| > [F (0)l| = | Ax]| > (b= v/Au) x|

Hence the function ¢, is coercive and the assertion follows as in the proof

of the above result. m

Remark 7.2. We note that in order to get coercivity of function ¢ in The-
orem [7.3]we can replace condition with the following assumption:

14A exist constants « > 0,0 < ¢ < 1 such that
IF ()| < el
for all sufficiently large x € IR".

Concerning Theorem[7.4]we can replace condition with the following

assumption:

15A there exist constants § > 0, § > 1 such that
0
|F (x)[| = B lx]]
for all sufficiently large x € IR".

-2 1
Example 7.1. Consider an indefinite matrix A =

] and func-
tion F : R? — R? given by
F(x,y) = (C+y4x+y+y°)

Consider on R? the Euclidean norm, that is ||(x,y)| = /x2+y2. We

recall that
(2, y)|| < 23¢/x6 + b
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Note that

F(x,y) = (°,9°) + (0,4%) + (v,y).
Hence
IE )l 2 [(29) ] = 10,40~ [ 0)]| = /x5 +yo —4- x| - V2Jy
> Iy =4+ Iy 2 5 1) P - 4V ()]

Let

¢ (x,y) =F(x,y) — A(x,y), (xvy) R

Note that

lo Ge, )l = IE (o) | = [[AGx, y)
> %H(?@y)ll3 —4V2|[(x )|l = Al (% w)ll

= 1wl (516017 - (sv2+1141) ).

From the last sequence of inequalities it results that ¢ is coercive.

One can easily see that F’ has the following form

3x2+1 0

F (x,y) =
(x¥) 4 32 +1

7

for any (x,y) € R2. Note also that

3x2 42 0

F' (x,y)— A=
(x.y) 0 3y>+3

One can easily see that
det (F' (x,y) — A) > 0.
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Sometimes it is easier to prove coercivity of ¢ (x,y) = F (x,y) — A(x,y)
directly than to use the growth conditions on the nonlinear term. More-
over, when we prove the coercivity directly, there is no need to assume
that A*A is positive definite. Thus from the proof of Theorems [7.3[and
[74lit follows that

Corollary 7.2. Assume that
o |Ax—F(x)]| = coas||x]| - co;
e det(A —F' (x)) # 0 for every x € R".
Then has exactly one solution for any fixed { € R".
There is some easy motivation to consider the algebraic equations.

Since some discrete problems can be written in a form of a nonlinear sys-

tem, see for example [2], [74], we shall undertake the following problem
Au= f(u), ueR" (7.5)

in case when the necessarily symmetric n x n matrix A need not be posi-

tive definite. We always assume that f has the following form
f = (fl:sz ...,fn) and
16A f; : R" — Ris continuous fork = 1,2,...,nand f; (0) # 0 for at least

onei=1,2,..,n.

We recall that a column of vector u = (uy,u,...,u,)" € R"is a solution
if substitution of u into renders it an identity. Moreover, 0 is not a
solution to due to

System can be treated as a representation of some discrete bound-
ary value problem which in turn arises as discretization of some contin-
uous models. Let us take for example the Emden-Fowler equation

d du
Z [ eZZ S —
dt(t dt>+tu 0
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which originated in the gaseous dynamics in astrophysics and further
was used in the study of fluid mechanics, relativistic mechanics, nuclear
physics and in the study of chemically reacting systems, see [73]. The
discrete version of the generalized Emden-Fowler equation (p(t)y’)’ +
q(t)y = f(t,y) received some considerable interest lately mainly by the
use of critical point theory, see for example [46]], [30]. The discretization
of the generalized Emden-Fowler type boundary value problem can be

put as follows
Apk—1)Ax(k—1)+q®)x () +fx(K)=0  (76)
with boundary conditions
x(0)=x(n), p(0)Ax(0)=p(n)Ax(n) 77)
and where
feC(LnxR—R), peC([o,n+1],R), g€ C([1,n],R)

p(n) # 0; [a,b] fora < b, a,b € Z denotes a discrete interval {a,a +
1,..,b}; A is the forward difference operator defined by Au(k) = u(k +
1) — u(k). The realization of the form of requires the following ma-

trices

p(0) +p (1) -p(1) 0 —p(0)
-p(1)  pM+pR)  —-p2)
M= 0 »@ @46 :
L —p(0) 0 0 ceo p(n—=1)+p(0)
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and
[ —q(1) 0 1
0 —gq(2 0 0 0
0 —q(3
0~ q‘( )
—q(n—1) 0
0 0 0 0 —q(n) |

