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1. INTRODUCTION

In this note we will consider the following discrete boundary value problem which is

subject to a certain parameter, namely

A (|Au(k — 1)|PF=D=2Au(k — 1)) + f(k,u(k),w) =0, ke N(1,T), (L1)
u(0)=u(T+1)=0, '

where T' > 2 is an integer, A is the forward difference operator defined by Au(k) =
u(k +1) —u(k), u(k) € R for all k € N(1,T), for fixed a,b such that a < b < o0,
a € NU{0}, b € N we denote N(a,b) = {a,a+1,...,b—1,b}, f: N(1,T) xRxW — R,
w € W, the space W is some topological space (in most applications one takes R in
place of W), p: N(0,T) — [2, +00).

Put

“ = min p(k), p"= max p(k).

kEN(0,T) kEN(0,T)
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The boundary value problem for a discrete anisotropic equation has been a very
active area of research recently, we refer to the references by [2—4,6,10,16,17]. The
authors have studied the boundary value problems with the Dirichlet, the Neumann
or periodic conditions using critical point theory.

Our goal is to find conditions under which problem (1.1) has or has not solutions
with respect to any parameter from some set (see for example [7,11]). The approch
relies on the application of the direct method of the calculus of variations and the
mountain pass technique, which is a basic tool in critical point theory ([15,18,20]).
Apart from that we investigate the continuous dependence on parameters, where we
do not need to have the mountain pass geometry. The continuous dependence on
parameters has been discussed for instance by [5,7,13,21]. In this paper we consider
the same boundary conditions as in [7], but the main operator involves a variable
exponent, the p(k)-Laplacian being a generalization of the p(x)-Laplacian ([9]). Based
on the results in the area of differential equations ([12,19]) we examine some problem
within a non-variational framework. The uniqueness of solutions is undertaken too.

The paper is organized as follows. Firstly, we provide some auxiliary materials.
Then we give a variational formulation of the considered problem. The existence of
nontrivial solutions and the continuous dependence on parameters are investigated
in the next section. The example is also provided. Afterwards we focus on finding
conditions under which the examined equation has an unique solution. Further, we
examine some non-variational problem. The nonexistence of solutions is the subject
of the last section.

Let F(k,z,y) = [ f(k,s,y)ds for all (k,z,y) € N(1,T) x R x W.
0

We assume that the nonlinear term satisfies:

(HO) f e C(N(L,T) x R x W;R);
(H1) there exist constants ¢ > 0 and r > p* such that

|F(k, 2, )| < e(1+ [2) for all k € N(1,T), (z,y)€R x W

(H2) limg_0 fkey) g uniformly for all kK € N(1,7T), y € W;

‘z|p+—l

(H3) there exists a constant g > p™ such that
0 < pF(k,z,y) <xf(k,z,y) forall k e N(1,T),xz € R\ {0} ,y € W;
(H4) there exist constants c1,ca > 0 such that
F(k,z,y) > 1]zt —cg for all k € N(1,T),z € R, y € W.
The condition f € C(N(1,T) x R x W;R) means that for each k € N(1,7T) the
real valued function f (k,-,-) is jointly continuous on R x W.

By a solution to problem (1.1) we mean such a function u : N(0,7 + 1) — R,
which satisfies the given equation on N(1,7") and the boundary conditions. Solutions
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are investigated in the space E of functions v : N(0,7 + 1) — R such that u(0) =
u(T + 1) = 0. We will consider the space E with the norm

- 3
nw=<XNMM—mﬂ.
k=1

In the space E we can also (like in [3]) introduce the Luxemburg norm
T+1
Au(k — 1) ptk=1)
—infdo>0: ) [ZHE | <1y,
ull,,, = in {v > ; . <

Since F has a finite dimension these norms are equivalent, therefore there exist con-
stants Ly > 0, Ly > 1 such that

Ly lfull < llull < L lull, (1.2)
Now, let ¢ : F — R be given by the formula
T+1
()= [Aulk — 1P,
k=1
then inequalities
+ - .
lllZr, < o ) <l i ull,e < 1, (1.3)
_ .
lullPy, < o ) < lull%, if full,) > 1 (1.4)

hold.

