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PROFESOR ZW. DR INZ. JERZY LEYKO
WSPOMNIENIE

Profesor zw. dr inz. Jerzy Leyko - ur. 10 marca 1918 r. w Krakowie - wybitny
uczony i wychowawca wielu pokolen inzynierdw mechanikéw - zmart w Lodzi 30
maja 1995 r.

Byt On tworca uznanej w kraju, a znanej rowniez za granicq " lddzkiej szkoly

statecznosci  konstrukcji". Zainicjowal organizacje Sympozjéw Statecznosci
Konstrukcji 1 przewodniczyl komitetom organizacyjnym pierwszych sympozjow.
Sympozja te weszly na stale do kalendarza imprez naukowych organizowanych w
kraju. Od roku 1954 profesor nadzwyczajny, a od 1964 r. profesor zwyczajny
Politechniki L.odzkiej. W latach 1952 - 56 byl prodziekanem, a w latach 1958 - 60
dziekanem Wydzialu Mechanicznego Politechniki £ddzkiej. Profesor dr inz. Jerzy
Leyko przepracowal w Politechniki £.6dzkiej 36 lat. W latach 1985 - 88 pracowal w
Politechnice Lubelskiej. Dziatalnosé naukowa Profesora dotyczyta gléwnie teorii plyt
i powtok oraz teorii statecznosci konstrukcji cienkosciennych. Jego wklad do nauki
jest i w przysztosci bedzie oceniany jako znaczacy.
Profesor Jerzy Leyko znany byl jako wspanialy dydaktyk. Jego podrgcznik
akademicki "Mechanika Ogélna" nalezy uznaé za wzorcowy podrecznik dla
wyzszych szkot technicznych. Wypromowat 22 doktordow nauk technicznych. Byt
czlonkiem-zalozycielem Polskiego Towarzystwa Mechaniki Teoretycznej i
Stosowanej. Byt laureatem Nagrody Miasta Lodzi w 1975 roku.



Profesor byt wzorem szlachetnego 1 skromnego czlowieka. Byl to czlowiek
niezwykty, jezeli chodzi o zalety charakteru, bystros¢ umystu 1 zasady zyciowe. Dla
swoich uczniow i podwladnych byt mistrzem godnym nasladowania. W pamieci
Jego uczniéow i wspolpracownikow pozostal jako wzdr naukowca, dydaktyka,
wychowawcy, opiekuna i Zyczliwego , szlachetnego cztowieka.

PROFESSOR JERZY LEYKO
IN MEMORIAM

Professor Jerzy Leyko - born on March 10th 1918 in Cracow - an eminent scientist
and educator of many generations of mechanical engineers - died on May 30th
1995 in Lodz.

It was he, who created "the school of structures stability of £4dz" which is well
known and esteemed not only in Poland but in other countries as well. He initiated
Stability of Structures Symposia and also used to be a chairman of the Organizing
Committies of some first Symposia . These meetings became regular items in the
calendar of scientific events in Poland. Since 1954 he was an assistant professor and
since 1964 - afull professor of the Techinical University of Lddz. In 1952 - 56 he
acted as a Vice-Dean and in 1958 - 60 as a Dean of the Mechanical Engineering
Faculty, Technical University of £.0dz. Professor Jerzy Leyko had worked at the
Technical University of £6dz for 36 years. In 1985 - 88 he acted as professor of the
Technical University of Lublin.  Professor's scientific activities concerned mainly
the theory of plates and shells and the stability theory of thin-walled structures. His
contribution to the applied mechanics is estimated as very significant and we do
believe that it will be appreciated in the future.

Professor was well known as a magnificent teacher. His text-book "General
Mechanics” should be taken as an example among text-books for students of
engineering. He graduated 22 of his PhD students. He was a charter member of the
Polish Association of Theoretical and Applied Mechanics. In 1975 the City Council
of Lodz awarded him an annual prestigious Prize of the City of Lodz.

Professor Jerzy Leyko was an example of a noble and modest character. His
virtues, a discernment of intellect and high principles were unusual. He became a
deserving of imitation master for his students and subordinates. He is treasured in
the memory of his disciples, co-workers and followers not only as an example of a
scientist and a teacher but also as a Master and a warm-hearted Patron.
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BUCKLING OF CYLINDRICAL SHELL RING-STIFFENED ON THE
ENDS UNDER NONUNIFORM EXTERNAL PRESSURE

1.V. ANDRIANOV, M.V. MATYASH
Department of Higher Mathematics, Prydneprovie State Academy of
Civil Engineering and Architecture (PGASA)
24 a Chernyshevskogo, Dnepropetrovsk, 320005, Ukraine

A cylindrical shell with end rings iloaded by nonuniform extermal pressure. is under
consideration . Stability of the structure is analysed by means of the perturbaion procedure and
Padé approximants.

1.Governing relations

Below we use equations of “semimomentous” theory

oW o°W* Eh ‘W
D + R + =0 1
5y q(¥) P O )
and edge effect[1, 2]
4 e
D oW + 2L we =20 (2)

ax* (1-v?*R?

Here W - normal displacement; g(y) - normal pressure; g(y)=q(1+&£cose);
Q= y/R; £<<]; E,v - Young moduli and Poisson ratio; k, R - thickness of
shell and its radius; D = Eh3/(l2(1 -v)).
End rings don’t give possibility to split boundary conditions. We have after
neglecting unsufficient addends and taking into account conditions of unextension
in ring direction and absence of shear the following relations for x=0,/ (/= L/R,

L - length of shell)

Eh s ow*® EL W,
0= l_vzj'”Wwdydydy—EFm -l
EF, O\W*+W*)  EI, aw;
R Ay R dy

-13 -



Eh G W*  GI
0=- W dydy - EI o Zdpys g
=z ||miway - £, St
oUW W) (EI GI\orwe
El,. - = + =
ay* R*  R?) 35y?
3 e 2 e
0=0p2 H; +Ei“(W’+W=)-E];*5 H;
dx R R* Jy
2 e 2 e
0. poiW . EL,. GlL3W, -

dx? R* ° R 3gy*

Here GI;; F,; I,., I, - torsional rigidity, area of cross-section; inertia moments
of end rings.

2. Asymptotic solution - first approximation

Eigenvalue and eigenfunction may be assumed in the form
W aWs+eW? +¢e*W;, WeaWs+eW, +e’Wy,
grqo+eq, +eq,
Let us choose approximate solutions of Eq. (1),(2) as follows
Wy =608(x)cosp, Wy =w(x)cose

Symmetric in respect to the origin of coordinates solution of Eq. (1) for & < 0 (this

condition is natural for practically interesting value of geometrical and physical
parameters of system) is

Wy = cosg [Cl cos\/i'kx+C2 chﬁkx] 4)
6 2
3
Here 4k4=an=n{ n _qOJ; 4 _
( ) R 4(1—V2)}/4 th 7 h2R2

-14 -



For edge effect near the end x = —1[/2 (due to symmetry we may taking
into account only one end) one ob

Wy = cosp[Cscosy(x+1/2)+Cgsiny(x+1/2)] 7! (5)

After substituting Eq. (4), (5) into Eq. (3) we obtain transcendental equation
as condition of eigenvalue problem solution existence. It worth noting that we
search minimal in respect to n value of g(n). As for eigenvalue function we may
taking into account only semimomentous components, because edge effect
components is localized near the ends and don’t give essencial contribution to the

eigenvelue. From the equation of the first approximation we have g, = 0, and

eigenvalue function /" must be defined from the nonuniform equation

o'Wy
1

+R
Gyd T8 TR gyt

3 W , E 3w 3 W¢

L(w,)=D +Rq0——a—?;3— =0 (6)

Solution of Eq. (6) may be sought in the form
Wi = Fj(x)cosp(n-1) + F,(x)cos p(n +1)

For F) one obtains the following equation:

6
1;‘1(4)(x) + all:l(x) = q02n [Cl cos\/—2-kx+C2 C}l\/'z—kX] @)

Here 4k} =qa,(n-1).
Solution of nonuniform differential Eq. (7) may be written as follows

—

F,=F +F @®

Here F, = D, cos ﬁklx + D, c}z\/—?jklx , ?1 = D, cos J2kx + D, ch2kx
0.5C, g, n® ]
(c+a )R

D, = i=1,2

Edge effect solution /¥ ¢ we may find in the following form

W, = cos(p(n—-1))[Dscosy(x+1/2)+ Dgsiny(x+1/2)]e7™"D  (9)

-15 -



Using Eq. (8), (9) and Eq. (3) one obtains

D = )3, — 411 Ay, D, = ay - Dyay, (10)
= =
a;,ds — a4y a,
A 2k, k.l
Here ay, = (Z \/———-—+Z )sinJ—;l +2F"(n—1)cos€l + 812,
k \ kl 2k, 1

- — 1 ’
a, = ( V2 kR ZJSin\[z_ L ~2F (n-1)cos ﬁkll}D3 +
n-1 2 2

)
Lzlﬁk‘RI 2)sh‘/52k’—2F(n 1) hl/-_—IC—I}D‘,-g}ZJ
n-—.

=(—Zl +Z4)c —\/-——I\—l—Z5 nJ—zk uf + 8,2
ay =(Z, + Z,)ch ‘/Ezkll +Zgsh Jikll + 8,7,
Ay = |:(Zl +Z,)cos Y2k +Zsin J-z—zkll]D3 -

{(Zl +Z4) \/—k l J;L I]D4 - 8,2

2 ( KR\
2( ‘ ) Z,=LER(m-)J2 Z,=F (n-1)+ILyR(a,-1)

n_

Zy=L(n-1)"  Z;=(L,(-1)* +G, )k RV2
NEYN.
2

Ze=2, +(Il +G,)(n—l)2yR(a56 -1) g =Z,cos———
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go1e4

"
¢

anﬁaﬁuﬁ

. k1l _
g2=Z7C}l‘/§-2LII &3 =Z7(D3 COS‘/Ezl D h\/—l\ J

2
-£(3)
TRy (7R RY,
F,(—) +(l-a ) =L R(—) n—-1
7 ( 56) 6(1-v?) 2V 3 ( )
I, +G,(n-1)?
2
———”-&2—(-@) +1, +Gy(n-1)>
6(1-v)\
F I I GI
F =__£; I - z : I _Tzx_ G — d
"~ Rh YR 2T R’ T R

Coefficients for solution F,(x) and corresponding edge effect solution B; (i
= 1-6) may be obtained after replacement (7—1) on (n+1) in Eq. (10).

Q56 =

3. Asymptotic solution - second approximation

Component g, is the coefficient in the equation of the second approximation of
semimomentous theory

6ry7s 6 s
Ll(W;)+ quﬁa;V o° W _ 0

+ Rg,cos ¢
90 5})

Using rougtin perturbation technique one obtains

{03
S e

Here S = shy2kl cos 2kl +chy2klsin 2k!

qd,= —

S
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__ D,C,|sinV2(k, +k)1+sinﬁ(k,—k)1 .
22 k +k k, -k
D,.C, | .
keysha2k, I cos 2kl + k ch[2k, Isin J'z'kz] +
\/E(kf+k2)L
DC, [, sin2v2k u} . DG +DC,

I+
2 U 2V2k 242k

D,C,| sh\2(k, + k)l shﬁ(kl—k)l DG, sh2J2. u)
242 k +k k -k 2 22k

ﬁ(%zc‘tkz) [ksthklcos J2k,1 + K, chJ2klsinJ2kll]
c, +
1

Component g" is obtaining after replacement D; on B; and k, on k,.

After using Padé approximats procedure [1] to the truncated perturbation
series for g we have

S+

i:__qo_ (11)

do gy — £°q,

Solution (11) is justified due to passage to the limit cases (simple support ,
clamped and free ends) and by comparison with known numerical results.
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Z ZAGADNIEN STATECZNOSCI PLYT O STRUKTURZE
PERIODYCZNEJ

E. BARON )
Katedra Mechaniki Teoretycznej Politechniki Slgskiej
Krzywoustego 7, 44100 Gliwice, Poland

Artykut prezentuje zastosowania ulepszonej makrodynamiki mikroperiodycznych  struktur
materialowych do analizy statecznosci dynamicznej ptyt na modelu Hencky-Reissnera. Jako przypadek
szczegblny przedstawiono rozwiazanie zagadnienia kiedy mikroperiodycznosé ptyty jest zwiazana z
rozkladem obciazajacych ja mas. Wyprowadzono réwnania opisujace problem statecznosci
dynamicznej ortotropowej, swobodnie podpartej, piyty prostokatnej o strukturze periodyczne;.

1. Wstep

Plyta o strukturze periodycznej to plyta skladajaca si¢ z wielu powtarzajacych sie
elementéw w kierunkach réwnoleglych do ptaszczyzny $rodkowe;j. Jest to wiec ptaska
struktura periodyczna. Fragment takiej ptyty przedstawiono na rys.1.

Rys.1 Ptyta o strukturze periodycznej
Fig.1. Plate with a periodic microstructure

Rozwiazywanie zagadnien dynamicznych dla plyt periodycznych napotyka na znaczne
trudnoéci analityczne co wynika z faktu, ze funkcje materialowe i rozkiad masy sa
silnie oscylujace, a w wielu miejscach nieciagle. Proponuje si¢ wiec modele
uproszczone, W ktérych wlasno$ci ptyt reprezentuja uérednione i state co do wartosci
moduly efektywne. Moduly te uzyskuje si¢ m. in. przez podejécie asymptotyczne,
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ktore pomija jednak efekt skali periodycznosci (tzn. wptyw wielkosci powtarzalnego
elementu plyty) na makromechaniczne wiasnosci ciata.

Niniejsze opracowanie dotyczy zagadnienia statecznos$ci plyt o strukturze
periodycznej z uwzglednieniem efektu skali. Punktem wyjscia jest nieasymptotyczna,
ulepszona makrodynamika mikrookresowych struktur materialowych. [3,2,1].
Korzystajac z zatozen tej teorii, wyprowadzono w pracy [4] réwnania ruchu piyt o
strukturze periodycznej, wg modelu Hencky-Reissnera. W nastepnym etapie réwnania
te przeksztatcono do postaci dogodnej do analizy zagadnienia statecznosci. Celem
niniejszego artykutu jest wyprowadzenie réwnan opisujacych problem statecznosci
dynamicznej swobodnie podpartych, prostokatnych ptyt ortotropowych, dla ktérych
mikroperiodycznos¢ jest zwiazana z rozktadem obciazajacych ja mas.

Wskaziki o, B, v... (i, j, k...) przyjmuja wartosci 1, 2 (1, 2, 3) natomiast wskazniki
a, b, c...oraz A, B, C... przebiegaja ciag 1, 2,...n i odpowiednio 1, 2,...N. Obowiazuje
konwencja sumacyjna. Ujgcie pary wskaznikéw w nawias oznacza ich symetryzacje.

2. Podstawowe rownania

W przestrzeni fizycznej parametryzowanej prostokatnym, kartezjafiskim ukiadem
wspotrzgdnych Ox;x,z plyta zajmuje obszar w ktérym x=(x;,Xx,)ell oraz

ze (5'(x),8+(x)), gdzie I1 jest prostokatem o wymiarach L, i L, na plaszczyznie
Ox;x, , natomiast 8  <01i 8" >0 sa funkcjami okreslajacymi powierzchnie
ograniczajace plyte od dotu i od géry.
Wymiary komérki periodycznosci w obszarze I1 wynosza 1, il,, a parametrem
mikrostruktury jest 1= ,/112 +l% , Przy czyml << max {L,,Lz}.
Niech t bgdzie wspétrzgdna czasowa, t > 0, natomiast p*,p~ obciazeniem (wzdtuz
osi z) odpowiednio gémej i dolnej powierzchni ptyty. Ponadto b jest stala sila masowa
(wzdluz osi z) a p jest gestoscig masy. Dla dowolnej A - periodycznej funkcji f = f(x),
gdzie A=(0,1,)x(0,1,), zdefiniowano operator uéredniajacy
1 . .
(f):= T—]—Jf(x)dxldx2 , gdzie (f) jest stala.
112 A
Zalozono ponadto, ze kazda plaszczyzna z = const jest plaszczyzna symetrii sprezystej

i zdefiniowano pole: A ;55:= Cops ~Cop33Cs33(Caias )—1 ,gdzie Cy, jest tensorem
sztywnosci sprezystej materiatu ptyty. Pola Ciju Oraz p sa parzystymi funkcjami
zmiennej z i sg A - periodycznymi funkcjami zmiennych x; i x,.
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Przemieszczenia u;(x,z,t) dowolnego punktu niezdeformowanej piyty sa

okreslone poprzez relacje:
ua(x,z,t)=va(x,t)+fm(x)V&“(x,t)+z[13a(x,t)+h“@;(x,t)],
u3(x,z,t) = w(x, t) + g (x) WA (x, 1),

gdzie: w(),v (-),0,() nazywamy makroprzemieszczeniami i makroobrotami,

V), WA(),0%() sa funkcjami korygujacymi oraz f™(),h*(),g"*() to

o

postulowane a priori A - periodyczne funkcje ksztaltu, ktére wyznaczaja klase
badanych ruchow.