Setting A = M+ Q, fx(x) = f(k x) and using the assumption that
p (n) # 0 we see that problem (7.6)-(7.7) has a form of a nonlinear system

(7.5). Indeed, in this case there is a "one to one" correspondence between

solutions to (7.5) and solutions to (7.6)-(7.7).
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CHAPTER

Future research directions

It seems that our methods and research approaches are applicable also
to some other problems. We may observe from what has been before
that the scheme which is applied in this book can be used for solving
nonlinear equations which are in some sense locally solvable. Then we
can define a suitable functional and if we can determine that it has some
mountain geometry then we can solve the equation globally. We would

suggest three possible directions:

e Volterra Integral Equations;

e Second Order Dirichlet Problem for ODE together with their ap-

proximation;

o Invertibility of locally Lipschitz mappings and related implicit func-

tion theorem.

Now we describe in some detail possible problems and motivations

for the above tasks.
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8.1. On Volterra Equations

SECTION 8.1
On Volterra equations

It is possible to investigate the nonlinear integral operator V : Wé’p —
I/N\/é’p defined pointwisely for all t € [0, 1] by

t
V(x)(t) = x(t) + / o(t, 7, (7)) dr. (8.1)
0
Thus V is considered with an initial condition
2(0) = 0. (8.2)

We would focus on showing that V' is a diffeomorphism under some
conditions imposed on the nonlinear term v. This in turn ensures that the

associated Volterra integral equation
t
x(t)+/ o(t, T, x(1)) dt =y (t) forte[0,1], x(0)=0, (83)
0

is solvable for any y € Wol ? and that the solution operator which assigns
to each y the unique solution to is of class C!. In other words, we
can say that solution to depends in a C! manner on a functional
parameter y. The proof would rely on a global diffeomorphism theorem
and on some ideas contained in Chapter 6 which followed [7] where
spaces of functions integrable with square are considered. Since such
spaces are Hilbert ones, the reasoning is of course much simpler. This is
not the case with p > 2 and therefore several technical problems have
to be overcome. Moreover, the global diffeomorphism theorem is more
involving since it now uses a duality mapping relative to a normalization
function ##~! and not a square of a norm as is the case in the Hilbert space
setting. The main technical difficulty is to demonstrate the Palais-Smale
condition which is required by the global diffeomorphism theorem, even
continuous differentiability of the functional under consideration is more

demanding without a Hilbert space structure.
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8.1.1 Suggested assumptions and foreseen main results

Let Py = {(t,7) € [0,1] x [0,1];T < t}. We assume, following sug-
gestions in [7], that function v : Py x R" — R" satisfies the following

conditions:
17A (i) the function v(+, T, ) is continuous on the set G := [0, 1] x R”"
fora.e. T € [0,1];
(ii) there exists v¢(+, T, -) continuous on G for a.e. T € [0,1];
(iii) there exists vy(+, T, -) continuous on G for a.e. T € [0,1];
(iv) there exists vy (-, T, ) continuous on G for a.e. T € [0,1];

17B (i) the function v(¢, -, x) is measurable on [0,1] for all (¢, x) € G,
there exist functions ¢y,d; € LP(P5,R™") such that

lo(t, T, x)| < c1(t,T)|x| +di(tT)

fora.e (t,T) € Pp, x € R" and
(p—

(-1
<1—2 v HClHLP(PA,lR)> >0;

(ii) the function v;(t,-, x) is measurable on [0,1] for all (¢,x) € G
and there exist functions ¢y, d> € LP(Py,IR™) such that

|oe(t, T, x)| < co(t, T)|x| +da(t, T)

fora.e. (£, T) € Py, x € R";

(iii) the function v, (t, -, x) is measurable on [0,1] for all (¢,x) € G
and locally bounded with respect to x;

(iv) the function vy(t, -, x) is measurable on [0,1] for all (¢, x) € G
and locally bounded with respect to x.
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Assumption [I7Ai) means that v is locally bounded with respect to x,
ie. for every p > 0 there exists k, > 0 such that for (t,7) € P and
x € B = {x € R": |x| < p} we have [v(t, T, x)| < k,. This follows by
the growth condition and since x is absolutely continuous.