2. PRELIMINARY RESULTS

First, we recall some essential tools from critical point theory. Let E be a real reflexive
Banach space and J € C!(E,R). We say that J satisfies the Palais-Smale condition
— the (PS) condition for short - if for any sequence {u,} C F, such that {J(u,)}
is bounded and J '(un) — 0 as n — oo, there exists a convergent subsequence. This
condition is needed for the mountain pass lemma.

Lemma 2.1 (Mountain Pass Lemma [20]). Let E be a real reflexive Banach space.
Assume that J € CY(E,R) and J satisfies the (PS) condition. Suppose also that:

1) J(0) =0,
2) there exist p > 0 and o > 0 such that J(u) > « for all uw € E with ||u|| = p,
3) there exists uy in E with ||ui|| > p such that J(u1) < a.
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Then J has a critical value ¢ > «. Moreover, ¢ can be characterized as

inf max J(u),
g€lueg([0,1])

where ' = {g € C([0,1], E) : g(0) = 0,g(1) = u1 }.

The functional J is called anti-coercive if lim J(z) = —oc.
llzll =00
Directly from the definition of the (PS) condition and the notion of anti-coercivity we

get the following lemma.

Lemma 2.2. Let E be a finite dimensional Banach space and let J € C*(E,R) be
an anti-coercive functional. Then J satisfies the (PS) condition.

Proof. Suppose to the contrary, i.e. suppose that in a finite dimensional Banach space
the Gateaux differentiable anti-coercive functional does not satisfy the (PS) condition.
There exists an unbounded sequence {u,} such that J (up) — 0 as n — oo and
sequence {J(uy,)} is bounded. There exists a subsequence {u,, } such that |u,, | —
+00 as k — oo (since {u,} is unbounded) and by anticoercivity we get J(uy,, ) — —oo.
The contradiction completes the proof. O

Let us also recall the inequalities which we use throughout the paper (see [8]):
(A1) for every u € E and for every m > 2 we have

T+1

T
Do 1Ak =)™ < 2™ fulk)™
k=1 k=1

(A2) for every u € E and for every m > 1 we have

T T+1
Do lu®)™ <T(T+1)™ Y [Aulk = 1)
k=1 k=1

(A3) for every u € E and for every m > 1 we have

T+1
D 1Auk =)™ < (T + 1) [fu]™;
k=1

(A4) for every u € E and for every m > 2 we have

T+1 )
S lAu(k — )™ 2 (T + 1)
k=1

m m
[l ™

(A5) for every u € E we have

T+1
37 Au(k = 1)[PED < (T + 1) |uf? + (T +1).
k=1
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3. VARIATIONAL SETTING

For a fixed parameter w € W solutions to problem (1.1) correspond to the critical
points of the following functional J,, : E— R:

T+1

Z oy | Au(k = 1)[PED — ZFk: u(k (3.1)

Lemma 3.1. Assume that (HO) holds and let a parameter w € W be fized. Then
u € E is a critical point of Jy, if and only if u solves the problem (1.1).

Proof. Let us fix u, h € E. We consider a function ¢ : R — R defined by

Y(e) = Jy(u+eh)
T+1

- Zﬁ|A(u( — 1) +eh(k — 1)) [P — ZF k,u(k) 4+ eh(k),w).

k=1

Recalling that & (0) = h(T + 1) = 0 we obtain, what follows by summation by parts
(see [1]),

T+1

Z |Au(k = 1)[PED 2 Au(k — D)ARK — 1) = > f(k,u(k), w)h(k)
k=1

:|Au( PO =2 Au(T)AR(T) + |Au(k — )\p(’“’l)’2Au( — 1)h(k —1)|F+

Z (1At = 1)PE=D=2 Au(k = 1) ) h(k Zf (k. u(k), w)h(k)

Mﬂ

( (|Au D)[PE=D=2 Aq(k — 1)) . f(k,u(k),w)) h(k).

k=1
Since h was arbitrarily fixed, we arrive at the assertion. O

By the above lemma, it easy to obtain the following result.