Makroprzemieszczenia i1 makroobroty oraz funkcje korygujace sa tzw.
makrofunkcjami [3], co oznacza, ze przy obliczaniu calek po komoérce A (komorce
periodycznosci) mozna pomina¢ wahania ich wartosci. Zaleznosci miedzy tensorem
napr¢zenia i odksztatcenia majg postaé Cap = Aups€ys » Tas = 2Cy3p3€a; sNatomiast

zwiazki geometryczne przyjeto w ponizszej formie:
1
Eaﬁ =U(a‘B)+EW,a W,B y €43 =U(a‘3) » £33 =0,

czyli z uwzglednieniem czionu nieliniowego.

W pracy [4], wychodzac z =zasady prac wirtualnych, po formalnych
przeksztalceniach wyprowadzono réwnania ruchu, réwnania konstytutywne oraz
kinematyczne warunki brzegowe dla ptyt o strukturze periodycznej z uwzglednieniem
efektu skali. Po pewnych uproszczeniach posta¢ rownan ruchu jest nastepujaca:

Nopp =0, Mggp=Qq —(1), —(1n*)&} =0,
M3 +(Jh* )8, +(Ih*n*)el =0,
(Nap¥ea ) +Qaq = ()5 = (ne” ) Wa +p =0,
Q™ +(ugh )i +(nghg®YW® =0,

(M

natomiast niektérymi réwnaniami konstytutywnymi sa:

MuB = (GQM)ﬂ(Y,s) +<Gaﬁ.{8h'ay>@as ,
Qq = (%ﬁ)(% +wg)+ (caﬁgf,)w" :

S+ o+ 5
W réwnaniach tych: p:= fpdz, J:= [ z“pdz, p:=p++p_+b<u),
o- d—
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S+ 2 o+
GaB,Y§:=SI z AO.BYSdZ' CaB:=SI Ca3B3dZ .

3. Plyta ortotropowa obciazona periodycznym obcigzeniem inercyjnym

Ptyta ma stala grubo$¢ d. Przyjmujac ponadto tylko jedna funkcje ksztattu
f(x):=f'(x), g(x):=g'(x),  h(x):=h'(x) oraz zakladajac, iz obciazenie
wzbudzajace ma posta¢ p= ﬁ(x) coswt, bedziemy poszukiwaé skladowych stanu
przemieszczenia w formie: ¥, = ¥, (x)coswt,®, = O, (x)coswt ,w = W(x)cosawt,

W =W(x)coswt. Po podstawieniu tych zalezmosci do réwnan ruchu (1) i

gowaniu amplitud @a i W uzyskano réwnania dla amplitud W oraz By

NQBW,aB+EaB[5(a B) +W’aﬁ]+ m"’sz+5 =0,
, (2)
Q Y —_ -0 29 _

i = 8upi+ (L) (i') @7 adzie: L% =G ~85j'0” i LY, (L‘”); =8,

Ponadto oznaczono: m:= (), m':= (ng), m'':= (u(g)2> ,Ci= (Cupg,ag,p> ,

=), h=0n), e=(30)?), Gopi=(Gogysh shs ).

Réwnania (2) sa rownaniami wyjsciowymi do analizy statecznosci ptyt o strukturze
periodycznej warunkowanej obciazeniem inercyjnym.

Jako jedno z mozliwych zastosowan przeanalizowano zagadnienie statecznosci
dynamicznej plyty ortotropowej, swobodnie podpartej na wszystkich brzegach,
charakteryzujacej si¢ periodycznym rozkladem mas.

Przyjeto nastgpujaca posta¢ rozwiazania ukladu réwnan (2):

5,2 5.5 b cost 0852 = 3, 5 sin i, syt
m n m o

— vx : : : mmn nw
w =22am sino X, sin B, x, , gdzie: a, =L—, B,=—, mn=135...

m n 1 2
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Z zalozenia ortotropowosci plyty wynika , ze niezerowe sa jedynie nastgpujace
sktadowe tensora sztywnosci sprezystej: A1 ,A 1122 5A 2227 541212 ,C 313 ,Ca3a3 -

Przy  réwnomiemnym  rozciaganiu  plyty,  oznaczajac: N,:=Ny,,
b

Kryterium stateczno$ci dynamicznej jest zerowanie si¢ nastepujacego wyznacznika:

N, =Ny, (N12 = 0) , uzyskano ukiad réwnan dla statych a_,, ,b,, | Cpn-

(—I_\Il + El)(lrzn +(—N2 + Ez)ﬁ% - l'nm(‘!.)2 E,am EZBn
Eapy K103, +KB2 +E) - %02 (Ky2 +K)oumBa 3)
ol .
E»fBn (Ky2 +K)amBy KoP3 +Kad, +Ey ~ [0’

gdZiC 0zZnaczono: K“ = K““ , K222= Kzzzz \ K121= KllZZ. K:= KlZ!?. -El Z=E“ ,Ez =E22 .

natomiast N;,N, sa krytycznymi wartosciami sit $ciskajacych dzialajacych w

plaszczyznie srodkowej plyty.

W wyznaczniku (3) parametr mikrostruktury jest zawarty w cztonach inercyjnych
2 2

m®i j®bowiem j',(j')",m",(m') e0(1?).

W przypadku gdy rozpatrujemy jednowymiarowe zagadnienie ortotropowego pasma
plytowego, uzyskujemy nastgpujaca relacje okreslajaca site krytyczna

— E m®
Ny =E|1- 2 l o, 2 | @’ . (4)
Kjjon +E -j o’

4. Uwagi koncowe

Relacje (3) i (4) umozliwiaja analiz¢ zagadnienia stateczno$ci dynamicznej piyt
ortotropowych wg modelu Hencky-Reissnera, charakteryzujacych si¢ periodycznym
obciazeniem inercyjnym. Relacje te maja niezbyt skomplikowang budowe
matematyczna, a jednoczesnie pozwalaja na uwzglednienie wielu zagadnien

inzynierskich. Rezultaty obliczei numerycznych zostang przedstawione w trakcie
prezentacji referatu.
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Summary
SOME PROBLEMS OF STABILITY OF MICRO-PERIODIC PLATES

The plates with the periodic structure consist of many repeatable volumetric
elements so called periodical cells. The volumetric elements have length dimensions
much smaller than every charakteristic dimension of midplane of the plate.

We assume simultaneously that each cell is a cuboid with a height equal to a
thickness of the plate. Solving problems for such plates on the bests of the known
equations of thin plates meets large analitytical difficulties. It results of a fact that
material functions and distribution of are strongly oscillating and non-continuous.

This makes it impossible to obtain solutions for many engineering problems. Thus,
in the framework of micromechanics of materials, simplified models are proposed in
which averaged (and constant) material stiffness are introduced. However, such an
approach neglects the effect of a microstructure scale of the plate (i. e. dimensions of a
periodic cell) on its dynamics.

Since in many engineering problems an influence of the periodic scale can not be
neglected, then in [3] a non asymptotic, refined macrodynamics of microperiodical
material structures was proposed.

The subject of this paper is to show some applications of refined macrodynamics of
microperiodic plates. This modelling approach to elastic plates, having microperiodic
structure in planes parallel to the midplane, is based on the assumptions given in [1,2]
and desribes the effect of the microstructure length dimension on the dynamics and
stability of plates.

The presented research utilises results of [1,2] and generalized them to non-linear
problems in order to analise the effect of the microstructure size on the dynamic
stability of a Hencky-Reissner type plate. In the research one can find the underlying
assumptions of the proposed approach, the basic foudations and equations of the
proposed non-linear theory of plates with a periodic structure and the example of

application to the dynamic stability of plates subjected to periodically distributed
inertial loadings.
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THE SOFTWARE PACKAGE ‘KNPN’ FOR APPROXIMATION
OF SHAPING COMPLEX PLASTIC STRUCTURES

The work presents the latest version of the software package KNPN aiding the approximate solution of the
shape problems for plastic structures based on the staticaly admissible stress fields method /SADSF/,
Algorithm realized in this program is first full implementation of approach based on the matematical
complete system of conditions SADSF metod, together with conditions of the existence of solution. The
solving of the complex fields is based on operating on catalogized set of ready partial solutions, what it
allows to omit the most difficult stage of SADSF method and to concentrate only on selection and joining
of mentioned partial solutions in various complex systems, both plain or spatial.

Features of program are illustrated by examples of shaping thin-walled structures.

1. Introduction

The SADSF method is based on the limit analysis, assumes the rigid-plastic
physical model of material and uses clasical results of the lower bound theorem.
According to this theorem a real limit loading of a structure, contour of which have
been determined by statically admissible stress field /continuous or discrete/, is no
lower than loading assumed for this field.

Thus the shaping problems may be formulated as the problems of finding of the
admissible stress fields which determine the criterion of minimum volume.In version
of SADSF method, which is treated by the paper, the mentioned criterion is replaced
with weakened criterion of uniform effort in limit state and the problem is
formulated on discontinuous parameters stress fields in which discontinuity lines £
are linear segments. These assumptions, amongst others, lead to the homogenuity of
stress field in each subregion of net created in this manner and certain over-
-dimmensional estimation of contours.

Parameters describing such a stress field, may be presented in the form:

{ ()

', xI[jl, D=comst;  o=1.T, mn=172; i=1,2,3; j=1. W}
where: .
- coordinatcs of stress discontinuity line node x'[j] ;

(o 3] . . .
- stress ¢__ in each homogeneous region ‘a;
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- a certain structural object D describing link system of £ /topology/; in general
the system does not show any regularities.
In general,all mentioned above parameters may be unknowns for a problem and must
be found by the solving system of conditions which contains /[1,2]/: equilibrium
equations for each line £, assumed yield condition in each ‘a‘ /or weak inequality/
and boundary conditions givenon S, and S;.

As a result we obtain very complex, non-linear system of equations and inequalities
usually determined on functions given in algorithm forms, which not contains any
condition for coordinates of object D. Moreover it appears that for arbitrary assumed
link system £, the solution of boundary problem in general not exists. Such solution
exists only for particular link system, which is not explicit given and has not might
be arbitrary assumed. In the begining we do not know neither how many unknowns,
nor even how many equations /and inequalities/ system has for a particular problem.
In the physical space this corresponds to unknown discretization.

This brief specification describes the scale of dificulties, which must be conquered
for obtaining a solution of every particular problem by SADSF method and explains
why in literature and in described programme, the complex fields are constructed by
joining of the properly choosed particular solutions - whose link systems are known.
Each such particular solution is on intermediate level of agregation homogeneous
regions and is treated as a certain partially autonomous subsystem of complex field
interacting with his neightbouring subsystems by his external parameters - analogo-
usly as superelement in FEM.

The relative simplicity of this application oriented method was achieved mainly by
simplifications and constraints imposed on solutions. In this approach in its essence
it needs not to solve any new statically admissible stress field, and thus it allows to
omit the most dificulty of SADSF method. It needs only the proper choice from
early given explicite component fields collection and the joining them according
to admissibility conditions.

It should be emphasized, that SADSF method is completely different than FEM

and 1is lower spread, however, deliveres shapes and dimmensions of structures, and
therefore the range of applicability may be comparised only with this method.
The fundamental paper for SADSF method was presented by W.Szczepinski /[1]/.
The background for algorithmization - and for study of this method, in general -
appeared with formulation of the condition of the existence solution /[4]/, which
avoids making of inadmissible numerical operation.

2. Destination of program, their general organisation and examples of shaping
problems

The formulation and solution of a typical problem solved by method and presented
programme is shown in visual fashion in fig.1.
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Fig.1. Example 1 /figures are hard copies of screens edited by KNPN/.
a) Figure visually illustrates boundary conditions and problem formulation; b) The solution of complex
3D field, which determines the shell contour  /referencing lines show the location of particular
catalogized solutions in complex 3D field/; c¢) Catalogue of ready-made particular solutions.

Rys.1. Przyktad 1 /kopie obrazéw na ekranie monitora - edytowanych przez program KNPN/
a) Pogladowa ilustracja warunkow brzegowych oraz sformutowania zadania; b) Rozwiazanie pola zlozo-
nego, ktére wymacza kontury powloki /odnosnikami zaznaczono potozenia szczegélnych rozwiazan ka-
talogowych w przestrzennym polu ztozonym/; c) Katalog gotowych rozwiazan szczegélnych;
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The input data /Fig.1a/ consists of: limit load capacity of a part of contour S, /loaded
contour/, contour geometry S, +S; /S, - e.g. supported contour/ and material of the
shell. Choosing properly the limit /ready-made/ component fields from catalogue
[Fig.1c/ and joining them in arbitrary admissible configurations, it should be found
statically admissible stress field, which satisfyies the given boundary conditions
[Fig.1b/. It is assumed, that every field in catalogue of program KNPN was solved
for Tresca yield condition.

Each particular catalogized solution is defined in the own /local/ coordinates system
{a} and theirs indywidual properties may be symbolically expressed in the form:
{h, z, A, D}, where h, z are horizontal matrix, in which are specified mentioned
above external parameters, A - dependly on version defines less or more individuali-
zed algorithm of calculation of field parameters, and D is object describing the link
system £; k=12... isanindex of field in catalogue.

In the KNPN programme the following assumptions have been posed:

- elements of matrix h are stress parameters, being dimmensionless /relative to
k=c,/2 / coordinates of stresses on boundary of field S; only not explictly settled
coordinates are specified in h;

- elements of matrix z are geometric parameters; these are linear dimmensions,
choosed in such manner that it will be possible to define boundaries S, and S,
in a local coordinates system.

Because the loading applied to each component field must satisfy, amongst others,
the global equilibrium conditions, not all parameters h and z are independent.
Independent elements are assigned by h° and z°.

In order to construct complex field we define global system {x} /associated with
this field/ depending on class of problem - plain or spatial and component fields we
distinguish by indexes: s=1,2.. . Inorder to build complex field from admissible
components saving admissibility, the equal mutually interaction conditions must be
satisfied on common boundaries of each neightbouring fields. We call them joining
conditions and construct them in each case individually. The joining conditions
contain also mappings: {x}e—{a}(’), which are admissible if each component field
has guaranteed physical place in space {x}. These conditions are characterized by
simple linear forms and therefore theirs presentation is omitted. However, values of
h;, z for each component field 's' must be included within the domain of solution.
So the domain of complex field is logical product of domains of component fields.
Contents in domain is in programme permanetly checked.

According to assumed notation, the problems of determining of parameters for

each component field /selected from catalogue/ and placing them in the complex
field, program KNPN makes in the following steps:

( .
{h°,2°)7 > {h,z,A, D} > {&_,a[l,0}® B8 (@ i) 0)®

(«=1..T, m,nl=12; i=1..3; j=1.W)®
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Fig.2. Example2 /description and meaning of figures analogously as in fig.1/
Rys.2. Przyklad 2 /opis oraz znaczenie rysunkéw analogiczne jak na rys.1/.
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Program works in graphic mode 1024x768 and requires min 2MB RAM. First

version of KNPN had been created in 1984 and had possibilities adequate for
computers and compilers at that times. At present moment program has catalogue
with dozen particular component solutions in such manner selected, so it is possible
to solve the wide range of typical boundary problems encountered during shaping
shells built with 2D elements.
The approach based on choice and joining ready paticular solutions is employied in
all variants of application of method /[1,3]/ and also in other parallel program named
SDNPN - [2}/ which aides the solutions of 2D problems.These two programs are now
integrated.

In figure 2 is shown next example, representing the visual formulation and solution
of shape and dimmensions of shell created in region surrounding knot of frame, in
which torsioned box profile is joining with 2T profile loaded by bending moment.
Figures are hard copies of screens edited by KNPN.

Further examples will be shown during presentation.

Note, that for shells of this class, the theorem of de Saint Venant usually is not
standing, therefore the iterative correction is in most cases divergent, and the
fundamental carrying properties of structure /load capacity/ must be achieved in the
first step. The shown approach and method enable such shaping.

It is obvious, that general constrains associated with the method SADSF retain the
validity because the method deals only with limit state of structure - adequate for
starting phase of expansion of large plastic strain. Asit was shown in many of
experimental and numerical researches /[1,3]/ the construction created in such a way
often has surprisingly good properties even with loading lower than limit. Stability of
these structures has been studied in little range.