Our main results considering the existence and differentiability of the

solution to Volterra operator would read as follows

Theorem 8.1. Assume that conditions hold. Then operator V defined
by (8.1)-(8.2) is a diffeomorphism.

Theorem [8.1] can be restated as follows.

Theorem 8.2. Assume that conditions hold. Then for any y € VNVS’p
problem has a unique solution which depends in a continuously differen-
tiable manner on the parameter y or in other words, the solution operator is a

diffeomorphism.
Main problems to be overcome here are as follows:
e Then the operator V : Wg’p — Wg’p given by is well defined.

e Fixx,g € Wé’p . Then the equation
t
h(t) —1—/0 vx(t, T, x(7))h(T)dT = g(1)

for t € [0,1] has a unique solution h € W&’p .

e V defined by is continuously Fréchet-differentiable on Wg’p

and its derivative reads
t
V! (£)h(t) = h(t) + / ox(t, T, £(7)h(T)dT
0
forh € VNV(}’p forany t € [0,1].
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e Continuous differentiability of

1
p(x) = EHV(x) —yH’il,p
1

dt.

pJo

+/ o(t, T, x(T dr

e Functional ¢ satisfies the PS-condition for any fixed y € Wé P

SECTION 8.2
On a second order Dirichlet problem

We consider in H}(0,1) N H?(0,1) solvability of the following Dirichlet

problem

{x() (6 (0) (), 64

x(0)=x(1) =0,

where f : [0,1] x R — R s ajointly continuous function and v € L?(0, 1),
together with its standard discretization suggested in [22] and in [42].
Such problems are well described in [47]. The idea of solving is
as expected via a global invertibility result and thus we investigate the

classical solution operator T given (pointwisely) a.e. on [0, 1] by
(Tx) () = 2() = f(, x()),

acting from H}(0,1) N H2(0,1) to L2(0,1).

As mentioned, we shall consider discretization also of as follows.
For a, b such thata < b < 00,4 € NU {0}, b € IN we denote N(a,b) =
{a,a+1,..,b—1,b}. Forafixed N € N, N > 2, the non-linear difference

equation with Dirichlet boundary conditions is given as follows

{ Ax(k—1) = & f (%,x(k)) + §20 <%> ‘ (8.5)
x(0) = x(N) =0,
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for k € IN(1, N —1). Here A is the forward difference operator, i.e.
Ax (k—1) = x (k) — x (k — 1) and we see that A%x (k—1) = x (k+1) —
2x (k) +x (k—1).

Now we introduce the idea of a non-spurious solution. This reads
as follows. Assume that both, continuous boundary value problem (8.4)
and for each fixed N € IN, N > 2, discrete boundary value problem (8.5),
are uniquely solvable by, respectively x* and xy = (xn(k))s_,. Then, if
v is at least continuous, solutions xp of converges to solution x* of
(8.4) in following sense

lim max
N—c0keN(0,N)

x* (%) — xN(k)‘ =0

Such solutions to discrete BVPs are called non-spurious. The spurious
solutions may diverge or else may converge to anything else but the so-

lution to a given continuous Dirichlet problem.

Example 8.1. The continuous problem

{ #(t) + Tx(t) =0,
x(0) =x(n) =0

has an infinite number of solutions x(t) = csin Z! (c is arbitrary) whereas
its discrete analogue A%x (k) + Z—sz(k) =0, x(0) = x(n) = 0 has only one
solution x(k) = 0. The problem %(t) + %x(t) =0,x0) =0x(n) =1
has only one solution x(t) = sin 2,
%x(k) =0, x(0) = 0, x(n) = 1 also has one solution. The continuous
problem X(t) 4+ 4sin® Zx(t) = 0, x(0) = 0, x(n) = & # 0 has only one

solution

and its discrete analogue A%x(k) +

sin ((2sin %) t)
sin ((2 sin %) n) ’

x(t) =¢

whereas its discrete analogue A%x (k) +4 sin® Zx(k) = 0, x(0) = 0, x(n) =

¢ # 0 has no solution.
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The definition of a non-spurious solution which we employ follows
from paper [62] and is given as in [27]. The existence of a non-spurious
solutions have been considered by variational methods in [27] while pre-
viously there had been some research in this case addressing mainly prob-
lems whose solutions where obtained by the fixed point theorems and the
method of lower and upper solutions, [63], [69].