Lemma 3.2. Assume that (HO) holds. If u is a solution to problem (1.1), then

T+1 T
Z |Au(k — 1)[PF D=2 Au(k — 1)Ah(k — 1) = Z f(k,u(k),w)h(k) foranyheE
- (3.2)
and
T+1 T
DAk = )PED =3 f (kyuk), w) ulk). (3-3)

k=1 k=1
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4. EXISTENCE OF NONTRIVIAL SOLUTIONS

In this section we consider the existence of solutions to equation (1.1). Note that the
solution which we obtain need not be unique. We will study the question of uniqueness
of solutions in the next section. However, solutions which we obtain are necessarily
nontrivial. We also investigate the continuous dependence on parameters.

Theorem 4.1. Assume that conditions (HO), (H2), (H4) hold. Then for any w € W
problem (1.1) has at least one nonzero solution.

Proof. Let us fix w € W. We shall show that J,, defined by (3.1) satisfies the assump-
tions of Lemma 2.1. By (H4), (A5), (Al) and (A4), we obtain, for any u € E,

T+1
Ju(w) =Y syl Auk — HPED — ZFk u(k), w)
k=1 k=1
T+1 T
< LS |Au(k = 1)PED =3 (e u(k)* = o)
k=1 k=1 (4'1)
. T
< LT+ Dl + (T +1) —clz|u N+ e

2—p
g%(T+1)||u|\P —e2*(T+1)7 |ul" + 2(T+1) + T

and, as a consequence, Jy,(u) — —o0 as ||u| — +o0, since u > p*. By Lemma 2.2, it
follows that J,, satisfies the (PS) condition.

+
By (H2), for any given 0 < € < %, there exists 4 > 0 such that for all

|z| < & we have
\f(k,z,y)| <elzlP” ! forall keN(1,T), yeW.

For 0 < x < § we observe that

IF (k,z,y)) = / F(k, 5, y)ds| < / (k. 5,9)] ds
0 0

z x i ¥ +
+_ +_ sP xP z|?
S/6|s|p 1ds:5/s” 1ds:5—+|§:5—+:6%
p D p
0 0
and for —§ < x < 0 we obtain
0

‘F(kaxay” = /f(kvsvy)ds = /_f(kvsvy)ds
0

0

x
0 N +
—5)P P
< /E|S|p+71 ds=5/(—s)p+_1d3: —5( ) 12 :€|x| :
xr

x
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S+

Finally, for any 0 < € < % there exists 6 > 0 such that for all |z| < § we have
[

|F(k,z,y)| < 5p—+ for all k e N(1,T), y € W. (4.2)

Take v € FE such that |u(k)] < 6, for any & € N(1,7). Then, for any
ke N(1,T+1), we get |[Au(k — 1)| < 2. Hence

T+1 3 1
ull < 2(2 52> =20(T+1)=.
k=1

Let u € E with |Jul]]| < 1. Then |Au(k —1)| <1 for any k£ € N(1,7 + 1), so by (A4)
we obtain

T+1 T+1
> JAutk = DPFY 23 JAuk - DI 2 (T + 1) (4.3)
k=1

k=1

Put 7 = min (25 (T +1)? ,1). For u € E with |[u]] < 7, by (4.2), (4.3), (A2) and
(A3) it follows that

T+1
Juw(u) =" ooy | Aulk — 1P — ZFkuk) w)
k=1 k=1
1 1 & N
> — > |Au(k — 1Pty —672 lu(k)[P
p k=1 p k=1
1 2= + 1 + +
zp—Jr(T+l) > —5p—+T(T+1)p [P