There is a conception of using SADSF method for preliminary designing, for
obtaining shape and dimmensions analized later by FEM method /[2,3]/.
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WYBRANE ZAGADNIENIA STATECZNOSCI
WIELOSPOJNYCH TARCZ KOLOWYCH

S.BUCKO, M. TRZEBICKI

Instytut Mechaniki i Podstaw Konstrukcji Maszyn
Politechnika Krakowska, ul. Warszawska 24, 31-155 Krakow

M.WOJTASIEWICZ

Instytut Metod Komputerowych w Inzynierii Lqdowej
Politechnika Krakowska, ul. Warszawska 24, 31-155 Krakow

Praca dotyczy statecznosci tarcz, analizowanej Metoda Elementéw Skonczonych. W pierwszej czgsci
przedstawiono analizg statecznnosci tarczy kolowej z otworami, bedacej elementem czterolinowego bebna
p¢dnego. Dla jednego z polozen otrzymano niesymetryczna forme wyboczenia mimo spelnienia warunkow
symetrii. W czgsci drugiej przeprowadzono - na uproszezonym modelu MES - poglebiony analize przyczyn
warunkujacych wystgpowanie niesymetrycznych form wyboczenia symetrycznych elementow tarczowych.

1. Wstep.

Zastosowanic MES do analizy statccznosci konstrukcji ulatwia i przyspiesza
okreslanic obcigzen krytycznych. Pozwala réwniez na prezentacje formy utraty
statecznosci, co ma duze znaczenie w procesie ksztaltowania rozwigzan konstukcji.
Z uwagi na przyblizony charakter MES oraz uproszczenia wykonywane przy
tworzeniu modeli obliczeniowych, duZzego znaczenia nabiera interpretacja i analiza
wynikow obliczen. Rol¢ weryfikatora obliczen  najlepiej spelniaja badania
doswiadczalne, jednak eksperymenty dotyczace utraty statecznosci sg trudne
1 kosztowne.

W analizie =zachowania si¢ konstrukcji symetrycznych oczekuje sig¢
symetrycznego rozkladu odksztalcen i naprgzen a takze symetrycznej lub rzadziej
asymetrycznej formy wyboczenia. Niesymetryczne formy wyboczenia wystepuja
rzadko jako pierwsze (2) 1 ich pojawienic si¢ wymaga zawsze staranncj
weryfikacji. Inspiracja niniejszej pracy byla przeprowadzona analiza statecznosci
tarczy bocznej wiclolinowego b¢bna pednego nowego typu (2), gdzie w jednym
z polozen wystapila niesymetryczna forma wyboczenia tarczy w warunkach symetrii
ksztaltu i obciazenia.

W pracy przedstawiono wybrane fragmenty analizy statecznosci tarczy boczngj
(p.2) oraz poglebiong analiz¢ nictypowego przypadku nicsymetrycznej formy
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wyboczenia, przeprowadzona na uproszczonym modelu obliczeniowym. Analize
rcalizowano przy wykorzystaniu systemu MES Algor umozliwiajacego okre$lanic
obcigzenia krytvcznego w sensie Eulera.

2. Przykladowe formy utraty statecznosci tarczy kolowej.

W niektérych rozwiazaniach konstrukcyjnych wielolinowych bebnéw pednych
dwie liny nosne polozone sa w plaszczyznach tarcz bocznych. Tarcze te ze wzgledow
konstrukcyjnych, moga posiada¢ usztywniony pas S$rednicowy (grubos¢ okolo
dwukrotnie wigksza od grubosci tarczy). W takim przypadku nacisk promieniowy
liny przekazywany jest w duzym stopniu na tarcz¢ i nalezy Tozpatrywac utratg jej
statecznosci jako jeden z istotnych schematow
zniszczenia. Dla analizy , statecznosci lokalnej”
tarczy bocznej - przy zachowaniu statecznosci
calego begbna - przyjeto uproszczony model
obliczeniowy w postaci tarczy z odcinkiem
powloki obcigzonym bezposrednio naciskiem
liny no$nej oraz warunkami brzegowymi (u,=0)
wynikajacymi z symetrii calej konstrukcji.
W celu zilustrowania charakterystycznych
zjawisk przedstawiono ponizej wyniki obliczen
MES dla dwoch polozen tarczy boczne;j :

1. Pas usztywniony wzdluz s$rednicy

PORGIIL. . , . Rys.1 Model obliczeniowy tarczy boczne;j
2. Pas usztywniony wzdluz Srednicy bgbna pednego.
pionowej. Fig.1 Computational model of the

W polozeniu 1, postaé wyboczenia drive-drum side disk.
pokazana na rys. 2 spelnia warunek symetrii wzgledem osi symetrii tarczy (o$ Z) -
wystepujace rdznice przemieszczen po obu stronach osi Z mieszcza sie w granicach
technicznej dokladnosci obliczen.

W polozeniu 2 wystepuje niesymetryczna - (wzgledem osi symetrii konstruk-
cji) - forma wyboczenia, ktéra pokazano na rys.3. ObcigZenie krytyczne w przy-
padku 2 jest wyzsze o 15 %, zatem z punktu widzenia bezpieczefistwa konstrukcji jest
to przypadek o mniejszym znaczeniu. Dla sprawdzenia, czy asymetria nie jest
zwiazana z dyskretyzacjq przeprowadzono obliczenia dla tarczy w polozeniu 2
pozbawionej usztywnienia. Otrzymano symetryczng forme wyboczenia.

Mozna zatem wnioskowaé, ze asymetria wyboczenia tarczy w polozeniu 2
zwigzana jest z lokalnym usztywnieniem mimo iz jest ono zlokalizowane na osi
symetrii.
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Dla weryfikacji przedstawionej interpretacji przeprowadzono eksperyment
numeryczny na prostszym modelu obliczeniowym. Model 1 wyniki obliczen
przedstawiono w p.3

Rys.2 Symetryczna posta¢ wyboczenia tarczy bocznej. Rys.3 Asymetryczna posta¢ wyboczenia tarczy bocznej.
Fig. 2 Symetrical shape of the side disk buckling Fig.3 Asymetrical shape of the side disk buckling.

3. Pogl¢biona analiza niesymetrycznych form wyboczenia.

Jako model obliczeniowy, dla wyjasnicnia asymetrycznej formy wyboczenia
tarczy kolowej, -przyjeto tarcz¢ kwadratowa z pionowym pasem o zwigkszoncj
sztywnosci, obcigzong silami $ciskajacymi na géornym poélobwodzie (lub jego czgsci)
1 utwierdzonej w 4 wezlach - wicrzcholkach clementu srodkowego.

Model obliczeniowy pokazano na rysunku 4 przy czym pas elementow, ktorych
grubos¢ zmieniano w czasie weryfikacji zaznaczono ciemniejszym kolorem.

Prosty model obliczeniowy umozliwil przeprowadzenie wielu cykli obliczen dla
réznych sztywnosci (grubosci) wzmocnienia przy obciazeniu przylozonym na calym
polobwodzie i1 dla przypadku obciazen w kierunku osi x (poziomo). W pierwszej fazie
weryfikacji badano formy wyboczenia tarczy gladkiej i usztywnionej obcigzongj
sitami poziomymi (P.) - goérna krawedz tarczy bez obciazenia. Otrzymano
asymetryczne formy wyboczenia dla tarczy jednorodnej i dla grubosci pasa
Srodkowego h;< 1,5 h. Przy wigkszej grubosci h, wystgpuja réznice ugigé
ekstremalnych po obu stronach usztywnienia -dla h;=1, h rdéznica ugi¢¢ wyno-
si ~15%. Sasiednia posta¢ réwnowagi dla tarczy jednorodnej przedstawia rysunek 5
natomiast dla tarczy usztywnionej (h;=1,7 h) rysunek 6. Lokalnie, symetrycznie
polozone usztywnienie prowadz do zaburzenia asymetrycznej formy wyboczenia.

Dla tarczy obciazonej sitami P, i Py obserwuje si¢ dominujacy wplyw sit P,
wymuszajacych  powstanie jednej poéifali w goérnej (Sciskanej) czesci tarczy.
W przypadku tarczy jednorodnej (bez usztywnicnia) forma wyboczenia pokazana na
rys. 7. jest symetryczna - roznica ugi¢g¢ w granicach bledu dopuszczalnego
w obliczeniach technicznych. Formy wyboczenia dla roéznej sztywnosci pasa
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srodkowego przedstawiaja rysunki 8. 9, 10 , 11. rys.8 dla h; =1,15 h, rys.9 dla
hy =1,7h, rys. 10 dlah, =3 horazrys. 11 dlah, =4 h.

We wszystkich przypadkach h,> h obserwuje si¢ niesymetryczne postacic
wyboczenia przy czym stopien asymetrii (stosunck ugi¢¢ ekstremalnych po obu
stronach osi z ) poczatkowo rosnie osiggajac maksimum (3 : 1) dla h, =3 h
a nastgpnie maleje dla wartosci (3 : 2) dla h; = 4 hi dalszy wzrost sztywnos$ci pasa
srodkowego nie powoduje zmiany stopnia asymetrii formy wyboczenia.

4. Podsumowanie wynikéw.

Przyjety w p.3 prosty model obliczeniowy potwierdzil wyst¢gpowanie
niesymetrycznych form wyboczenia dla konstrukcji symetrycznych z lokalnymi
usztywnieniami w osi symetrii. Potwierdza to formulowane wczesniej poglady (1)
oparte na przyblizonych rozwiazaniach analitycznych.

Przeprowadzone obliczenia wykazaly réwniez, ze sztywno$¢  lokalnego
wzmocnicnia istotnie wplywa na stopien asymetrii sasicdniej postaci rownowagi.
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Summary

Local stability of the side disk of a four-rope drum drive was considered (using FEM-
ALGOR system) in the presented paper. The numerical analysis refers also to the
possibility of the existence of the asymmetrical buckling forms in the symmetrical
structures. In some solutions of drum drive constructions the bearing ropes are
situated in the planes of the side disks. In this case the structure is loaded on the
upper half of the edge with the radial pressure. The wheel rotates during the real
work of the structure and the radial pressure acts at the actual upper half of the edge.
Due to inspection holes and local reinforcements the stability analysis of the plate
should be considered in several different positions. In one of them, for all boundary
conditions (geometry, boundary conditions, loading) being symetrical, the
asymmetrical buckling form has occured. The possibility of the existence of the
asymmetrical buckling forms was analyzed in the sccond part of this paper. In these
cascs the structures, their loading and boundary conditions were symmetrical
towards to the at least onc axis. The numerical model for this analysis was simplified
and the local reinforcement was situated in the symmetry axis. The relation between
the buckling asymmetry and the stiffness of the local reinforcement was cstimated.
The asymmetrical buckling form of a side disk was depicted in the fig. A Fig. B
presents the analogical buckling form of a square plate.
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Fig.A Asymetrical shape of the side disk buckling, Fig.B Buckling of the plate with the stiffening h;= 4h
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STUDY OF DYNAMIC STABILITY OF A BEAM UNDER
AERODYNAMIC LOAD

M.T. BOURDEIX, P. HEMON, F. SANTI
Institut AéroTechnique / CNAM
15, rue Marat F-78210 Saint-Cyr-L'Ecole - FRANCE

D. GIRAUD, O. MANHES
ESSTIN - Université Nancy I - France

The dynamics of an elongated beam under cross-wind loading excitation is
investigated by numerical and experimental techniques. The problem deals with
flow induced non linear vibrations in relation with aerodynamic properties of
the section. Analysis of the dynamical system clearly shows the energy
exchange between fluid and structure where stationnary vibration is mainly due
to damping equilibrium. Final objective is the control of such vibrations by
means of piezo-electric sensors and actuators.

1. Introduction

Flow induced vibrations still remain an important problem in mechanical
engineering and contain a large number of different kind of instabilities. We are
dealing in the present work with an elongated beam subjected to aerodynamic steady
flow. This flexible beam could be seen as an idealized bridge deck or a long span wing
where across-wind oscillations occur.

Such vibration, known as galloping oscillation, is triggered by aerodynamic
damping which may become negative and could dominate structural damping.
Additionally, oscillations occur frequently at first bending mode frequency so that
large amplitude can be reached. However, non linear effects of aeroelastic forces have
sometimes properties that bring stabilization contributions which consequently results
in limit cycles of the Van Der Pol type.

The beam section chosen is a rectangular one, with a dimensionnal ratio L/D=2
where L is the along-wind size and D the cross-wind thickness. This shape is known
to be sensitive to stall flutter instability with respect to its single degree of freedom of
bending. The global design of the beam was done in order to perform experiments in
wind tunnel as well as numerical simulations. The final objective is the control of
vibrations by means of piezo-electric film used as sensor and actuator.
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2. Numerical simulation
2.1 Stuctural dynamics and computational method
We start with the classical movement equation in discrete form
MX + CX + KX = Fa(X) )
where X is the displacement vector and M, C and K the mass, damping and stiffness
matrices. The aerodynamic force vector Fa is coupled with structure velocity, and will
be detailed in the next section. Finite element of Timoshenko beam is used to find the

two first bending eigenvectors Wi (i=1,2) in the along and cross wind directions. The
displacement is then classically written as

i=1,2
so that one obtain two scalar differential equations coupled by external force
& +2n0; &; + 02 o; = (Fa(X), Wi) 3)

The reduced structural damping is i (refered to critical damping) and w; is the
angular eigenfrequency of the mode i. This system is solved by direct numerical
integration using a 4th order scheme (a modified De Vogelaere-Fu method) which has
shown no numerical damping that could interfere with physical damping.

2.2 Aeroelastic force model

We assume a velocity V of the wind with an angle of attack § with the beam
section axis , as shown figure 2.1. Because the oscillating structure has a velocity, it
sees a relative velocity Vr with a relative angle of attack Pr. Then one can write for
one section of the beam

Vi2 = V2 + %2+ 92 -2V cosPr x+2VsinPr y @)
VsinB+y

r = arctg| ———————= 5

P Cg(VcosB—x) 2

where x and y are both components of beam section velocity. Then, the aeroelastic
force of one section is given by

Fa= %pED Vrz[ ©)

~Cxv(Br) sin Br + Cyv(Br) cos Br

The air density is p and £ is the length of beam finite element. Aerodynamic
coefficients Cxv (drag) and Cyv (lift) are given by polynomial approximation of
experimental results, as shown figure 2.2.

Cxv(Br) cosPBr + Cyv(Br) sin Br J
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Linear analysis would show that cross-wind oscillations (along y axis) create a
negative aerodynamic damping when lift derivative with respect to B is positive. In
our case, this unstable propertie occurs around zero angle of attack and disappears for
values upper 6 degrees.

y 4 yw (wind axis)
X (beam axis)
Br >0 >
B>0
Y
e T xw (wind axis)

Figure 2.1 : Relative wind and angle of attack presentation
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Figure 2.2 : Aerodynamic force coefficients of the rectangular profile

We are also performing numerical simulations of the flow using a Navier-Stokes
solver by finite element method, in order to better understand the flow nature which
creates such instability.
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3. Experimental apparatus

To date, this part of the project is in progress so that no reliable results can be
presented in this abstract. The purpose of experiments is to validate the numerical
simulations mentionned previously, but more important is the control of vibrations.

co-located piezo-electric
sensor & actuator

wind

cross-wind vibration

Figure 3.1 : Principle of experimental testing

Principle of tests is described figure 3.1. The beam is made of aluminium and
have 950 mm of length with a section of 5x10 mm. Special care was taken in
designing the lateral fixations system in order to realize very accurate clamped
boundary conditions. Comparison with Timoshenko finite element computation has

shown offset less than 1% with the measured bending eigenfrequency.

7.5

5.0
2.5
0.0
-2.5

sensor output (V)

-5.0

-7.5

0.0

time (s)

Figure 3.2 : Example of sensor output signal during oscillations tests in wind tunnel
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Sensor and actuator are PVDF piezo-electric films of 40 pum of thickness, glued
with a very stiff cement. They are connected to adequate electronics (charge amplifier,
high level voltage amplifier) in order to measure/apply bending moment on the middle
of the beam. Only the first across-wind bending mode can be controled by this
technique and therefore control signal is low-pass filtered to avoid too much spill-over
problems. An example of signal given by the sensor, during oscillations under flow
excitation in wind tunnel, is plotted figure 3.2.
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Figure 4.1 : Analysis of stationnary solution for V=30 m/s at =0

(a) : Trajectory of the middle of the beam. (b) : Hysteresis loop of the structural viscous
damping force. (c) : Hysteresis loop of the cross-wind aerodynamic force. (d) : Power
spectrum of the transverse displacement
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4. Results analysis

The results of numerical simulation of aeroelastic vibration is given figure 4.1.
The structural damping used is about 1%, corresponding the one measured. All data
presented are taken at the middle of the beam, where movement amplitude is
maximum. The along-wind oscillations are very small, that is a well known result.
However, across-wind vibrations reach amplitude of almost %2 times the thickness
D, representing 10 mm.