Main problems to be overcome here are as follows:

e Proper functional setting: typically variational second order prob-

lems are considered in H}.

e Denote L? := [2(0,1). H? denotes space of those functions form H!
for which x € H'. We define H} := {x € H' : x(0) = x(1) = 0}.
The following inequalities hold for any x € H}, see [32],

Ixlleo < Nllli2, lxllzz < %22

What is the relation between norms in H? N Hé and in Hé

e What are the properties of the following functional ¢ : H> N H} —
R by

o)1= T~y = 5 [ 15— £(0,2()) — y(0) Pt

e Solvability of the related discrete boundary value problem and the

bound on its solution in a uniform manner.

SECTION 8.3
On invertibility of locally Lipschitz mappings

The finite dimensional version of the Hadamard-Lévy theorem, recalling

the following result
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Let E, F be two Banach spaces and f : E — F be a local diffeomorphism of
class C! which satisfies the following integral condition
min

0 lxl=r £ =

Then f is a global diffeomorphism

was extended to locally Lipschitz functions by Pourciau, see [58], [59].
This extension as expected involves a finite dimensional setting since
as mentioned before, one cannot expect any relevant results in infinite
dimensional Banach spaces. If A is a square matrix we denote [A] =

inf || Au].
[[ul| =1

Theorem 8.3 (Pourciau’s theorem). Let f : R" — IR" be a locally Lipschitz
function and suppose that the generalized Jacobian o f (x) is of full rank for every
x € R". Let m(t) = inf [0f (z)] = inf inf [A]and suppose that

(t) = inf Bf ()] = inf = inf 4] pp

/Ooom(t)dt:Jroo

Then f is a bijective function and the inverse of f, that is f~*, is a locally Lips-
chitz function.

Based on our earlier motivation we are concerned with generaliza-
tion of our previous results to the case of a locally Lipschitz setting as
suggested by our preliminary results contained in [28]. Due to explana-
tion contained in [61] we must resort to finite dimensional setting since
there are no contained local results in the infinite one. We will provide
conditions for the existence of a global implicit function for the equation
F(x,y) = 0, where F : R" x R"™ — R™ is a locally Lipschitz functions.
The following theorem is a finite dimensional counterpart of the main

result given in [35].
Theorem 8.4. Assume that F : R" x R™ — R" is a C! mapping such that:
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18A for any y € R™ the functional ¢, : R" — R given by the formula

1 2
o ()= 5 I ()]
is coercive, i.e. lim||x||_e0 Py (X) = +00;
18B the Jacobian matrix Fy(x,y) is bijective for any (x,y) € R" x R™.

Then there exists a unique function f:R™ — R" such that equations
F(x,y) = 0and x = f(y) are equivalent in the set R" x R™, in other words
F(f (y),y) = 0 forany y € R™. Moreover, f € C}(R™,R").

We see that using the following local result which is a recent one and
which shows (in the application contained in the source mentioned) that

such results are of some interest.

Theorem 8.5. [68]Assume that F : R" x R™ — R" is a locally Lipschitz
mapping in a neigbourhood of a point (xo, yo) such that F (xo,yo) = 0. Assume
further that 0xF(xo,yo) is of maximal rank. Then there exists a neighborhood
V C R™ of yo and a Lipschitz function G : V. — R" such that for every y in V
it holds F(G(y),y) = 0and G(yo) = xo.

one can obtain the locally Lipschitz counterpart of the above result.