+ 1 pt

— P’ (4 e,

So, there exists positive numbers 0 < p < n and

"
o= [;:Jr ((T + )
such that J,(u) > « for all u € E with |lu]| = p. It is also obvious that J,,(0) = 0.
Since J,, is anti-coercive, there exists u; which satisfied condition 3 from the Mountain
Pass Lemma. Therefore, the functional .J,, has the mountain pass geometry.
By the Mountain Pass Lemma (see Lemma 2.1), functional .J,, has a critical value
¢* > 0, i.e. there exists u* € F such that J,(u*) = ¢* and J/,(u*) = 0. It is obvious
that u* # 0, because J,,(0) = 0. The critical value ¢* can be characterized as

P T (T+ 1)?*)

Juw(u®) = ;gﬁtgl[%J w(9(t)), (4.4)

where I' = {g € C([0,1], E) : g(0) = 0, g(1) = u1}. We have shown the existence of
a solution to problem (1.1) for any parameter w € W. O
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Next, we prove that for a fixed parameter all solutions of (1.1) are bounded.

Theorem 4.2. Assume that conditions (HO)—(H4) hold. Let a parameter w € W be
fized. If u is a solution to problem (1.1), then there exists constants Cy, Ca > 0 such
that 01 S HU,H S 02.

Proof. We will distinguish two cases. First we will assume that u is a solution to (1.1)

such that [[ul[,, < 1. Put v = W By (H2), for any given 0 < & < =, there
2

exists ¢ > 0 such that for all |z| < ¢ we have
\f(k,z,y)| <elzlP" " forall keN(1,T), yeW.

By (H1), there exists a constant ¢, > 0 such that for all |z| > § we have
|f(k,z,y)| < celz|™t forall ke N(1,T), y € W.

Indeed, if |z| > J then

. 1 .
1+ 27! < <5r_1+1> |71,

SO
(k@) < e+ 2] < eefal™™,

where ¢, = (5%1 + 1) . Thus for any given 0 < € < -, there exists a constant c. such
that
+
If(k,z,y)| <elzfP '+ colz[™t forall ke N(1,T), y € W. (4.5)

By (1.3), (3.3), (4.5), (A2), (A3) and (1.2), we get

T+1

lullZ0y < @ (u) = 3 |Aulk = DPED =37 F (b, ulk), w) u(k)
k=1 k=1

T T
<e Y fulb)l e Juk)”
k=1 k=1
<eT(T+1) [ul” +eT(T+1) |lul”
+ ot + "o r
SeT(T+ 1" Ly fullpy +eT (T +1)" Ly [|ull,.
Hence )
s (T @y g
p(-) = c.T (T—|— 1)T L '
Put

1
o _(1=r@+ 17 s\t
' T(T+1) c.Ly '
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Notice that 0 < 51 < 1. Indeed, we get
0<1—eT(T+1)P I8 <1

because 1

T(T +1)p L8
By definition, ¢, > 1 and Ly > 1, therefore ¢.T (T +1)" L5 > 1. Thus 0 < Cy < 1.
In the second case, we will assume that w is a solution to (1.1), such that
[[ull,y = 1. Then, we can find constant C3 > 1 such that [lu[],., < Ca.
By (H3), (4.4), (4.1) and (1.2) we deduce that

+ZFku kau Yu(k)

< +uZ e, u(k), w)yu(k) =Y f(k,u(k), w)u(k)

k=1

= udy f Jw < Juw (t
pw(u) = “;Iéruéf(%)xu) (9(2)) s (tu1)

u .
= pmax J, | tuy | 1||p( ) < pmaxJy, L
te[0,1] ||u1||p(~) t20 ”ul”p()

gum%((p%(Tﬂ)Lg*tp a2 (T D) L 4 Tey + - (T+1))
t>

0<e<

where u; is an element in the space E which satisfies condition 3 from the Mountain
Pass Lemma. On the other hand, by (3.1) and (3.3), we get

+2Fku ka:u Yu(k)

T+1
“Z |Au |p(k 1 _ ZlA“ ‘p(k 1)
T+1 T+1
> uf Z [Au(k — 1)PED =3 " Au(k — 1)[PEY

k=1
1 T+1
= <M+ - 1) > |Au(k — 1)ty
p k=1
As a consequence, we obtain
T+1
(1 1) 22 18t = e

Sur&ag((p—,(TJrl)Lg ' =2 (T 1) Lt 4 Tes+ 1 (T+1))
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Bearing in mind (1.4) we have

1 .
_ p
(Mp+ 1) Hqu(.)