Power spectrum of this displacement shows that energy is located mainly on
fundamental frequency, but third and fifth harmonic peaks appear. The system
corresponds then to an order 2 Van Der Pol nonlinear oscillator. Limit cycle is reached
due to an equilibrium between energy transfered to the structure by the flow, and the
dissipation by structural damping.

5. Futur work

Obviously, comparisons of numerical simulations with experimental results will
certainly imply an improvement of the aeroelastic force model. This is the first goal.
The final objective remains however the active control of such vibrations, by using
adaptative or optimal strategy. In the last, an accurate understanding and modelling of
flow-induced vibrations is required, showing then usefullness of preliminary work.
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AN INEXPENSIVE FEM MODEL OF KINKBANDS

C.D. CHRISTENSEN, E. BYSKOV
Department of Structural Engineering and Materials
Technical University of Denmark
DK-2800 Lyngby, Denmark

J. CHRISTOFFERSEN
Department of Solid Mechanics
Technical University of Denmark

DK-2800 Lyngby, Denmark

An inexpensive finite element model of kinkbands based purely on specialized
beam elements is developed. The fibers are modeled as kinematically nonlin-
ear elastic-plastic Bernoulli-Euler beams, while the matrix material, i.e. the
material between the fibers, is assumed to behave as a number of clastic-plastic
kinematically nonlinear shear flexible beams perpendicular to the fibers. Oune
of the novel features of our study is the application of the latter beam ele-
ments, which are special in that they accomninodate constant axial, shear and
curvature strains, only. The justification of these elements is given in the
main body. Although, or maybe rather because, the method is very simple
it appears to provide a basic understanding of the kinkband process in that
the model is able to predict kinkband angles different from zero and kinkband
broadening.

1 Introduction

In some studies kinkbands have been examined by means of the finite element
method where both the fibers and the matrix material are modeled by in-plane
plate elements. This makes it possible to take into account almost any effect.
The main disadvantage of this angle of attack is that the computational effort
tends to be large, both in terms of computer time and memory.

In our study we focus on the important features of the kinkband process and
try to exclude less prominent effects from the finite element model. Thus, the
double aim of this work is to develop an inexpensive FEM model of kinkbands
in general, and to gain a better understanding of the kinkband process.
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2 Development of the model

Materials which may develop kinkbands in compression are characterized by be-
ing considerable stiffened by fibers in the load direction, like e.g. fiber composite
materials and wood. In the following we refer to the part of the material which
is not fibers as the matrix, be it a solid matrix or a cell wall in the case of wood.

Before and during the kinkband process, the fibers and the matrix perform
separate and very distinct tasks.

e The main purpose of the fibers is to stiffen the material parallel to the
fibers, i.e. axially, and to resist shear in the plane perpendicular to the
fiber direction.

e The other basic material, the matrix, keeps the fibers in place by resisting
relative perpendicular and parallel displacements between fibers

Since the matrix material is much softer than the fibers it does not add sig-
nificantly to the axial stiffness and the shear stiffness in the plane perpendicular
to the fibers, and may therefore either be neglected or included in the stiffness
of the fiber.

Bearing the above in mind we developed our finite element model.

First we adapt a plane strain structural model of the composite shown in
Fig. 1.

In the FEM beam model of the structural model, Fig. 1, the long, slender
fibers are modeled as Euler-Bernoulli beams providing the axial stiffness and the
shear stiffness in the plane perpendicular to the fiber direction for the overall
composite.

The strains

In the matrix, the normal strain parallel to the fibers is limited by the normal
strain in the fibers, and during the kinkband process it becomes negligible com-
pared to the shear and normal strain perpendicular to the fibers. The matrix is
therefore modeled as shear flexible beams perpendicular to the fibers.

The fiber beam element in the model has no width—in reality it has a non-
vanishing width t—compared to the distance between two neighboring fibers.
Thus, because the fiber is much stiffer than the matrix, the ends of length ¢/2
of the matrix beam elements are assumed to be rigid, see Fig. 2.

As it is well-known a kinkband zone consists of zones above and under the
kinkband where the strains are very small, a zone in the kinkband where the
strains are more or less constant, and zones along the boundaries of the kinkband
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Figure 1: The beam element model

itself with very rapid variations of strain. Therefore, traditional functions of
higher order continuous derivatives often do not provide better approximation
than a simple trial function. Instead the rapid variations in the fiber direction
are dealt with by using very short constant or linearly varying Bernoulli-Euler
beam strains, € and k.

When the distance between element nodes in the fiber direction is reduced to
the of order one fiber distance, both the flexible length and height of the matrix
beam element is very small compared to the entire composite, and a constant
strain beam element proves sufficiently accurate to describe a kinkband process.
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Figure 2: Rigid end-constant strain matrix finite element

3 Kinkband example

The finite element model covers both kinkband broadening, which is an effect of
the fibers squashing the matrix until it becomes incompressible, and kinkbands
at an angle with the original fiber direction, which seems to be triggered by a
more flexible matrix in tension than in compression.

Figs. 3 and 4 provide an example of a kinkband predicted by this finite el-
ement model. In Fig. 3 the applied load is plotted against the vertical end
displacement. The almost linear initial part of the curve covers ordinary com-
pression of the composite, while from the initial linear curve over the top and
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down to the local minimum the kinkband forms. At the following almost flat
section the fiber angle in the kinkband grows, while the angle of the kinkband is
steady. The final section of rising load-carrying capacity is due to the broadening
of the kinkband.

-P 0
-10

Figure 3: Applied load, P, plotted against vertical end displacement, v,

Fig. 4 (plot 1, plot 2 and plot 3) shows the kinkband at the points given in
Fig. 3.

4 Concluding Remarks

The present study, which to some extent still must be considered preliminary,
seems to indicate that many of the most distinct features of kinkband devel-
opment may be captured by a finite element method that applies fairly simple
elements.
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Plot 1, v=0.15 —

Plot 2, v=0.30 —

Figure 4: The deformed composite
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WYBRANE PROBLEMY ANALIZY STATECZNOSCI
POWLOK WIELOGALEZIOWYCH

J. CHROSCIELEWSKI
Katedra Mechaniki Budowli Politechniki Gdanskiej
G. Narutowicza 11/12, 80-952 Gdansk, Poland

W pracy omawia si¢ pewne zagadnienia zwiazane z analiza powltok wielogaleziowych metoda
elementdw skofczonych (MES), w tym szczegdlny problem tzw. szostego stopnia swobody
(owinigcia). Jako zagadnienia ogblne wyrdznia si¢: teori¢ powlok, dyskretyzacje i sposob
traktowanie nieregularno$ci. Prébe rozwiazania tych zagadnien podjeto w ramach
sze$cioparametrowej teorii powlok. Przyklad analizy stateczno$ci gigtno skretnej wspomnika
dwuteowego demonstruje przyj¢te sformulowanie. Stosowna literaturg zawieraja prace (1) i (2).

1. Wstep. Formulowanie elementéw skonczonych w powlokach

Réznorodnos¢ konstrukcji powierzchniowych i wiazaca sie z tym zloZzono$é ich
zachowania czyni z nieliniowej analizy powlok trudng dziedzing badan, wymagajaca
duzej ogodlnosci, dobrej teorii oraz elastycznych i skutecznych metod rozwiazania.
Aktualnie MES jest najczg¢sciej proponowanym narzgdziem rozwiazania probleméw
powltokowych. Jednak, mimo prawie 30 lat badan, poszukiwanie niezawodnych i
efektywnych elementéw powlokowych nadajacych si¢ do ogélnej, nieliniowej analizy
konstrukcji powlokowych o dowolnej geometrii, obciazeniu, warunkach brzegowych i
prawach materialowych, jest nadal zagadnieniem otwartym. Wyrézni¢ mozna trzy
strategie stosowania MES w obliczeniach konstrukcji powlokowych:
1. tréjwymiarowe sformulowanie kontynualne (elementy brytowe),
2. degeneracj¢ redukujaca osrodek trojwymiarowy zgodnie z zalozeniami teorii
powlok z jednoczesna dyskretyzacja (elementy zdegenerowane),
3. jedna z teorii powlok (ptyt) prowadzaca do:
a) elementéw plaskich, przewaznie 3- lub 4-wegztowych, jako superpozycji
elementdw plaskiego stanu naprezenia i elementéw plytowych,
b) elementéw zakrzywionych, bazujacych na réznych wariantach teorii powtok,
zazwyczaj typu Kirchhoffa-Love'a (K-L) lub Reissnera-Mindlina (R-M).
Kazde z tych podej$¢ ma swoje wady i zalety preferujace rézne kierunki zastosowan.
Dwie ostatnie strategie dotycza formutowania elementéw powlokowych. Uzycie tego
typy, standardowych elementéw powlokowych, bezposrednio do analizy konstrukcji
inzynierskich traktowanych jako catos¢, uwzgledniajac prety, segmenty powlok, skoki
grubosci itp., napotyka na istotny klopot powiazany z faczeniem ich w struktury.
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2. Analiza nieregularnych powlok wielogaleziowych

Od strony teoretycznej, poprawny opis powlok wielogateziowych musi zawieraé
kompletny uklad réwnan rézniczkowych, w tym warunki skoku wzdluz nieregular-
nosci dla zmiennych kinematycznych i statycznych. Od strony MES, w prébie rozwia-
zania zagadnienia obliczen tego typu powlok, wyrdzni¢ nalezy cztery podejscia.

I) Podejscie bezposrednie stosuje si¢ w elementach o pigciu stopniach swobody w
wezle. Polega na: a) transformacji obu obrotéw z lokalnej bazy wezla elementu do
bazy globalnej, gdzie elementy laczy si¢ w strukturg; &) definiowaniu, przez
nieciaglosci polaczen réznych czgsci powloki, ciagiego pola direktoréw. W a), tran-
sformacja nie prowadzi do spekienia ani statycznych, ani kinematycznych warunkéw
skoku. Brak sztywnos$ci obrotowej wokot normalnej moze prowadzi¢ do biedow i
fikcyjnych form utraty statecznodci. Sposéb b) stosuje si¢ do modelowania zataman
tylko dwdch ptatéw. Sposoby te zawodza w ortogonalnym faczeniu pretéw z powloka.

II) Podejscie wprowadzajace szdsty stopiefi swobody do elementéw sformutowa-
nych na gruncie teorii klasycznych (tréj- lub piecioparametrowych). W podejsciu tym,
na poziomie numerycznym, rozszerza si¢ parametry obrotowe z dwoch do trzech.

I1a) ,,Inzynierski" sposéb wprowadzenia szdstego stopnia, polegajacy na dodaniu
sztywnosci sprzgzonej z szostym stopniem. Najczesciej fikcyjng sztywno$é obrotowa,
dodaje si¢ bezposrednio do wezla w postaci ,,sprezynki" lub do elementu w formie
,beleczki". Sposéb ten, wprowadzajacy energetycznie sprzezona z ,,owinigciem"
sztywno$¢ obrotowa, posiada znamiona formalnego podejscia do problemu (od strony
statycznej i kinematycznej). W zagadnieniach nieliniowych wrazliwych na zaburzenia,
dodanie fikcyjnej sztywnosci prowadzi czgsto do przesztywnienia konstrukcji.

IIb) ,.Dyskretyzacyjny" sposdb wprowadzenia szdstego stopnia. Podniesienie
rz¢du interpolacji w plaszczyZnie elementoéw ptlaskich, prowadzi do weztowych stopni
swobody interpretowanych jako obroty normalne. Analogicznie prébuje sig
wbudowaé sz6sty stopien w elementy powlokowe. W elementach klasy C', stopieri ten
wyraza si¢ przez pierwsze pochodne przemieszczen w powierzchni elementu. W
stanie tarczowym, zachowujac ciaglo$é klasy C°, obrét normalny wprowadza sie
najcz¢sciej przez tzw. ,,niekonwencjonalng" interpolacje Allmana [1984] lub tzw.
»sformutowanie swobodne" na poziomie macierzy sztywnosci (Bergan i Felippa
[1985]). Wada obu koncepcji jest ograniczenie do okre$lonej geometrii elementu.
Wbudowany szdsty stopiefi pozwala laczyé elementy w powlokach nieregularnych.
Podejscie to jest rownowazne spehieniu kinematycznych warunkéw skoku, lecz tylko
w wezlach. Problem statycznych warunkow skoku pozostaje poza analiza.

III) Podejscie kontynualne. Zakladajac, ze w rozwiazaniu nieodzowne sa trzy
parametry obrotowe, usiluje si¢ tutaj wprowadzi¢ szdsty stopiefi swobody na poziomie
sformutowania kontynualnego (teoretycznego). Wydziela sie tu dwa sposoby.

I1Ia) ,,Fizyczne" podejscie kontynualne polega na zastapieniu piecioparametrowe;j
teorii powlok R-M, modelem wzbogaconym, typu powierzchni Cosseratéw. Przyjgcie
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modelu wzbogaconego z szescioma stopniami rozwiazuje problem, ale tylko széstego
stopnia. Elementy skonczone formutuje si¢ stosujac standardowe postgpowanie MES.

I1Ib) ,,Wariacyjne" podejscie kontynualne odnosi si¢ do pigcioparametrowego
modelu powtloki. Konstruuje si¢ funkcjonal dwupolowy, z trzecim obrotem jako
zmienng niezalezna, przez dotaczenie warunku ubocznego z mnoznikiem Lagrange'a.
Funkcjonat jest podstawa formutowania mieszanych elementéw skonczonych. Jednak,
w podejéciu tym wystepuja typowe trudnosci towarzyszace dyskretyzacji zasad
wielopolowych. W koncepcji tej nie dyskutuje si¢ statycznych warunkéw skoku.

IV) Podejécie wykorzystujace elementy przejsciowe w obszarze potaczenia
wielogaleziowego. Wystgpuja tu dwie mozliwosci. Pierwsza, to opis obszaru
pofaczenia na poziomie tréjwymiarowym z dyskretyzacja, elementami brylowymi i
specjalnymi, przechodzacymi poza obszarem polaczenia w elementy powlokowe.
Druga, to konstrukcja tacznika ptatéw powtoki typu preta przestrzennego, na zasadzie
redukcji do jednego wymiaru o$rodka tréjwymiarowego geometrycznie
pokrywajacego si¢ z obszarem pofaczenia. Podejscia te, wydaja si¢ najwlasciwszym
sposobem modelowania potaczen wielogateziowych powtok.

3. Gléwne zagadnienia w analizie powlok metodg element6w skonczonych

Przeprowadzona dyskusja wskazuje, ze w analizie MES konstrukcji powlokowych o
dowolnej geometrii, obciazeniu, warunkach brzegowych itp., zasadnicze trudnosci
koncentrujq si¢ wokoét nastgpujacych trzech zagadnien ogdlnych:
I. teorii powlok - zastapienie problemu tréjwymiarowego przez dwuwymiarowy o
zmiennych zdefiniowanych tylko na pewnej wyrdznionej powierzchni,
I1. dyskretyzacji - skoniczenie elementowa aproksymacja problemu ciaglego,
III. nieregularnosci powltok - traktowanie rozgalezieni i przeciec, skokéw grubosci,
usztywnien, wzmocnien, potaczen z pretami itp.
Ze wzgledu na jakos$¢ rozwiazan, w ramach 11, wyréznia sig¢ problem szczegdiny:
ITa.zjawisko blokady rozwiazan - uboczny efekt numeryczny jednolitej interpolacji
niskiego rzedu (przewaznie klasy C°), nadmierne przesztywnienie konstrukcji.
Pierwsze zagadnienie ma charakter analityczny, drugie natur¢ czysto numeryczna,
zagadnienie trzecie ma charakter zaréwno analityczny, jak i numeryczny. Préobe
rozwigzania tych zagadnien podjgto w ramach szescioparametrowej teorii powlok.

4. SzeScioparametrowa teoria powlok sprezystych

Zgodnie z koncepcja Simmondsa [1984] jako podstawe formulowania teorii powiok
przyjeto statykg ciala typu powloka. Idea tego podejscia bazuje na budowie $cistych
powlokowych réwnan réwnowagi i napr¢zeniowych warunkéw brzegowych z
odpowiednich praw tréjwymiarowych, bez przyjmowania zalozen upraszczajacych.
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Warunki skoku formutuje si¢ dla sit przekrojowych N% M? na krawedzi I' potaczenia
wielogaleziowego. Struktura kinematyczna teorii nie jest postulowana, lecz wyptywa z
tozsamosci calkowej. Modelem kinematycznym jest powierzchnia typu Cosseratéw z
naturalnymi miarami odksztalcen €,,k, . Niezaleznymi zmiennymi kinematycznymi
sa pole translacji ueE’ powierzchni odniesienia powloki M i pole tensoréw ortogo-
nalnych QeSO(3). Zaleznosci konstytutywne sa miejscem, w ktérym koncentruje si¢
wszelkie zalozenia upraszczajace. Komplet réwnan teorii zawiera Tab. 1.