Problems appearing here are as follows:

e Finding proper chain formula. There is one chain formula which
is commonly used for differentiation in the sense of Clarke. But
it requires that the outer function is Clarke differentiable and the

inner function is continuously differentiable.

o Clarke differentiability of
1 2
¢y (x) = 5 [IF (x, )l
when F is locally Lipschitz.
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e Verify the mountain geometry for a locally Lipschitz functional. It
is much more difficult in this case due to fact that the intermediate
value theorem works differently and also one lacks the nice Taylor

expansion methods.
e Extending application to algebraic equation to this setting.

e Relation with existing results.
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In this appendix we remark on solving by using a critical point theory
to Dirichlet problem. We will show how classical method works and de-
scribe possible problems which would appear in the application of The-
orem [1.2| This shows that method provided in Theorem [1.2) must be suit-

ably amended in the future in order to make it more applicable.

Problem on the finite interval

We firstly consider

{ i(t) = f(tx(t), (A1)

where f : [0,1] x R — R is a jointly continuous function. We formu-
late such a problem in order to compare with solutions obtained with the
aid of Theorem [1.2land to describe how variational methods work in the
classical setting. We describe at the end difficulties which would appear
in investigating this problem within the global invertibility framework.
This means that with problem under consideration we must associate the
Euler action functional, prove that this functional is weakly lower semi-
continuous in a suitable function space, coercive and at least Gateaux
differentiable. Given this three conditions one knows that at least a weak
solution to problem under consideration exists whose regularity can fur-
ther be improved with known tools. Such a scheme, commonly used
within the critical point theory is well described in the first chapters of
[47].
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The solutions to (A.1) will be investigated in the space H} ([0,1],R)
consisting, as we recall, of absolutely continuous functions satisfying the
boundary conditions and with a.e. derivative being integrable with square.
Such a H} ([0,1],R) solution is called a weak one, see [47], i.e. a function
x € H} ([0,1],R) is a weak H; ([0, 1], R) solution to (A.1), if

1 ) ) 1
Axuywwdﬁgéfuﬂu»vu)w:o (A2)

forallv € H} ([0,1],R). In order to obtain (A.2) one multiplies the given
equation by a test function and next integration is performed.

The application of variational methods allows one to obtain only weak
solutions which are easy to obtain with classical tools. The question arises
what is the relation between equation and its weak solution. It can
be described as follows by introducing the notion of a classical solution.

The classical solution to (A.1) is then defined as a function
x : [0,1] — R belonging to H} ([0,1],R) such that X exists a.e. and
¥ € L'([0,1],R). Since f is jointly continuous, then it is known from
the Fundamental Theorem of the Calculus of Variations, see [47], that x
is in fact twice differentiable with classical continuous second derivative.
Thus x € H} ([0,1],R) N C?([0,1]). This means that any weak solution is
in a fact a classical one and that is why we look only for weak solutions
getting at the same time classical ones.

Let

F(t,x) = /Oxf(t,s) ds

for (t,x) € [0,1] x R. We introduce the following action functional
J: H ([0,1],R) — R given by

H@Z;Aﬂﬂgﬁm+4¥uﬂa»w. (A3)
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Let us examine | for a while. Due to the continuity of f functional ] is
well defined which means that ] (x) < oo for any x € H; ([0,1],R).
Recall that the norm in H} ([0, 1], R) reads
1 .
Ixll =/ [ Fece) 2t
0
Then we see that

x5 [l R =3 1)

is a C! functional by standard facts. Its derivative is a functional on
H} ([0,1],R) which reads at a fixed x € H} ([0, 1], R)

v|—>/015c(t)z')(t)dt

for any v € H} ([0,1],R). Concerning the nonlinear part we see that for

any fixed v € H} ([0,1], R) (which is continuous of course) function

£>—>/01F(t,x(t)+sv(t)) dt

considered on (0, 1) (where the integral we can treat as the Riemann one)
due to the Leibnitz differentiation formula under integral sign is C! and

the derivative of

xr—>/01F(t,x(t)) dt

is a functional on H} ([0, 1], R) which reads

v>—>/01f(t,x(t))v(t) dt

if we recall that



Problem on the finite interval

compare this with equation (A.2). Since the above is obviously continu-
ous in x uniformly in v form unit sphere, we see that | given by is
in fact C'. This procedure is common in obtaining derivatives of integral
functionals, see [70]. Now we describe how to link solutions to (A.1) with
critical points to J. We see that a derivative of | calculated at any point
x € H} ([0,1], R) reads

]’(x)v:/olx(t)z)(t) dt+/01f(t,x(t))v(t) dt

forallv € H} (0,1], R). Thus equating J’ (x) v = 0 we obtain that a criti-
cal point to J, i.e. a point satisfying |’ (x) v = 0 for all v € H} ([0,1],R) is
a weak solution to and thus a classical one.