<MT§§(%(T+1)L§% a2 (T D) L 4 Tey + = (T+1))

The function
r(t) = =(T+ DIE " — 27 (T + 1) S LM+ Ty + (T +1)

is continuous, lim r(t) = —oco and achieves its maximum at the point
t—>00

1
p—pT

%(T + 1)Lg pt

to =
21 (T+1) 7 Lhu

Therefore, we may put

+ —
~ u(p%(T—i—l)Lg th' — 1270 (T + 1) 7 Lyt + Tep + - (T+1)) v
Cy =

por —1
(4.6)
It easy to check that Co > 1. Notice that r(tg) > Teo + %(T +1). Hence
pr(to) > pTey + 2o(T+1) > (T +1) > 2 > Mo > o — 1
since p > pt > 2 and p* > p~. Consequently 52 > 1.
Thus we have shown that, if u is a solution to problem (1.1), then there exist
constants Cy,Cy > 0 such that

C1 < Jlullyy < Co
Consequently, by (1.2), there exist constants C, = L16~’1, Cy = LyC5 such that
CH S HUH S C&. []

The obtained result allows us to study the continuous dependence on parameters.
Considering a sequence of parameters we get existence of a sequence of solutions (cor-
responding to parameters). Supposing that the sequence of parameters is convergent
we arrive at the limit of a subsequence selected from a sequence of solutions. This
limit is a solution to the considered problem and it corresponds to the limit of the
sequence of parameters.

Theorem 4.3. Let W be a Hausdorff space. Assume that conditions (HO)—(H4) are
satisfied. Let {wn}zo 1 C W be a convergent sequence of parameters with lim,,_, o w, =
w € W. For any sequence {uy}, ., of nontrivial solutions to (1.1) corresponding to
{wn},2 ., there exists a subsequence {uy,},o, C E and an element w € E such that
lm; o0 upn, = u and that u satisfies problem (1.1) corresponding to w.
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Proof. We define a sequence {u,}2; € E as follows: u, is a solution to (1.1) with
w = wy. Thus, forn=1,2,...

A (|Auy, (k= 1)[PE=D=2Au,, (k — 1)) + f(k, up(k),w,) =0, k€ N(1,T),
un(0) =u,(T+1) =0.

(4.7)
By Theorem 4.2, there exist constants C7,Cy > 0 such that C; < |lu,|| < Co
for n=1,2,.... Thus, the sequence {u,}32; can be assumed convergent, up to

a subsequence {u,,};-,. So there exists v € FE such that w,, — w in E. Since
Cy < up,|| < Cs, we know that C; < |lu|| < Cy and thus u # 0. The assertion
that w is a solution to problem (1.1) is equivalent to showing that for any v € E

T+1 T
Z |Au(k —1)[PED"2 Ak — 1) Av(k => [k w))v(k). (4.8)
k=1
For any v € E by continuity of f we get from (4.7)
T T
Zf (k, un, (K),wp,)v(k) — Zf(k,u(k%w)v(k)
k=1 k=1

and

T+1
Z|Aun k—1)PF=D=2 A, (k—1)Av(k —1)

T+1
= |Au(k - 1)PFIT2 Au(k — 1) Av(k — 1).
k=1
Hence (4.8) holds. Since v was arbitrarily fixed, summing by parts as we did in the

proof of Lemma 3.1, we see that u is a solution to (1.1). O
Now, we will show an example of a function which satisfies conditions (HO)—(H4).
Example 4.4. Let us take a function F': N(1,7) x R x R — R given by
Fk,z,y) = (3+sink) [af* (1+¢7")

and p : N(0,T)—[2,+00) given by

1

Then p* = 3 and conditions (H0)—(H4) are fulfilled with u =r = 4.
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5. UNIQUENESS OF SOLUTIONS

In this section we will examine conditions under which problem (1.1) has a unique
solution. Recall that, by the previous section, if u is a solution to (1.1), then there
exists a constant Cy > 1 given by (4.6) such that ||u]| o) S Cs.