Tabela 1. Komplet réwnan statyki nieliniowej sze$cioparametrowa teorii powlok sprezystych

Ng, +p=0, M+ Y, xN%+1=0 na M\[C :gx:gr\]\:gi

£4= e~ (1-Q)a,, Ko = ad™ Q.o QT) na M\ ;2X:$tlli’;czne

N* =90/z, M = 50/dk, AT e
Eaﬁ(g ap~AaxKkp)=0, Eaﬂ( Koq5— _;_ (kX Kﬂ))=0 na M\ ;v;g;l;; csz,Odnosd
Nava = N:, , Ma’va = M:, wzdiuz M, ;traztg'ggcve;warunki
Q=0 wadaav, Snenaneme
Prof0=0,  lroIMIS0 e e
ur = u®, Qr = QY wzdiuz T’ :;Lu£$5252320§0i

Do réwnan tych formuluje si¢ rézne stabe postaci problemu brzegowego, ktore sa
baza aproksymacji MES. Poniewaz jednak, w sformulowaniu tym przestrzen
konfiguracyjna nie posiada struktury przestrzeni liniowej, wymagane jest
niestandardowe podejscie do: metodologii interpolacji na SO(3), linearyzacji rownan,
procedury iteracyjnej, parametryzacji SO(3) i uaktualniania zmiennych. Otrzymane
sformulowania wariacyjne umozliwily opracowanie Lagrange'owskich elementéw
powlokowych klasy C% 4-, 9- i 16-wezlowych elementéw przemieszczeniowych, 4- i
9-wezlowych elementdw semimieszanych, 4- 1 9-wezlowych elementéw o
dwustopniowej interpolacji odksztalcen membranowych i $cinania. Wszystkie
elementy sformutowano w terminach wielko$ci przekrojowych z széstym obrotowym
stopieniem swobody jako bezposrednia implikacja teorii powlok.

Demonstracja przyjetego sformulowania teorii i MES jest przyklad analizy
statecznosci gigtno skretnej wspornika dwuteowego zamieszczonego na Rys. 4.1.

Podzigkowania
Prac¢ wykonano w ramach proj. bad. nr 7T07A 021 12 finansowanego przez KBN.
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Rys. 4.1 Wspornik 2-teowy. Sformulowanie: CAM - przemieszczeniowe, SEM - semimieszane, ASC -
dwustopniowa interpolacja odksztatcen, teoria 6-parametrowa, BOX - teoria von Karmana.
Fig. 4.1 I-shaped cantilever beam. CAM - displacement/rotation formulation, SEM - semi-mixed formula-
tion, ASC - assumed strain formulation, 6-parameter shell theory, BOX - von Karman theory.
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Summary
SOME PROBLEMS OF INSTABILITY ANALYSIS OF- MULTI SHELLS

Difficulties in the FE analysis of shell structures with arbitrary geometry, loading,
boundary conditions center around the following three main issues: 1) shell theory, II)
discretization (FEM), III) irregularities (treatment of shell branches and shell
intersections, stiffeners, shell-to-rod transitions, etc.).

In this paper an approach to solve these problems in the frame of sixth parameters
theory of shells is presented. The approach is based on the static analysis. Exact
equiliubrium equations of the shell are constructed from three dimensional theory
without any simplifying assumptions. The equilibrium conditions along the multi-shell

connection I" are formulated for the internal forces N*,M? . Kinematic structure of

the theory is not postulated but cames from the integral identity. The kinematic model
coincides with the Cosserat-type surface described by means of the natural strain
measure &,,Kk, . As the independent kinematic variables are assumed the translation

uekE? of the basic surface of the shell M and the orthogonal tensors Q&SO(3). The

only approximated character of the theory is manifested in the form of two-
dimensional constitutive equations. Table 1 consists of all equations of the theory.
Some different week formulations of the boundary problem are derived as the basis of
the FEM approximation. Since the configuration space described is not a linear space
then a nonstandard approach to the methodology of interpolation on the rotation group
SO(3), linearization of equations, iteration procedure, parametrization of the group
SO(3) and actualization of the variables is necessary. On the basis of variational
formulation several types of C® shell finite elements are worked out, including the
Lagrange family of 4-, 9-, 16-node displacement elements, the 4- and 9-node semi-
mixed elements and the 4- and 9-node elements with assumed strain interpolation for
membrane and shear strains. All elements are formulated in terms of the cross section
resultants and they contain the drilling degree of freedom being the implication of the
theory.

Efficacity and accuracy of the approach proposed are presented by the instability
analysis of flexural-torsional buckling of the thin-walled I cantilever beam (Fig.4.1).
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WPLYW WSTEPNEGO WYGIECIA NA SILE KRYTYCZNA WYBOCZENIA
SKRETNEGO PRETA DWUTEOWEGO

J. CHROSCIELEWSKI, I. LUBOWIECKA, C. SZYMCZAK
Katedra Mechaniki Budowli Politechniki Gdanskiej
G. Narutowicza 11, 80-952 Gdarsk, Poland

W pracy przedstawiono problem wplywu wst¢pnego wygiecia na site krytyczna wyboczenia
skretnego $ciskanego osiowo preta cienko$ciennego o przekroju dwuteowym. W ramach teorii
pretéw cienkosciennych o przekroju nieodksztalcalnym wyprowadzono réwnanie rézniczkowe
problemu, ktorego rozwiazanie wyznaczono za pomocg metody Galerkina. Wykazano, ze w
pewnym przedziale szerokosci polek preta wstepne wygiecie powoduje obnizenie sity
krytycznej wyboczenia skrgtnego. Redukcja ta powieksza si¢ wraz ze wzrostem amplitudy
wstepnego wygigeia. Otrzymane wyniki zweryfikaowano przy wykorzystaniu metody
elementéw skonczonych opartej na nieliniowej teorii powlok. W pewnym zakresie parametrow
preta uzyskano dobra zbieznos¢ wynikdw, natomiast przy duzej szerokosci polek preta lokalna
utrata statecznosci potek moze powodowac znaczne obnizenie sily krytycznej w stosunku do
rozwiazan pretowych.

1. Wstep

W pracy (1) wykazano, ze punkt bifurkacji wyboczenia skretnego cienko$ciennego
preta o przekroju dwuteowym jest symetryczny i stateczny. Oznacza to, ze sifa
krytyczna wyboczenia skrgtnego nie zostaje obnizona na skutek wystapienia wstepnej
imperfekcji geometrycznej w postaci kata skrgcenia preta. Wynik ten jest wazny dla
wszystkich przekrojow bisymetrycznych otwartych. Inaczej ten problem wyglada gdy
wystepuja poczatkowe wygigcia preta (2,3). Przyblizone rozwiazanie problemu
wplywu tego wygiecia na warto$¢ sily krytycznej wyboczenia skretnego
przedstawione w tych pracach wskazato, ze w pewnych przypadkach moze dojs¢ do
redukcji tej sity. Efekt ten ro$nie w miarg wzrostu amplitudy wygiecia. Wszystkie te
wyniki otrzymano w ramach zalozen teorii pretow cienko$ciennych o przekrojach
nieodksztalcalnych.

W niniejszej pracy zbadano dokladniej ten efekt nie tylko w zakresie teorii pretow
cienkosciennych, ale takze przeprowadzono weryfikacje przy wykorzystaniu metody
elementéw skonczonych opartej na nieliniowej teorii powlok (4,5). Ponizsze
rozwazania sa wazne w liniowo-sprezystej fazie pracy materialu preta oraz w
przypadku, kiedy warto$¢ sily krytycznej wyboczenia skretnego jest mniejsza od
wartosci sity krytycznej wyboczenia gigtnego.
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2. Wplyw wstepnego ugi¢cia na wielko$¢ sily krytycznej wyboczenia skretnego
wedlug teorii pretow cienkosSciennych i teorii powlok

Rozpatrywany jest pret swobodnie podparty o przekroju dwuteowym, ktéry zostat
wstegpnie wygiety w plaszczyznie ZY (Rys. 2.1). Energia odksztatcenia sprezystego
zgromadzona w precie, przy zalozeniu matych odksztalcen, ma postaé

_1 0,2 Il 2
Vy = zfofAE(ez—-ez) dAdz+5foGId9 dz )

gdzie €, oznacza wielko$¢ odksztatcen podtuznych, €,° - poczatkowe odksztalcenia
podtuzne, 6 - kat skrecenia preta, 1 - dlugos$¢ preta, A - pole przekroju poprzecznego,
I - moment bezwiadnosci Saint Venanta, E - modul sprezystoci a G - modut
odksztalcenia postaciowego.

p a) )
P
T t ' i ﬁ
X i
N
h=10.2m,
1 =4m, N P t =0.0lm,
yYAY E=210GPa £ b=0.2m

Rys. 2.1.Pret cienkoscienny o przekroju dwuteowym $ciskany sila osiowa
Fig.2.1. Thin-walled I-column subject to compressed axial load

Praca wykonywana przez sily osiowe P wyraza si¢ wzorem
L,
V,=P f Wz )

gdzie W jest przemieszczeniem osiowym mierzonym od potozenia wygigtego.

Korzystajac z warunku  stacjonarnosci catkowitej energii potencjalnej uklad

V=V, ~V, wzgledem W', v i 6 otrzymano podstawowy uklad nieliniowych

réwnan rézniczkowych problemu (2), do rozwiazania ktérego wykorzystano metode

matego parametru. Przyblizenie pierwszego stopnia dla wstepnego wygiecia w postaci
nz

vo(z) =V, sin—l— 3)
prowadzi do wyznaczenia przemieszczenia poprzecznego
Vo . Tz
v,(z) = ————sin— 4
I @

gdzie przez P, oznaczono silg krytyczna wyboczenia gietnego. Natomiast dla kata
skrecenia otrzymano réwnanie rézniczkowe o zmiennych wspétczynnikach
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4 2
El, 0V +(P1‘—’—-—Gld)9;’+(-7—t—) EVdsin® Z=2{(1, - 1,) -l s/ [1-E|lo, =0. (5)
A 1 ! P Px

Przyblizone rozwiazanie tego réwnania wyznaczono za pomoca metody Galerkina
przyjmujac

6,(z) =6, sinl-tlz- (6)

Po wstawieniu (6) do réwnania (5) i wykonaniu calkowania otrzymano réwnanie

Elw(%)z —(PH%L—GId)+%(%)ZEV($[(Iy —Ix)/(l— PPX )2+1;/(1—Pix]]el =0 M
kr kr

na wyznaczenie sily krytycznej wyboczenia skretnego Py, .

Ze wzgledu na uproszczony charakter teorii pretéw cienko$ciennych
przeprowadzono weryfikacj¢ numeryczng obliczen bazujacych na przedstawionych
powyzej rozwazaniach stosujac doktadniejszy powlokowy model preta. Zastosowano
przy tym metodg elementéw skonczonych oparta na nieliniowej, szescioparametrowe;j
teorii powlok (4,5). Kinematycznym modelem powloki jest dwuwymiarowe
kontinuum Cosseratéw. Sciste podstawowe réwnania teorii wyrazone sa przez silty
przekrojowe. Pewne uproszczenia wynikaja z przyjecia dwuwymiarowych réwnan
konstytutywnych. Do analizy sit krytycznych preta zastosowano szesnastoweziowe
czworokatne elementy skonczone klasy C° calkowane w sposéb pelny (FI) z
szeScioma stopniami swobody w kazdym wezle. Szdsty stopien swobody (owiniecie)
wynika w sposéb naturalny z przyjetej teorii powlok (4,5).

3. Przyklady numeryczne

Rozpatrzmy osiowo S$ciskany swobodnie podparty prgt o przekroju dwuteowym
pokazany na Rys. 2.1. Na Rys. 3.1 przedstawiono wyniki analizy wptywu wielkosci
wstgpnego wygiecia Vo na silg krytyczna wyboczenia skretnego przy wykorzystaniu
teorii pretow jak tez teorii powlok. Wyniki sa zblizone i wskazuja na znaczny spadek
tej sily rosnacy wraz ze wzrostem amplitudy imperfekcji (dotyczy b = 0.2 m).
Wyznaczono takze $ciezki rownowagi przed utratg statecznosci dla réznych wielkosci
amplitudy wstgpnego wygiecia. Takze i w tym przypadku jak widaé z Rys. 3.1
otrzymano dobra zgodno$¢ wynikéw obu teorii. Stan pokrytyczny preta pokazano na
Rys. 3.2.

Aby okreéli¢ tendencje zachowania sig¢ sily krytycznej w zaleznosci od szeroko$ci
potek na Rys. 3.3 przedstawiono wyniki analizy modelu pretowego dla amplitudy
wstepnego wygigcia rosnacej do V, = 0.05 m. Na tej podstawie mozna wyciagnaé
wniosek, ze dla preta o szerokosci pétek mniejszej niz b = 0.30 m nastepuje redukcja
sily krytycznej natomiast powyzej tej granicy mamy tendencje przeciwna .

-57-



4.0 L
=~ —  wg teorii powlok!
——— wg teorii pretow
z
2 P (V) y
= kr
3 > Pir (V)
]
= 2.0
Z ’ / //
1.0 /
0.0 O O —C
0.00 0.03 0.05 0.08 0.10

Wygigcie V,,V [m]
Rys. 3.1. Zaleznos¢ sily krytycznej od amplitudy wstgpnego wygigcia oraz przemieszczenia preta w Srodku
rozpigtosci od sily osiowej
Fig. 3.1. Critical buckling load versus amplitude of initial curvature and mid-span displacement of the
column versus axial load

Rys. 3.2.Stan pokrytyczny preta, rozwiazanie wg teorii powlok
Fig. 3.2. Post-critical deformation of the column (theory of shells)

4. Wnioski koncowe

Wyniki poréwnania analizy statecznosci skretnej dwuteowego preta cienkosciennego
ze wstepnymi wygigciami wskazuja na mozliwo$¢ znacznej redukcji sity krytycznej
wzrastajacej z amplituda wygigcia. Por6wnanie rezultatéw analizy opartej na teorii
pretéw cienkosciennych z dokladniejszym powlokowym modelem potwierdza
poprawnos$¢ jej rozwiazan w znacznym zakresie zmian parametréw preta.
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Rys. 3.3. Zalezno$¢ sity krytycznej od amplitudy wstgpnego wygigcia i szeroko$ci polek preta
Fig.3.3. Critical load versus amplitude of initial curvature and width of column flanges
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Summary

EFFECT OF INITIAL CURVATURE ON TORSIONAL BUCKLING LOAD
OF THIN-WALLED I COLUMNS

The effect of initial curvature on the critical load of torsional buckling of thin-walled I
columns is studied. The stability problem is formulated according to clasical
assumptions of the theory of thin-walled beams with non-deformable open cross-
section (1,3). The simply supported column of legth | subjected to axial end loads Py
(Fig. 2.1) is considered. The initial curvature of the column axis

V=V, sin(ltl-z—)

is assumed. The governing nonlinear differential equations of torsional buckling of the
column are derived with aid of the conditions of stationary total potential energy. The
solution of the equations is obtained by means of the perturbation approach. The
approximation of first order of the solution leads to the fundamental differential

equation
2
P P
(1, —Ix)/(l— P;Z‘,) +I)/(l— = ]}9, =0

for the critical torsional buckling load Py. Utilizing the Galerkin method for a trial
solution

I 4
EI_0}" +(P£—-—Gld)9;’+(ilr—) EV/? s,in?irl—Z

an approximated value of the critical load is obtained.

The solution is verified by means of the finite element method based on fully
nonlinear theory of shells (4,5). The quadrilateral 16-nodes elements with six degrees
of freedom in each node are applied. Additional so-called drilling degree-of-freedom
is taken into account. The results of numerical examples given (Fig. 3.1) allow us to
draw a conclusion that agreement between of the results of the bar and shell models is
very good. Moreover, a reduction of the critical load due to the initial curvature of the
column axis should be noticed. The greater amplitude of the imperfection the more
drastic reduction of the load. The effect of change of the flange width upon the critical
load is also studied. The prebuckling equlibrium paths for some different amplitude of
the initial curvatures are shown in Fig. 3.1, as well. It is worth noticing (Fig. 3.3) that
the reduction of the critical load is observed only for the flange width smaller than
b =0.3 m. If the width of flange is greater than b = 0.3 m then a rise of the critical
load is obtained.
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EVALUATION OF ULTIMATE CAPACITY OF THIN-WALLED
COLD-FORMED STEEL MEMBERS

D. DUBINA
CMMC Department, "Politehnica” University of Timisoara
Timisoara, RO-1900, Romania

D. GOINA
Centre of Advanced Technical Sciences, Romanian Academy
Timisoara, RO-1900, Romania

Using very accurate tests on compression cold-formed steel lipped channels, a large-
deformation elastic-plastic FEM model is calibrated. This model accounts for geometrical
imperfections of members and allows for evaluation of the erosion level of critical bifurcation
load in the local with overall instability coupling point. Comparisons with tests and
EUROCODE 3 Part 1.3 results are presented.