Recall also Poincaré inequality

1 2 Lo,
/ny(t)\ dtgﬁ/ox (1) dt

and Sobolev’s one

1
b < [ |x(t)[*at.
max [x ()] < [ }(0)]

We sum up the assumptions on the nonlinear term in (A.1)) since in or-
der to get the above mentioned observations continuity of f is sufficient.

We assume that

Al f:[0,1] x R — Ris a continuous function such that f (t,0) # 0 for
te0,1];

A2 f is nondecreasing in x for all t € [0, 1].

We recall here a bit about convex functions, see [70]. Since f is nonde-
creasing in x by [A1l and since f is a derivative of F it follows that F is
convex in x for all + € [0,1]. This means by the definition of convexity
that for all u,v € Rand all t € [0,1] we have

F(t,v) — F(t,u) > F' (t,u) (v —1u).
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Since F’ (t,u) = f (t,u) we see that the above inequality reads
F(t,v) — F(t,u) > f(t,u) (v—u) (A4)

forallu,v € Rand allt € [0, 1]. Note also that this an important property
of convex functionals that pointwise convexity of an integrand provides
convexity of the integral functional. This means that inequality (A.4) pro-

vides at once its integral counterpart and convexity of F implies that of

xH/OlF(t,x(t)) dt.

Proposition A.1. Assume that [A1| and [A2] are satisfied. Then problem
has exactly one nontrivial solution.

Proof. Firstly, we consider the existence part. Note that by the classical
Weierstrass Theorem there exists ¢ > 0 such that

If(£,0)| <c (A.5)

for all t € [0,1]. Since F(t,0) = O for all t € [0,1], F' (t,u) = f(t,u)
we obtain taking v = x, u = 0 from (A.4) and from estimation (A.5) the

following inequality
F(t,x) =F(t,x) — F(t,0) > f(t,0)x > — |f (£,0) x| > —c|x]|  (A.6)

which is valid for any x and all for all ¢+ € [0,1]. We observe that from
(A.6) we get
F(tlx) 2 —C|X| (A7)

forallt € [0,1] and all x € R. We see by Schwartz and Poincaré inequal-

ities that
' d : 24 —1
t t < t t < .
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Integrated the both sides of (A.7) for any x € H} ([0, 1], R) we obtain

-1 1 C
/O F(tx (1)) dt > —c/o e (B)] de = == ]

Therefore .
> = xl? = Sl .
J(x) > 5 [l = < ] (A8)

Hence from (A.8) we obtain that | is coercive. Note that x — 3 x| is
obviously w.l.s.c. on H} ([0,1],R). Next, by the Arzela-Ascoli Theorem
and Lebesgue Dominated Convergence, see these arguments in full detail

in the proof of [47, Theorem 1.1], we see that

x»—)/OlF(t,x(t)) dt

is weakly continuous. Thus ] is weakly l.s.c. as a sum of a w.l.s.c. and
weakly continuous functionals. Since ] is C! and convex functional it has
exactly one argument of a minimum which is necessarily a critical point
and thus a solution to (A.1). Putting x = 0 in (A.I) one see that we have

a contradiction, so any solution is nontrivial. m

Remark A.1. In order to get the existence of nontrivial solution to (A.1)
it would suffice to assume that f (fp,0) # 0 for some fy € [0,1]. More-
over, there is another way to prove the weak lower semincontinuity of J,
namely show that | is continuous. Then it is weakly l.s.c. since it is con-
vex. However, in proving continuity of | on Hé ([0,1],R) one uses the

same arguments.