Lemma 5.1 ([14]). Assume that p > 2 and ¢, = Then

m
(|z|P72z — [y[P%y) (x —y) > cplz —y[P for all z,y €R.

Put 5
Cp(k) = SE@PT D for all k € N(0,T)

and

2
Cp+ = pr(2P -1 1) kerg]l(lng)cP(k)

Let us introduce an additional condition:

(H5) there exists a constant

Cp+

de |o, ——
(T + 1) L8 (202)

such that for any 2, T € R, t € N(1,T) and y € W we have

_ it
[t z,y) = f(6.7, )| < dlo -7,
where Cy > 1 is given by (4.6).

Theorem 5.2. Assume that conditions (HO)-(H5) hold. Then for every fized w € W
there exists exactly one solution u to problem (1.1) satisfying C; < |lu| < Cy (for
some C1,Cy > 0).

Proof. The existence part follows by Theorem 4.1. Suppose that there exist two dif-
ferent functions wuy, us satisfying (1.1). Then, by (3.2),

T+1 T
Z |Au1(kj—1)|p(k_1)_2Au1(k—1)A(u2—u1 Zf k‘ u1 (ug—ul)(k‘)
k=1 k=1

(5.1)
and
T+1 T
D 1 Auy (k= 1)[PE D72 Aug (k= 1) A(ug —wr ) (k—1) = > F(k, ua(k), w)(uz —uy) (k).
k=1 k=1

(5.2)
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Using (1.3), Lemma 5.1, (5.1), (5.2), (H5), (A2), (A3) and (1.2), in case
|uz = uill,) < 1, we deduce that

"
Cp+ * [luz — u1||§(_) < cpr - o(ug — uy)
T+1
< Z Cp(h—1)|Auz(k — 1) — Auy (k — 1)|p(k—1)
k=1
T+1
<> <|Au2(k CDPED"2 Ay (k — 1) — [Aur (k — 1)PED"2 A0 (k — 1))
k=1
(Aug(k — 1) — Auy(k — 1))

Il
M=

[f (k; ug(k), w) = f(k, ua(k), w)](ug — u1) (k)

B

IA

1

d + + +
43" Jus(k) = w (B)P" < dT(T +1)P" [fuz — w)”

k=1

< AT(T + 17" L5 [fuz — w5y, -
Thus +pt -
(% —dT(T +1)P 18 ) luz = wallpy <0,
o e
that is, uy = ug, since d < T(T+1)rt LgJr '

In case [lug — u1l|,) = 1, the preceding arguments already imply (using (1.4) in
place of (1.3)) that

T+1
cpt |lug — ung(.) < cprp(ug —ur) = cp Z |Aug(k — 1) — Aug (k — 1)[P¢—Y
k=1

+ pt +
<AT(T + 1P LY [lug — [’ -

Hence
c

pt—p~ pt
Uz — Ul > )
| loc) dT(T + 1) L

SO
1

P+7P7
Cpt
ug —ugll > P )
| oy (dT(T+ 1)p+L§*>

Cp+

=
T(r+1)rt LT (28,)7 P

Since uq, uy are solutions to (1.1) and d<

SO

202 = [Juzll,ey + lluallyy = lluz = uall, .y > 2Cs.

Contradiction, therefore uq = us. O
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6. NON-VARIATIONAL PROBLEM

In this section we focus on the existence of solutions to the following Dirichlet
boundary value problem

{A (|Au(k — D)[PE-D=2Au(k — 1)) + f(k,u(k), Au(k — 1)) =0, k € N(1,T), (6.1)

uw(0) =u(T+1)=0,

within a non-variational framework. Precisely, we discuss conditions under which the
problem (6.1) has exactly one nonzero solution.