1. Introduction

The interactive buckling phenomenon, which characterise the behaviour of thin-walled
members leads to a strong erosion of critical load, due both to the imperfections and
coupling effect of instability modes. In a previous study [1] was shown the elastic
buckling results obtained with Finite Element, Finite Strip and Generalised Beam
methods, compared with experimental ones, are not accurate enough in case of
interactive buckling. For such problems, the effect of imperfections together with the
plastic behaviour, which are very important especially for short members, must be taken
into account. On the other hand, the results obtained by using the design codes
approaches, which are semi-empirical and have been calibrated by testing, are obviously
in a better agreement with relevant experiments.

Starting from these considerations, the present paper presents the tests based
calibration of an elastic-plastic FE model which enables for the refined analysis of
interaction phenomena of thin-walled compression members.

2. Calibration of the elastic-plastic FEM model
2.1 Experimental basis

Very accurate tests on compressed cold-formed steel lipped channels were performed
at University of Sydney [2]. The L36 test series, on pin-ended members, was chosen
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to calibrate the FEM model. The lipped channels were brake-pressed from zinc-
coated structural steel sheets Grade G 450 (nominal yield stress of 450 MPa). Table
2.1 shows the measured dimensions of the specimens. Material properties, determined
from coupon tests, are: measured static 0.2% (G, ,) tensile proof stresses of 500 MPa,
tensile strength (o,) of 540 MPa and Young’s modulus E=195 GPA. In Table 2.1, ¢’
represents the metal thickness and it was used in FEM model, together with measured
cross-section dimensions and determined material properties. The dimension of the
pin-ended bearing (95 mm at each end) should be added to the pin-ended specimen

length for the pin-ended columns. The pinned end bearings allowed rotation about the
minor y-axis, only.

Table 2.1. Measured specimen dimensions for series L36

Specimen Lips Flanges Web Thickness Radius Length

B, (mm) { B¢(mm) B, (mm) t (mm) t (mm) | r,(mm) | L(mm)
L.36P0280- 12.6 37.1 972 1.53 1.48 0.85 279.9
L36P0815+ 12.7 37.0 974 1.51 1.48 0.85 814.6
L36P1315- 12.4 36.9 97.1 1.52 1.47 0.85 1316.4

2.2 Introduction of geometrical imperfections and material non-linearities

From the point of view of non-linear analysis, initial imperfection are used in order to
lead the load-displacement response of model to certain shape of stability loss. With
compressed members some kind of disturbance is essential because loading itself has
no distorting effect on the model [3]. When initial imperfection is used to invoke
geometric non-linearity, the shape of imperfection can be determined with buckling
analysis. The buckling modes should describe the possible displacement field.

Two kind of geometric imperfections were taken into account in FEM model:
overall imperfection (with amplitude f,, at the mid-length), and local imperfection
(with amplitude w,). In order to establish the shape of geometric imperfections, an
eigenbuckling analysis was firstly carried out. The geometric imperfections in the
FEM model, for the three analysed specimen were taken as follows: for L36P280-
and L36P815+ specimens, the local imperfection is affine with the first buckling
mode (local buckling), and the overall imperfection is taken as a sine shape of f
amplitude; for L36P1315- specimen, the overall imperfection is affine with the first
buckling mode, (flexural buckling) while the local imperfection is affine with the
second buckling mode (local buckling).

The size of imperfections was equal either with the measured or equivalent
overall and local initial deflections. In Table 2.2 are presented the amplitudes of
imperfections. The measured amplitude of local imperfections is the maximum out-
of-plane deflection measured at the middle of the web width, while the overall one is
the initial deflection at mid-length of the member. Equivalent overall amplitude was
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taken (1/1000) of columns length, according to EUROCODE 3-Part 1; the local
equivalent imperfection was 0.006 of web width [4]. The measured eccentricity (e,)
of the applied load, given in Table 2.2, was also introduced in FEM model. The
membrane and the flexural measured residual stresses are negligible compared with
the nominal yield stress and they were not introduced in the FEM model.

Table 2.2. Measured and equivalent imperfections

Specimen Max. local geometric Overall geometric imperfections at Eccentricity
imperfection w, (mm) mid-length (mm) e’ (mm)
Measured Theoretical Measured Theoretical
L36P0280- - 0.5832 - +0.47 -0.13
L36P0815+ 0.25 0.5755 -0.46 -1 +0.31
L36P1315- 0.41 0.5286 -0.51 -1.5 -1.17

" Loading eccentricity positive indicate that the applied load produced deflections towards the lips
The material behaviour was introduced using both the ideally elastic-plastic

mode! (Prandtl) and the Ramberg-Osgood law calibrated for the considered material
(09,=500 MPa, ¢,=540 MPa, £,=12%).

2.3 Numerical results

The numerical analysis was carried out with ANSYS 5.1 using SHELL 43 elements.

This is a 4 nodes element, allowing for the elastic-plastic large strains and
deflection analysis. Boundary conditions and loading are set to match those employed
in the physical tests. In order to model the pinned support, a supplementary plate was
introduced at the ends of profile. The plate mesh includes the node corresponding to
the gravity centre of the profile cross-section. At one end the force is applied, and the
rotation over the weak axis and axial displacement are free, while at the opposite one,
all degrees of freedom are restrained, except the rotation over the weak axis.

In Figure 2.1 are plotted the load vs. mid-length deflection (bending about minor
axis) curves, both experimental and numerical, and are shown the deformed shapes.

The numerical curves plotted in this figure were obtained using measured local
and overall imperfections, except L36P280-specimen, for which no measured
imperfections existed. The numerical results are presented in Table 2.3.

Table 2.3. Limit loads [kN]

ANSYS with
Specimen Tests ANSYS with bilinear material model R-O model
measured imperfections | equivalent imperfections measured
imperfections
L36P0280- 83.5 - 85.87 81.41
L36P0815+ 67.9 70.5 72.08 69.8
L36P1315- 41.1 41.42 38.56 40.75
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Fig. 2.1. FEM simulation results

3. Calibration of the erosion of critical bifurcation load

3.1 The ECBL Approach

The interactive buckling approach based on Erosion of Critical Bifurcation Load
(ECBL) was largely presented in Ref [5]. The main problem of this approach is the

evaluation of the erosion factor y and, on this base, the calibration of the «
imperfection factor to be used in the European buckling curves. The experimental
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approach for y evaluation is presented in [5]. In the present paper, the numerical
procedure based on Finite Element (FEM) analysis will be presented only. This
procedure includes the following steps:

1. Evaluation of ultimate load of member in the coupling point which is defined by
the interactive slenderness, Aq =1/,/Q , and also in the points of g 0.1 g (Fig
3.1). Q represents the ratio between the effective and gross area of the cross section,
while x is the relative slenderness of compression member. N =N/ N, where N is
the actual compression resistance of the member, and N, is its full plastic capacity.

N
1

o Numerical results

\6\<N puLer=! /‘X-z

—

<

N =Q

Q
(1I=-v)Q | NEw.Q=(1-w)Q

$
|
o
1
)

A

e 6—0—>

0 K01k Ry Ag+0.1 7%,

Fig. 3.1. Evaluation of \ Erosion Factor by means of numerical results

Two different ultimate load corresponding to *f, value of initial geometrical
imperfection, will be calculate in each point. The local imperfections, w,, is the same
in all the cases.

2. Compute the individual value of erosion, vy, =Q, = Nimn/ N, ,» for the i number, and
the mean value of the erosion factor, y,,, for all n members.

3. Compute the design value of the erosion factor, y, =y _+2s , where s is the
standard deviation which is introduced in order to take into account the randomness
of numerical results.

This approach was used to obtain the erosion value corresponding, to the L36 test
series [2]. ANSYS large-deformations elastic-plastic (bilinear material model)
analysis was used with f,;=+0.46mm and w,=0.25mm. It was obtained y=0.373. With
this value the o imperfection factor is @=0.213. For short members , Aq <02, which
corresponds to N, =Q e.g. the local buckling ultimate capacity, the ANSYS model
was also used. Table 3.1 shows the corresponding results obtained using both the
ANSYS simulations and EUROCODE 3 Part 1.3 provisions. Using the o value and
the short member resistance and based on the Ayrton -Perry formulation [5], the
"numerical” buckling curve can be obtained. Figure 3.2 shows the comparison
between L36 and L48 series tests [2] with the EUROCODE 3-Part 1.3 buckling
curves and the numerical ones. Both numerical and code curves were devided by
Yvi=1.1 safety coefficient.
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Table 3.1: Short members resistance

Section EUROCODE 3, Part 1.3 ANSYS with bilinear ANSYS with Ramberg-
material model Osgood material model
Ny [kN] Q N [kN] Q Ny [kN] Q
C36 82.870 0.646 97.499 0.691 93.641 0.663
C48 83.412.5 0.528 112.389 0.646 111.623 0.642
N L36 pinned-ended Series ) N L48 pinnﬁd-ended Series
0.7 = experiments 0.7 = experiments

T — . T
0.6 Nics.(Q =0.691,y =0417,0 =0297) 0.6 =

0.5

:
T
041 0.4 .
0.3 J( 0.3 S
02+ T 0.2 Niea(Q=0528) i
o1 1’ oL eRERE e
0 " Y J A 1]
0 0.5 1 1.5 2 0 0.5 1 1.5

Fig. 3.2. Theoretical/experimental comparative results

4. Concluding remarks

If accurate tests are available, a refined FEM model can be calibrated to simulate
the behaviour of thin-walled steel compression members. Based on a such model, the
erosion of critical bifurcation load, into the coupling point between overall and local
instability modes can be evaluated. Using the erosion value and the Ayrton-Perry
equation, the interactive buckling curves may be obtained. The numerical results are
in good agreement with the experimental ones. However, the results in Table 3 in
connection with Fig. 3.2 show that, for both, short and long member, the introduction
of material behaviour into the numerical model by means of R-O model is more

suitable.
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INFLUENCE OF STRUCTURAL AND SEISMIC CHARACTERISTICS ON
THE BEHAVIOUR OF STEEL BUILDING FRAMES WITH SEMI-RIGID
JOINTS

D. DUBINA, D. GRECEA
Department of Steel Structures and Structural Mechanics, “Politehnica” University
of Timisoara, 1900 Timisoara, Romania
F. DINU
Centre of Advanced Technical Sciences, Romanian Academy Timisoara,
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The paper presents a parametric study aiming to evaluate and characterise the seismic response of steel frame
structures. The setsmic analysis was made by DRAIN-2D computer code, which allows for a dynamic elasto-
plastic analysis. Three different frames with semi-rigid beam-to-column joints having different beam/column
ratios of rigidity were analysed. There were studied the influence of these parameters on the plastic hinge time
history, collapse mechanism and values of g-factor, respectively. The Vrancea, March 4, 1977 and El Centro,
1940 earthquake accelerograms were used to introduce the ground motion.

1. Introduction

The cost of a moment resisting building steel frame is considerably influenced by the
nature of its beam-to-column connections and particularly by their moment capacity
and rotations stiffness. Substantial economies may be easily achieved by using bolted
connections without stiffeners, which are easy to fabricate in work-shop and to
assembly on site and therefore ensure minimum cost.

Steel structures with semi-rigid joints have a greater possibility of deformations, in
comparison with the rigid ones, which means they are more sensitive to the second
order effects, including the influence of imperfections.

Also, the semi-rigid joints are influencing the dynamic response of the steel
structures, modifying the structural coefficient q and the plastic hinges biography.
Promotion of steel structures with semi-rigid joints in Romania has to satisfy the
seismic criteria of strength and deformability.

On the basis of an extensive numerical investigation, the present paper summaries
the main conclusions.in regard with the influence of different structural parameters
on the seismic response of steel building frames with semi-rigid connections.

2. Numerical simulation program
A numerical simulation program with DRAIN-2D computer code [6] was designed
to find out the influence of the structural and seismic characteristics on the behaviour

of steel building frames with semi-rigid joints. The three steel frames presented in
Fig.1 were selected for numerical simulations. HEA and HEB section for columns
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and IPE section for beams were used. Different ratios between the beam and column
rigidity were chosen, i.e. strong column and weak beam (SCWB), weak column and
strong beam (WCSB) and column and beam with almost the same rigidity (CBSR).
The beam-column joints taken into account were of rigid and semi-rigid type.

108000 N 108000 N 36000 X 24000 N
12.363 N/mm 4,05 N/mm
6000 N 1 1 11 0 111 —_— 3000 ¥ l TT I T ITTIYITTT

A = B

b 3.0m - I 12,0 m o+ 12.0m -

207684 N 207684 X

10000 ¥

10000 8 [T T LTI TTTIT

sgooo @ [T TTITTITTIT

Fig.1 - The studied frames

The Eurocode 3, Revised Annex J rules [1] were used to evaluate the joints
characteristics, i.e. the plastic resistant moment Mgq, and the initial stiffness, S;. The
characteristics of joints selected for this parametrical study are:

- MRd = 12, 10, 0-8Mpl.beam

- 5j = Kiup, 0.8Kyyp, 0.6Kyy,, 0.4K
The §; values are limited by K, and K¢ as shown in Fig.2.

The accelerograms of Vrancea (Bucharest 1977) and El Centro (1940) earthquakes
were used for dynamic analysis (Fig.3).

The main purposes of this parametric study were to analyse the time history
of the plastic hinges appearance up to the collapse mechanism occurrence and the
change of q factor. The q factor is obtained according to the Eurocode 8 provisions
[2]. In order to model the cumulative damage of frame members, after the attainment
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of plastic moment capacity, a 5% degradation was considered in the bilinear M-0
curve during the dynamic simulation with DRAIN-2D. The second order effect was
also introduced.

| Kop = 25EL, /Ly, *
|
|

Mpl.b

L Kine = 0.5EI,

* =EUROCODE 3

8mb > 9

Fig.2 - S; values

———EIlCentro
*-Vrancea

Fig.3 - Accelerograms of El Centro and Vrancea earthquakes
5. Numerical results.

Tables 1 shows the values of q factor obtained for the frames A, B and C,
respectively.

The plastic rotations determined in connections were limited to the value of 0.015
rad. The Eurocode 3, Revised Annex J does not give a value for the ultimate rotation
of the bolted connections; it is suggested for welded ones, only as 0.015 rad. For the
bolted connections, this value is probably too severe and there are actually some
opinions that it could be increased up to 0.025 rad or 0.030 rad, but for the time
being we still remain at first value, which is a code one.
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Table 1 - Values of q-factor

Frame A
SCWB CBSR WCSB
\% P Stiffness | Centro{ Vrancea Vrancea | Centro | Vrancea
Koup 136 200 { 141 1 1.33
0.8kap | 13673 2.00 1.41 1.33
1.2Mpip | 0.6 ko 1341 2.00 1.41  |aili2ls 1.33
0.4 kqp 1:32: 2.00 1.47 “|#ib230 1.33
Keup 3.05 1.41 1.2 1.33
0.8 kep |i1:59:] 285 1.41 1.33
LOMyp | 0.6 Ko 1:59¢ 2.69 1.41 1.33
0.4 Kqp 154 2.45 1.47 1.33
Koo 152 4.50 1.41 1.33
08kw, | 1552 450 1.41 1.33
0.8Mpp | 0.6kep | 154 4.50 1.41 1.33
04k, | 148 4.40 1.47 1.33
Rigid ” 2.00 1.35 1.27
Frame B
Mgq Stiffness | Centro| Vrancea | Centro | Vrancea | Centro | Vrancea
Keup 1.29 1.65 40 1.90
0.8 Keup 1.39 1.65 1.90
12Mpis | 0.6 Ky 1.37 1.67 1.90
0.4 Kyyp 1.71 1.67 1.85
Keup 1.03 1.63 1.90
0.8 Kqup 1.90 1.63 1.90
1.0Myi [ 0.6 Koo 2.27 1.66 1.90
0.4 k,p 1.80 1.65 1.85
Ksup 2.40 1.52 1.90
0.8 Keup 2.95 2.90 1.90
0.8Mpip | 0.6 kyyp 3.15 2.70 1.90
0.4 kp 2.46 2.15 1.85
Rigid 1.36 1.42 1.46
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Frame C
SCWB CBSR WCSB
Mgy Stiffness | Centro | Vrancea | Centro | Vrancea Vrancea
kep | 02033 400 lite4i] 3.40 1.47
0.8 Keup 400 |:1.65{ 3.35 1.47
1.2Mp1p | 0.6 Kyyp 418 163 3.10 1.47
0.4 Kqup 400 }o156 290 1.47
Kqup 633 pil7L| 425 1.41
08k, | 2,100 6.33 3.90 1.47
LOMy, | 06ke, bi20201 633 [168] 3.90 1.53
0.4 keyp | 19855 460 [i1i66: 4.40 1.58
Koo |92:00°51 100 1275 7.00 1.81
08Ky | 227 ] 110 |:176:] 8.00 3.09
0.8Mpp | 0.6k § 23355 110 Pi176 110 3.00
0.4 Kkep |2.09:5] 7.50 1744 8.00 2.80
Rigid 181 295 | 191 5.50 1.40

6. Conclusions

On the basis of the results previously presented, we are suggesting some remarks in
regard with the following problems, i.e.