Remark A.2. As we saw from the previous consideration the application
of Theorem would require the investigation of the following func-
tional ¢ : H2([0,1], R) N H}([0,1], R) — R by

p(e) = Sl Txle = 2 [ (0) — (6 x(0) Pt
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In contrast to the already described method we would need to look for
solutions in H?([0,1],R) N H}([0,1],R), thus we already obtain the ex-
istence of a classical solution by the properties of the space in which it
is considered. However, assumptions leading to the existence of solu-
tion seem insufficient for our purposes. However, as asserted before, it
would be possible to use Theorem [1.2|for our case also with some addi-
tional assumptions. Indeed, concerning the examples of nonlinear terms

any nondecreasing f is of order bounded or unbounded, see
B f(tx) =g(t)exp (x—£),
(i) f(t x) = g(t)arctan (x),
(iii) f(t,x) =g (t) x> +exp (x — ),

where ¢ is any lower bounded continuous function with positive values.
Thus we see that with examples (i) and (iii) would not get coercivity of ¢.
Therefore there is no direct link between coercivity of | and ¢. However,
restricting the growth would help us obtain coercivity of ¢. The main
problem here is the convexity of F. If only F is bounded from below then
by coercivity of the norm, we get coercivity of J. As concerns ¢ coercivity

would rather be reached by investigating coercivity of the term

o [ R ar - i\//ol [, x(6)) P

which obviously requires that f is restricted in growth.

Problem on the infinite interval

Symbol L? ([0, +0),R) for p > 1 means the space of such measurable

real valued functions defined on [0, +-o0) that

/ lu (B)F dt < +co.
0
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We say that u € H} ([0, +0),R) if u € L?([0, +o0),R) and if there exists
a function ¢ € L?(]0, +0),R), called a weak derivative and such that
+o00 ] +o0
| umemar=— [ gwe() d

for all ¢ € CZ(]0,+0),R), where C ([0, +0),R) is the space of com-
pactly supported functions from C*® (|0, +o0),R). We denote 11 := g. We

endow the space H} ([0, +o0), R) with its natural norm

full = ([ o ar+ [ paco? dt)%,

associated with the scalar product

(u]v) = /OJroou(t)v(t) dt + /()+Oou(t)v(t) dt

Assume that f : [0, +o0) x R — R is a Carathéodory function. In the
space H} ([0, +o0),R) we consider the following Dirichlet problem

{ —ii(t) +u(t) = f(t,u(t)), (A9)
u(0) = u(+e0) =0.

We investigate solutions to (A.9) as critical points to the Euler action func-
tional | : H} ([0, +o0),R) — R given by

2/+0o dt+2/ |2dt—A/+oc> (t,u(t)) dt

(A.10)
F(t,u) = /Ouf(t,s)ds

Let p : [0, +00) — (0, +00) be a continuously differentiable and bounded

where as always

function such that M = 2max (|| p| 2, ||P||12) < +ce.
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In order to have term
+00
/ F(t,u(t)) dt
0
well defined we assume that

A3 for any constant r > 0 there exists a nonnegative function h, for

which }Z € L'([0, 40 R) such that

f (0 7t)| <o

sup
ly|<r

fora.e. t € [0,).

As it is common with variational problems for O.D.E. (A.9) admits two
types of solutions, namely a weak and a classical one. Function
u € H} ([0, +00), R) is a weak solution of (A.9) if

+oo +00 +oo
/ dt+/ yat— [ F(tu(t))o(t) di =0
0 0

for all v € H}([0, +0),R) Function u € H}([0, +o0),R) is a classical so-
lution to if both u and u are locally absolutely continuous functions
on [0, +o0),
—ii(#) +u(t) = f(tu(t))

for a.e. t € [0,00) and the boundary conditions #(0) = u(+c0) are sat-
isfied. We would like to recall that any function u € H}([0, +0), R) is
locally absolutely continuous, i.e. absolutely continuous on any closed
bounded interval contained in [0, +-c0) however it is not in general abso-
lutely continuous on the whole half line which makes the problem dif-
ferent from the classical bounded one. Another difference is that we lack

now the Poincaré inequality, which means that the term

+°° 2 4 H|*d
3 P e [P a
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is responsible for coercivity of the norm. Thus whatever assumptions we
impose on f, we would never get coercivity of the corresponding func-
tional ¢ in an easy and direct manner. Thus we think that in order to
apply Theorem 1.2]one need to have two factors: Poincaré inequality and

some regularity of solutions.
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