Recall, once again that if u is a solution to (1.1), then there exists a constant
C, > 1 given by (4.6) such that ullyy < Cs.

Assume that f has the following property:

(H6) There exist constants d; € (O, C’f ——— _) , do > 0 satisfying the
T(T+1)r* L8 (2C)" 77

inequality

pt— t-1

1 1 ~ \P
T (T+1)" 15 +dTo (T+1)5 g (26,) < —2

(6.2)

for which
[t 2y) = f(6.T0)] < difoe "
and
(b2 y) = f(t 2 D) < daly — 71" !
for all z,7,y,7 € R and t € N(1,T).
Theorem 6.1. Assume that conditions (HO)—(H4) and (H6) hold. Then the problem
(6.1) has exactly one nonzero solution.

Proof. Let ug € E be fixed. Putting w = Aug(k — 1) in (1.1) for every k € N(1,T) it
follows by Theorem 5.2 that the following problem

A (|Au(k — 1)|PE=D=2Au(k — 1)) + f(k,u(k), Aug(k — 1)) =0, k€ N(1,T),
u(0)=u(T+1)=0
(6.3)
has exactly one nonzero solution (namely u) since (H6) implies (H5).
Repeating the reasoning, we construct a sequence {u,}°; in E as a sequence of
solutions to the following boundary value problems

{A (|Au, (k — D)[PED=2Au, (k = 1)) + f(k, un(k), Aup_1 (k — 1)) = 0, 6.4

up(0) =u,(T+1)=0, keN(1,T), neN.
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By Theorem 4.2, there exist constants Cy,Cs > 0 such that C; < ||lu,|| < Cy for all
n € N, so the sequence {u,}22; is bounded. We will show that {u,}32, is a Cauchy
sequence. Suppose so for any n € N we have |41 — tnll,.) = 1. Then, by (1.4),
Lemma 5.1 and (3.2), we get

cp+ [|unt1 — uan(—) < cprp(Ungr — un)
T+1

< Z cp(k71)|Aun+1(k — 1) — Aun(k _ 1)|;D(k—1)
k=1
T+1

<3 (18t 0= DPED 2B (- 1)

k=1

— | Aty (k — 1) [PE=D=2 A, (k — 1)) (Atygr(k —1) — Auy(k — 1))

T
=D fk unpr (), Aug(k = 1)) (uns1 — un) (k)

(f (k; un (k), Aun (k= 1)) = f(k, un(k), Atn 1 (k = 1))) (un1 = un) (k).

Continuing, by (H6), (A2), (A5), the Holder inequality, (1.2) and (A3), we have

Cp+ tn+1 — Uan;)
r + r +
< dy Z (U1 —un) (k)P +do Z [(Auy — Auy—)(k —1)[7 - (Un+1 — un)(k)

k=1 k=1

+ o+ +

N L S
2 (Z (IAun(k —1) — Auyy (k — 1)|p+—1) p+1>
k=1

+ o+ +
<dT(T+ 1)p Lg lUnt1 — uan(A)

pt—1
pt

1
pT

x (Z s (k) — un<k>|p*> p
k=1
T

4 + + o+ +
(T4 1) I i —wncally) ™ (@417 5 s = wally)



866 Joanna Smejda and Renata Wieteska

Bearing in mind that {u,}52, is a sequence of solutions to (6.4) we obtain

- + ot +
Cpt [[tngr — Un”i(.) <AT(T+1)" L untr — “n”i()

pt—1 pt—1 p %r pt
s (T+ )55 I8 ™ (funllyey + lunallyy) 7% (T+1) Lz funsa — ualll

+ ot +
SAT(T+1)" LY [lunga — unlly

+

1 pt-1 ~\P +
+doT T (T+ 1) pt +1 L§+ (202) ||Un+1 — UnHZ()

+ - pt—1 v/ o~\pT-1 +
- (le(T+1)P Lg +do T (T +1) »7 LR (202) ) [tnt1 = unllpy

Hence

+ - Cpt
|tnt1 — un”z(g P> £

sl _ +_1°
T (T + 1) I8 4 dTo (T4 1) 5+ (ZCg)p

By (H6), it follows that

202 = [luntalley + llunllpey = lunes = ually

1

Cp+

> > 2C,.