6.1 Influence of the beam/column rigidity ratio

In case of WCSB frames, a floor mechanism located within the first storey occurs.
The corresponding sway displacements are important.

For the SCWB frames, the yield mechanism is a global one, in which the plastic
hinge rotations are dominant. Developing of global mechanism is verifying the
conclusions of Lee in a very recent paper [4], in which it is recommended that in a
joint, the plastic moments of the beams have to be less than 0.75 of the plastic
moments of the columns.

In case of CBSR frames, the yield mechanism is a combined one, in which the
plastic hinges may appear both in columns and in beams.

Regarding the q factor, it can be also observed that, in case of SBWC franies, the
values of q for the rigid frames are closed to the semi-rigid ones. These values are
increasing with the reduction of the joint rotational stiffness and ultimate resisting
moment (semi-rigidity effect), excepting frame A, as seen also in Ref.[3].

So, the recently proposed formula by Mazzolani & Piluso [5],to reduce the q factor
for semi-rigid frames, via a coefficient n< 1, seems to be not generally valid.
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6.2 Change of ultimate resisting moment of the joints

In case of SBWC frames, if the ultimate resisting moment of the joint Mgy is
changing, there are no differences in structural response (the yield mechanism is
identically).

In case of WBSC frames, the specific M-¢ curves influence both the q values and the
collapse mechanism. The mechanism is global.

For CBSR frames, the behaviour of the structures is rather similar if the joints are
full resistant (ie. = 1.2 My, 1.0 M), but it changes in case they are partial
resistant (i.e. Mgqg. = 0.8 M p).

6.3 Influence of initial rotational stiffness

Behaviour of the structures (i.e. yield mechanism, q factor, displacements, rotations),
is not significantly influenced by the change of initial joint rotational stiffness (S; =
1.0 Kqyp; 0.8 Koup; 0.6 Kyp; 0.4 Kyyyp).

Any case, when we are speaking about semi-rigid joints of seismic resistant frames.
it seems to be more appropriate to focus our attention on the partial moment capacity
of these joints than on their partial stiffness.

6.4 Influence of accelerogram type

There are two cases only in which quite strong differences appear in the collapse
mechanism, ie. Frame B (SCWB) and Frame C (CBSR) respectively, but the
differences in q factor values are very important in all the cases. This prove the q
factor evaluated according to Eurocode 8 provisions doesn’t characterise in an
unique way the seismic response of the structure. Consequently, the use of this value
in seismic design must remain in qualitative limits, only.
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OBCIAZENIA KRYTYCZNE I UGIECIA SCISKANYCH PLYT
Z DWUTEOWA SZCZELINA

Summary. A deflection analysis of plate with an I-section shaped slot has been presented in the
paper. The aim of this project is to work out a bar model which can efficiently replace a plate
with mtroductory detlection in the bearing of critical force and deflection calculations. A
comparison between the bar model and an FEA one is given. For small loads, both methods
yield similar results, but the bar model is significantly simpler. Moreover it allows to construct
plates with required features.

1.Wprowadzenie

Jednolite cienkie plyty sciskane mogg przenosi¢ nieduze obciazenia, utrata statecznosci
nastepuje przy stosunkowo niewielkiej sile krytycznej. Nosnosé ptyty mozna zwigkszy¢
miedzy innymi poprzez odpowiednie jej uksztaltowanie, ktore polega na wykonaniu w
niej dwuteowego wycigcia i niewielkiego ugiecia wstepnego potdwek piyty. Wstepne
ugigcie prawej i lewej potowy plyty powinno mie¢ przeciwny
zwrot, tak aby pod obcigzeniem $ciskajacym fragmenty plyty
uginaly si¢ w przeciwnych kierunkach (rys.1.1). Szersza analiza
obcigzen krytycznych plyty zostala przedstawiona w publikacji [1] i
opiera si¢ o model idealnie plaski. Celem niniejszej pracy jest
stworzenie modelu pretowego w aspekcie obliczen sily krytycznej
oraz ugie¢, zastepujacego w skuteczny sposdb plyte z dwuteowym
wycieciem oraz wstepnym ugieciem.

Rys.1.1. Pogladowe przedstawienie sposobu odksztalcania sig plyty pod obciazeniem sciskajacym.
Fig.1.1 The way of deflection of the plate under compressing load.

2. Obcigzenia krytyczne i ugigcia plyty.
2.1 Model rzeczywisty piyty.

Zadaniem naszym jest okreslenie obciazen krytycznych i ugieé plyty przedstawionej na
rys.2.1 z uwzglednieniem wstepnych imperfekcji. Badano grupe piyt wykonanych
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2b=100

2.2 Model pretowy

2P

2P

ze stali sprezynowej 70S, roznigcych
si¢ wysokoscia h,, oraz szerokoscia
2b,, wycigcia. Plyty obciazone sg
sita $ciskajaca 2P. Poziomy brzeg
plyty moze przemieszczaé sie wzdtuz
osi X i obraca¢ wzgledem osi z.
Korzystajac z symetrii, rozwazano
polowe plyty, utwierdzajac ja w
przekroju pionowym (mozliwe tylko
przemieszczenie wzdhuz osi x).

Rys.2.1 Rysunek konstrukeyjny plyty.
Fig.2.1 Dimensioned drawing of plate.

W celu obliczenia np. obciazen krytycznych, badang plyte mozna przedstawic jako
model pretowy (rys.2.2). Pod obciazeniem sita 2P prety poziome sg skrecane a
pionowe Sciskane. W punktach A,B,C,D (x=0; x=a) zachodzi rownos$¢ kata skrecenia
preta poziomego i kata ugigcia preta pionowego (np. w punkcie A @ A=34). Analizg
mozna uprosci¢ rozpatrujac tylko jedna potdwke modelu (rys 2.2 b,c,d). Wymiar b
jest zastgpcza dlugoscia elementu skrecanego.

b)

c)

Rys.2.2 Model pretowy phyty
Fig.2.2 The plate bar model.

Ll

7
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Réwnanie rézniczkowe osi ugietej sciskanego preta przyjmie postaé:
2

d 2
gdzie: J'- zastepczy moment bezwladnosci preta pionowego, M,- moment skrecajacy

poziomy pret. Dla preta idealnie prostego: y,=0 wtedy z rozwigzania rownania (1) przy
warunkach brzegowych (7),(8) oraz (10) otrzymujemy réwnanie:

EI'—5=P(y,+y)+M, (1)

A 2b EJ"
fg(k§)=~ (k ) )
P .
gdzie: k= i ; zas a jest dlugoscia zastepcza preta pionowego
2b EJ” *
oznaczajac:. L=-— G:)]Oa' , /1=k%*
otrzyma si¢:
tgl=—LA 3)

Rozwiazujac je otrzymujemy wartos¢ A , a nastepnie'

4)

Analogicznie do funkcji ugiecia preta y okreslonej w pracy [1], posta¢ wstepnego
ugiecia wyraza si¢ wzorem:

| GJ ke
Yo = A, {sin(k gz x) + =51 - cos(kxx)]} (5)
b, Py

»

a
A, jest nieznanym parametrem ktory wylicza si¢ z warunku: dla x=-— y,=W, (patrz

2

rys.2.2), J,- moment bezwladnosci na skrecanie preta o przekroju prostokatnym
(element skrecany rys.2.2d) Podstawiajac rownanie (5) do (1) otrzyma sie:

Y

dy Gl kg ., G kg M, 6
3 ik Yy=—k? A sin(k ;x)~k* A, —2— bP B k*A, bP cos(kzX)+k 3 (6)
P,
dzie: k=,
gdzie: Kpp o
Korzystajac z warunkdw brzegowych:
Yizty =0 (7
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dy
(a;)(nm =8 =9 (8)

otrzymujemy rozwiazanie rownania (6) postaci:

A 1
y(x)=—"> {—-’B—[—cos(/cr)—cos(kKRx)]+sin(kKRx)—kKR sin( kx)} +
l-a ki
M
+ P" [1-cos(kx) + Fk?] ©)
dzie: ﬂ_ GJO . _ﬁ
gdzie: —EJ‘bo ,a = k,ffR
Wykorzystujac warunek:
d
(_y . =0 (10)
dx (x=92—)
otrzymujemy:
sin(k i) cos(k i)
M, = Ak"ﬂP 1_1 2 K F 2y
kR “ ,Btan(k%—) sin(k%—) p cos(k%—)
a nastgpnie warto$¢ maksymalnego ugiecia w kierunku osi y:
AB B a’ a
= = k—)—- o )—
=)k, {kKR [cos( > )—acos(k ., > )-1]+
M, a’ Aa . a. . 4
+> [1—cos(k7)+ﬂk2] +(1_a)[sm(kKR—2-)—sm(k7)] (12)

Obliczenia modelu prgtowego dokonano w sposéb numeryczny przy pomocy
programu MathCad 5.0 Plus. Parametry zastepcze modelu pretowego (b,J',a")
przedstawione w pracy [1] podaje tablica 1 oraz wzory (13) i (14).

Tablica |
by 2 7 12 17 22 27 32 37
b,/b, | 4.85 1.77 1.28 1.09 0.99 0.94 0.92 | 0.89

S =Jy+J5(1-y) (13)

a =a-a, (14)
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. PRYE B\
a-2a, 4g’ J, = (b—g) J, = (b=b,)t
a ‘ 12 12

gdzie: y =

3. Wiyniki obliczen ugigc.

Maksymalne ugigcie (W) w kierunku osi y w funkcji obcigzenia P wg. (12) zostato
przedstawione na rysunku 3.1 na przykladzie plyty w ktorej h,=100 mm; b,= 7mm.

a) 04 T o b 0.04 T =
035 + / 0.035 + g©
03+ o} 0.03 + QBO
0,25 + D/ 0.025 + o
W 02+ / W 002+ O
0,15 1 H o 0015+
jui O~
01 T O’ 5-0° 0.01 + DD —O— MES-ALGOR
0,05 + 0.005 + —{31— model pretowy
0 t + t + ; 0 A
0 20 40 60 80 100 0 5 10P15 20 25
P

Rys.3.1 Zale2nos¢ ugigcia maksymalnego w kierunku osi y w funkc;ji obciazenia.
Fig.3.1 The relationship between the load and the maximal deflection in the y direction.

Dla poréwnania wynikow przedstawiono rowniez obliczenia ptyty metoda elementow
skonczonych (rys.3.2) prowadzone przy pomocy systemu ALGOR.

Z pordéwnania wynikow widaé, ze obie metody sa dostatecznie zbiezne dla
malych obcigzen (patrz rys.3.1b). Ze wzrostem obcigzenia (ponad
25N) obserwuje si¢ coraz wigksze rdznice wynikow z
zastosowania obu metod. Stad wniosek, ze przedstawiona metoda
moze by¢ stosowane do praktycznych obliczen gdy P<Pyg.

Model pregtowy ma szereg zalet w pordwnaniu z MES.
Obliczenia modelu pretowego w stosunku do MES sg
nieslychanie proste. Mozliwe jest tez rozwazanie zagadnienia
odwrotnego tzn. konstruowanie plyt o zadanych wlasnosciach.
Prosty model pretowy, przedstawiony w pracy moze dobrze
zastgpowac model plytowy (w aspekcie obliczenia sity krytyczne;j
oraz ugig¢c), co w zdecydowany sposob ulatwia obliczenia takiej

piyty.

Rys..3.2.Model polowki plyty (MES)
Fig. 3.2 The FEA model of the considered half of the plate.
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Summary

THE BUCKLING LOADS AND DEFLECTIONS OF
COMPRESSED PLATES WITH I-SECTION SHAPED SLOT

Thin all of a piece compressed plate can transfer a relatively small load. The loss of
stability takes place already under a small load. Load capacity may be increased thanks
to suitable forming which consists in making an I-section shaped slot in it and at the
same time forming a small deflection of halves of the plate. The deflections of the right
and the left half should have contrary senses so that the load would deform the
fragments of the plate in the opposite directions (fig 1.1). The aim of this project is to
work out a bar model which can efficiently replace a plate with introductory deflection
in the bearing of critical force and deflection calculations. The plates loaded with
compressing force 2P are shown on fig. 2.1 and differ from one another in the height
h, and the width b,, of the slot. The horizontal edge of the plate can shift along the x
axis and rotate with respect to the z axis. The considered plate can be represented as a
bar model (fig.2.2) Under the load horizontal bars are stranded and vertical ones are
compressed. In the supports the equality between the horizontal bar’s angle of torsion
and the vertical bar’s angle of deflection holds.

The differential equation of the deflected axis takes the form (1). For the perfectly
straight bars we have y,=0 thus we obtain the value of critical force (4). In the general
case the shape of introductory deflection’s function describes the formula (5), and the
equality (1) takes the form (6). Making use of the conditions (7) and (8) we obtain the
shape of deflection (9) and then making use of (10), we obtain the value of maximal
deflection (12). The results of maximal deflection’s calculations are shown on the
fig.3.1. For comparison, the FEA plate models (fig.3.2) were made and computed.
Comparing the results we see that these both methods are sufficiently convergent for
small loads (see fig.3.1b). As the load increases over 25N, bigger and bigger
differences between results given by these methods can be observed. The bar model has
a number advantages in comparison with FEA among other things it is significantly
simpler. Moreover it allows to construct plates with required features.
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INFLUENCE OF INITIAL IMPERFECTIONS
ON THE COLLAPSE BEHAVIOUR OF BOX-COLUMNS

R.GRADZKI
Department of Strength and Structures,
Technical University of £E6d?,Poland
Stefanowskiegi 1/15, 90-924 Lod?

In this work the analysis of the post-buckling state n the elasto-plastic range of a box-
column subjected to umiform compression in the elasto-plastic range is presented.
The problem 1is mvestigated using Rayleigh-Ritz variational method. The stress-strains
relations in the plasticrange are determined on the basis of the flow theory of plasticity.
The proposed method is a combination of amalytical and numerical solutions.
Different material stress-strain curves and mitial imperfections such: out-of-flatness and
residual stresses are taken mto account. The load-shortening curves for column of
different geometrical parameters and material properties are shown m diagrams.

1.Introduction.

Many works have been devoted to the post-buckling analysis of thin-walled
box-column subjected to different types of loading in the elastic range (3). It is
known that to determine the ultimate strength of such girders the analysis of
the post-buckling behaviour must be carried out into the plastic range. In aiming
to determine the ultimate strength (maximum load carrying capacity ) of a
plated structure it is necessary to consider geometrical nonlinearities (large
deflections) and physical nonlinearities (plastic strains). Therefore the analysis
becomes complicated as far as the mathematical solutions are concerned. It is known
that initial imperfections (initial out-of-flatness and residual stresses) appearing in
real structures reduce the load carrying capacity and must be taken into account
during analysis. First attempts of determination of maximum load carrying capacity
for girders and columns started in the sixties. Those works were based on the
approximate solutions for elasto-plastic plates, the interaction between girder walls
was neglected. Among others, Graves-Smith's work (1),in which the analysis of
post-buckling behaviour in the elasto-plastic range of a rectangular column has
been presented, is very distinguished. In the previous works the author has
demonstrated load-shortening curves in the elasto-plastic range for plates (2) and
box-column (5), initially unflat, subjected to uniform compression. The aim of this
paper is to analyse the post-buckling state of a rectangular column working in the
elasto-plastic range. The present research extends this work to materials having a
rounded stress-strain curve which exhibits continuous strain hardening. In the
analysis residual stresses and HAZ softening are taken into account.
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2.Main assumptions and constitutive relations.

The column section contained between nodal lines is considered. Due to the axial
shortening S the column walls buckle elastically and when the deflections are more
pronounced, some parts of plates become plastic. The column cross-section has two

axes of symmetry. The column dimensions and coordinate systems are shown in
Fig.1.

S L/2
6
AN
o

’// ’ 'y,

&)

!
] \ | Y /
| 4

T N |

S L/2
f

Fig.1. Box-column dimensions and coordinate systems.