( ) -
pt—1
AT (T+ 1" I8 + o (T4 1) (2(12)

Contradiction. Thus for any n € N we have [[un41 — unll,., < 1. The preceding
arguments already imply, using (1.3) in place of (1.4) that

+ ot +
pt luntr — Un||§(.) <OT(T+1)" LY ungr — un”Z( )
+

pT—1 +_ 1
tdo (T+1) 7% L5 ' Juy — o 1||p() ToF (T +1) Lo |luntr — unll . -

Hence

+
(cp+ —-d,T(T+1)" LY )Hun+1 Un”p()

- pt—1 _
< dyT»* (T—I— ) p+ Lp Hun un_1||g() 1
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It is equivalent to

1

1 @4—1 +\ pT-1
doTrt (T+1) T " LP
a1 — ]y < < ) L ) [

Tt
Cp+—d1T(T+1)p Lg

y (H6), we deduce that

pt—1
GT(T+ 1) L8 +dyTo (T+1) 5 Tre’

+-1

1 - ~\P
< T(T+ 1P L8 + o7 (T4 1) 55 1" (202)

Cot
p
= < Cp+.

< [
(262)17*7?

Finally
1 pt—1
AT (T+1) 7 I8 <cpp —dyT(T+1) L8

It implies that the sequence {u,}52; is a Cauchy sequence.

Therefore, there exists u € E such that u, — w. Since C; < ||u,| < C; for all n
€ N, so 7 < ||ul]] < Cs. It implies that u # 0. For every h € E, by continuity of f
and (6.4), we have

T T
D F ks un(k), Aug (k= 1)h(k) = > f(k,u(k), Au(k — 1))h(k)
k=1 k=1
and
T+1
Z |Aup (k — 1)[PE D=2 Au, (k — 1)Ah(k — 1)
T+1
— Z |Au(k —1)[PED"2Au(k — 1)Ah(k — 1).
Eventually,
T+1 T
3 (\Au(k: ~ ) PRD=2 A (K — 1)) Ah(k 1) =3 f (k,u(k), Au(k — 1)) h(k)
k=1 k=1

for any h € E. Next, summing by parts we deduce that u is a solution to (6.1). The
uniqueness of the solution can be demonstrated in the same way as in the proof of
Theorem 5.2 (note that condition (H5) is satisfied). O
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7. NONEXISTENCE OF SOLUTIONS

In this section we give a condition under which the considered problems (1.1) and
(6.1) have no solutions.

Theorem 7.1. Let (HO) hold. Suppose that
xf(k,x,y) <0 forall ke N(1,T),z € R\{0},y ¢ W. (7.1)

Then for every w € W problem (1.1) has no nontrivial solutions.

Proof. Assume that (1.1) has a nonzero solution. Then J,, has a nontrivial critical
point u. By Lemma 3.2,

T+1 T
0= (o, @),7) = Y ATk — DPED = 3 £k, @k), w)a(k),
k=1 k=1
so it holds
T+1
(f (b, w) i) = Y [At(k — 1)[P*~1 > 0 for all k € N(1,T).
k=1

On the other hand, from (7.1) we get

T
(f (ki w), @) = > (k) f (k,u(k),w) <0 for all keN(1,T).
k=1

This contradicts our assumption, so for every w € W problem (1.1) has no nontrivial
solution. O

Example 7.2. Let us take a function f:N(1,7) x R x R — R given by
f(k,x,y) = —karctanz.

Then we see that assumptions of Theorem 7.1 are satisfied.

Remark 7.3. Under the assumptions of Theorem 7.1 it follows immediately that
problem (6.1) has also no nontrivial solutions.
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