The analysis is based on the large deflection plate theory and it is assumed that the
material is isotropic. The usual assumptions of the non-linear plate theory are
imposed. Substituting the expressions for deflections into the von Karman-
Marguerre equations and taking into account Hooke's law and boundary conditions,
the strains at any point of component plates can be found in the elastic range.

In the plastic range following assumptions are made:

- the material is isotropic, with non-linear strain hardening and obeys Huber-Mises
Yield Criterion

- all assumptions of large deflection plate theory still hold
- the forms of displacement functions are the same in the elastic and plastic range

- according to the plastic flow theory, the plastic strain increments are
described by the Prandtl-Reuss equations.
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It was proved by Graves-Smith in his work (4) that it is possible to apply the
variational method to the elasto-plastic plates undergoing finite deflections. This
method has been used in many works. The value of energy increment is
calculated numerically, next, the numerical minimisation of the energy functional is
performed versus independent deflection parameters. The average stress
corresponding to the load applied to the column is obtained numerically, using the
Principle of Virtual Work.

3. Material stress-strain curve, residual stresses.

In the studies concerning the stability of structures in the elasto-plastic range it is
essential to describe the shape of the uniaxial stress-strain curve of a material. As is
known from the mechanics of materials the experimental uniaxial tension test is
the simplest way to obtain the actual relation between stress ¢ and strain e.
Accurate analytical description of a stress - strain seems to be almost impossible
or would require very sophisticated mathematical functions which in turn
could complicate the solution of a problem. In the theory of plasticity a lot of
approximated (G-€) relations are proposed. In this paper two types of relationships
have been considered : Needleman-Tvergaard formula for materials having
gradual yield and elastic-perfectly plastic relation for mild steel.

Plates which are parts of thin-walled structures are subjected to many
manufacturing processes which are sources of initial geometrical imperfections
and residual stresses. These processes are very complicated and difficult to measure
or to describe in an analytical way. The influence of residual stresses on the elasto-
plastic stability of thin plates have been found to be significant.  The analyses
have been concerned with a set of residual stresses acting in the direction of the
applied load and produced by welds laid simultaneously along the unloaded edges.
It follows from the experiments that along welded edges of a box-girder , the
stresses are equal to the yield limit and are tensile, while in the middle zones of
plates they are compressive. Moreover a uniform distribution of these stresses
through the thickness of a plate is observed, which allows one to treat the residual
stresses as membrane stresses. In the present work a rectangular block of distribution

of residual stresses is taken into account in the analysis (c - with of residual
tension block at one edge).

4.Results of numerical calculations.

The results of numerical calculations are presented in figures as non-dimensional
relationships between the average stress ¢~ and the shortening S™ of column.
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Fig.2. Influence of residual stresses and HAZ softening on L-S curves.
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KORELACJA NOSNOSCI SPRF;ZYSTEJ IPLASTYCZNEJ
SLUPOW METALOWYCH SCISKANYCH OSIOWO

MARIAN GWOZDZ
Politechnika Krakowska im. Tadeusza Kos$ciuszki
ul. Warszawska 24, 31-155 Krakoéw, Poland

Przedstawiono uogé!niong formulg nosnosci sprezysto-plastycznej pretow metalowych, wykonanych
ze stopow o nieliniowej zalenosci o - €, Sciskanych osiowo. Odpowiednie wzory wyprowadzono
wykorzystujac klas¢ Morgenstema rozkladow dwuwymiarowych, o brzegowych rozkiadach
Weibulla. Wykazano redukcj¢ nosnosci o ok. 10% dla stupéw metalowych, dla ktérych korelacja
nosnosci sprezystej i plastycznej jest istotna (shupy ze stali stopowych i stopow Al).

I. Wlasnosci mechaniczne stopéw konstrukcyjnych

Wyroby przemystu metalurgicznego wykorzystywane na konstrukcje budowlane
mozna podzieli¢ ze wzglgdu na ich wlasciwosci fizyczne na dwie grupy:

- stale niskowgglowe posiadajace wyrazna granice plastycznosci f,,

- stale niskostopowe i stopy aluminium, a takze stale niskowgglowe w temperaturach
pozarowych, dla ktérych okresla si¢ umowna granice plastycznosci, ktérej miarg
Jest najczesciej naprezenie probki rozciaganej oo, =f, odpowiadajace odksztalce-
niom trwalym ¢,=0,2%.

Stopy pierwszej grupy dobrze modeluje bilinearny wykres ciala sprezysto-

plastycznego bez wzmocnienia plastycznego, ktory opisuja dwa parametry: modut

sprezystosci podluznej E i granica plastycznosci f,. Reprezentatywne badania
statyczne, przeprowadzone w latach 1976-80 w Politechnice Krakowskiej [5], dos-
tarczyly wiarygodna prognoze wytrzymalosci polskich stali konstrukcyjnych. Z badan
tych wynika stosunek mediany granicy plastycznosci do wartosci charakterystycznej
rozumianej jako minimum hutnicze f/fx = 1,22 oraz wspdlczynnik zmiennosci
granicy plastycznosci vg = 10%.
Stopy drugiej grupy mozna opisac trojparametrowq formula Ramberga-Osgooda

m
c c
E=——+| — 1
Eo [fy) W
gdzie: E, - modul "poczatkowy", ktéry okresla kat nachylenia stycznej do krzy-
wej (1) w punkcie 0,
€, - umowne odksztalcenie trwale,
f, - umowna granica plastycznosci o wartosci centralnej f, lub charakte-

rystycznej fy, odpowiadajaca e,.
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Tablica 1. Oszacowanie parametrow formuly Ramberga-Osgooda

Modut poczatko Umowne
Znak stopu Eo(GPa] | odksmalcente 5 f, i Wykladaik m
1 2 3 4 5
18G2 205 15
PA7 70 0,002 1,22 10 + 0.1 fix
St3 205 Mg 600)°
T>300K 1 (—)

Do grupy stopdw charakteryzujacych si¢ nieliniowa zaleznoscia o - € naleza takze
stale niskoweglowe, ktére w temperaturze podwyzszonej T > 300 K traca wyrazng
granicg plastycznosci [2] i moga by¢ opisane wzorem (1). Oszacowania parametrow
formuly Ramberga-Osgooda dla stali konstrukcyjnych i stopu aluminium PA7
zestawiono w tablicy 1, w ktdrej mg oznacza wspolczynnik konwersji modulu
spre¢zystosci wg PN-90/B-03200.

2. Dwuwymiarowa dystrybuanta nos$nosci slupow

Formula nosnosci preta z imperfekcjami geometrycznymi, przyjgta w euroko-
dzie EC 3, a takze jednolita formula wyboczenia, przyjeta w normie krajowej PN-
90/B-03200, nie uwzgledniaja teorii wyboczenia Engessera-Karmana szczegdlnie
waznej dla materialdw bez wyraznej granicy plastycznosci. Nieliniowa zaleznos¢
G - € opisujaca wlasnosci fizyczne stali stopowych i stopow Al powoduje, ze losowa
no$no$¢ plastyczna N;; i no$nos¢ sprgzysta N sa wzajemnie zalezne nie tylko
poprzez wymiary geometryczne pretéw, ale takze ze wzgledu na zalezno$¢ funkcyjna
(1). Rozwiazanie probabilistyczne polega na okresleniu no$nosci granicznej Ny jako
mniejszej z dwoch nosnosci: plastycznej N, i krytycznej N,

Nb = min (Nply ’ Ncr) (2)
Kwestia podstawowa dla zalozen modelowych jest ocena wzajemne;j korelacji zmien-
nych losowych N;;i No. W przypadku ogélnym, warunek (2) opisuje dystrybuanta
F(N1, Ne) dwuwymiarowego rozkladu prawdopodobienstwa, ktéra mozna aproksy-
mowac za pomoca klasy Morgensterna rozktadéw dwuwymiarowych [1] :

F(Npi, N ) = 1-[1—F(Np,)] [1-F(N,, )] [1+a [1—F(Npl )] [l—F(Ncr)]] 3)

gdzie o € <-1,+ 1> oznacza parametr klasy.

Jesli we wzorze (3) przyjmiemy dystrybuanty brzegowe Weibulla o parametrach
Npl’ Upl i Ncr, Ucr -
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N v,
F; (Ni) =1-exp -(T.\I—"l) 1=pl,cr 4

1

to klasa dwuwymiarowych rozkladéw o brzegowych rozkladach Weiulla ma dystry-
buante postaci:

Yoy v, Voy Vg
N N N N
F(Npl,Ncr) =1-exp C(f\l—b) - [-ﬁb—) X{1+aexp -[N—b] - (f\lb ) &)

pl cr pl cr

Dla rozkladu prawdopodobienstwa opisanego dystrybuanta (5) mozna obliczy¢
wspélczynnik korelacji p, ktdry nie zalezy od ekstremalnych wartosci charakterysty-
cznych rozkladow brzegowych, a tylko od ich wspélczynnikéw zmiennosci vy, Ve Wg

| (1—2""")(1—2“’=r )r(1+ upl)l"(l-i- Ver )

= ) 2 1/2 ©)
[ [I‘(1+20p1) -r?(1+ op,)] [r(1+2uc,) -T2(1+ uc,)]
gdzie I'(\) - funkcja gamma Eulera
Tablica 2. Wspétczynniki korelacji zmiennych losowych Ny i N
Ucr 0,50 0,30 0,25 0,20 0,15 0,10 0,05

lp/ol 0,324 0,328 0,328 0,326 0,325 0,322 0,317

W tablicy 2 zestawiono wartosci wspolczynnikdéw korelacji (6) odpowiadajace
wspolczynnikom zmiennosci v, (A) < 0,5. Otrzymane wyniki wskazuja na slabg
korelacj¢ zmiennych losowych N i N, nawet dla gérnych wartoéci parametru klasy
o= 1,0.

Oszacowanie iloSciowe wplywu korelacji na no$nos¢ spr¢zysto-plastyczng preta o nie-
liniowej charakterystyce o - €, daje warto$¢ charakterystyczna N, dystrybuanty (5)
obliczona jako kwantyl na poziomie prawdopodobienstwa 1-¢™:

Vv v
Ny | " (Np) = 2
—b +( b) =ln(e+ ez+4ea.)/2 @)
Npl Ncr

Zakres waznos$ci wzoru (7) jest ograniczony wartoSciami parametru klasy rozkladu
prawdopodobienstwa 1,0 < a < -e/4. Na rys.1/a pokazano wykresy krzywych (7) dla
skrajnych oszacowan parametru klasy o = const. wg rys.1/b oraz przykladowych
warto$ci wspoélczynnikéw zmiennosci vy = v, = 0,10.
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gh' «:=10 _ @
€0 =0 _ 1,0 & = const.
089 oz-elk
/ 0,5 -
// /
\
0S5+ & M .
. {Q/ 0 Vl\ :1 \,/2
pad AN
7/ 089 ?l_p_l -eshk o= const.
0 05 10 T

Rys. 1. Korelacja nosnosci sprezystej i plastycznej w funkcji parametru c.
Fig. 1. Correlation of elastic and plastic resistance versus o parameter.

Dolna warto$¢ parametru o = -e/4 prowadzi do redukcji skorelowanych no$nosci o
11% w poréwnaniu z nosnosciq losowo niezaleznych N i N, tzn. gdy a = 0.
Korelacja dodatnia zwigksza no$nos¢ o ok. 2 %.

3. Jednolita formula no$no$ci slupéw metalowych

Wyprowadzenie réwnan krzywych wyboczenia jest szczegélnie proste, gdy
zaklada si¢ losowa niezalezno$¢ N i N, oraz réwne i stale wspolczynniki zmien-
nosci rozkladow brzegowych (4). Z réwnania (7) mozna wtedy obliczy¢ ekstremalng
warto$¢ charakterystyczng Ny :

-V
Nb = (\J .l + .1 }
Npl Ncr

o =1/(1+A2’°)° . A=yJf, in?E A )

Jednolita formula (8) jest identyczna ze wzorem J.Murzewskiego, ktory zostal wypro-
wadzony m.in. w pracy [3] i wprowadzony do normy PN-90/B-03200. Pokazana na
rys. 2 krzywa wyboczenia stupéw (9) stanowi oszacowanie gorne no$nosci sprezysto-
plastycznej. Oszacowanie dolne mozna otrzymac ze wzoru (7), przyjmujac vy = Vg =
v oraz odpowiednig warto$¢ stosunku p/o. wedlug tablicy 2:

-
Nb =1y .1 + ,.l ln"(e+\/€2 + deat ' /2 (10)
N N

pl cr

- v N
N,y /(1 +AZ ") = N g ®)

gdzie:
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Najwigksza redukcja nosnosci zachodzi, gdy parametr klasy o = -e/4, co dla
przykladowej wartosci wspélczynnika zmiennoéci v = 0,10 prowadzi do
wspolczynnika korelacji p =-0,322e/4 =- 0,22.

| ¢

110 ? wg (a T —
0,829 =
Q= 008eA{A-2)¢0 (a

0s7[01 , (o)
D 0, )
E\\\%' 5 10
< {q | -
\ ! wzorlb)\/\. o
-0,22 , , ) A
0 05 1,0 15 2,0

Rys. 2. Bezwymiarowe krzywe wyboczenia stupéw w funkcji wspolczynnika korelacji p.
Fig. 2. Nondimensional buckling curves of columns versus correlation coefficient p.

Ze wzoru (10) wynika formula no$nosci spr¢zysto-plastycznej wyrazona we wspol-
rz¢dnych bezwymiarowych w postaci

In® (e+\/e2 +4eq |/'2
P=0¢, ln"(e%-\le2 +4ea) /2=
(1+A”")D

Wykres krzywej wyboczenia stupow (11) przedstawiony na rys. 2 linig ciagla, otrzy-
mano dla prawie stalych wartosci wspoéiczynnika korelacji, obliczonych ze wzoru (b)
(krzywa dolna w ukladzie osi wspdlrzednych p - A). Przeprowadzone obliczenia
numeryczne wykazaly redukcje no$nosci wzgledem krzywej gornej o 11%.

Zgodnos¢ jakosciowa teoretycznych i empirycznych krzywych wyboczenia stupow
mozna uzyska¢ poprzez modyfikacj¢ funkcji wspolczynnika korelacji, jak to uczynio-
no na rys. 2. Przykladowej funkcji p(A) wedlug wzoru (a) odpowiada funkcja
parametru klasy o.(A) pokazana linia przerywang (a) na rys.1/ oraz posrednia krzy-
wa wspolczynnikdéw wyboczeniowych na rys. 2.

Przyjete powyzej zalozenie o rownych wspolczynnikach zmiennos$ci no$nosci
plastycznej i krytycznej w $wietle badan doswiadczalnych jest poprawne. Dowodza
tego usrednione wartosci statystyk empirycznych zgromadzonych przez Y. Fukumo-
to. W obszarze nasilonej erozji no$nosci slupéw, dla smuklosci $rednich, proste v =
const. dobrze aproksymuja wyniki badan do$wiadczalnych. Dla smukliosci malych

i duzych erozja zanika, stad odstgpstwa od zalozenn modelowych w tych przedziatach
smuklosci tracq na znaczeniu.

(1D
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4. Uwagi koncowe

Przeprowadzona analiza no$nosci losowej pretow metalowych $ciskanych osiowo
wykazala, ze korelacja pomigdzy nos$noscia plastyczng i sprezysta jest istotna nawet
Jesli jest slaba. Oszacowanie ilosciowe, jakie wynika z wyprowadzonych formul,
wskazuje na redukcje nos$nosci stupéw wykonanych ze stopow o nieliniowej chara-
kterystyce o - € o ok. 1 klasg w skali imperfekcji wg klasyfikacji PN-90/B-03200.
Skorelowana nosnos$¢ sprezysto-plastyczng nalezy uwzglednié projektujac konstru-
kcje stalowe w sytuacji projektowej pozaru [4] oraz konstrukcje aluminiowe w kazdej
sytuacji projektowe;.
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Summary

CORRELATION OF ELASTIC AND PLASTIC RESISTANCE OF AXIALLY
LOADED METAL COLUMNS

The generalized formula has been used for elastic-plastic resistance of axially
compressed metal bars made of alloys with nonlinear o - ¢ relationship. Suitable

equation was derived basing on the Morgenstern class of bivariate distributions with
Weibull marginal distributions

Voy Vg Yoy Vog
F(N |,Nc,)=1—cxp - .EE- - ?Ib Xyl+oexp |- —.—N-!’- - }\Ib
P N, N, N N

pl cr

where class parameter a € <-1, 1>, Fig. 1b.
It has been proved that the reduction of resistance for metal columns made of alloy

steels or aluminium alloys resistance is essential. Nondimensional buckling curves
are given as follows

R 1 v
¢ =1In" -?:(64-\/62 +4ea. l/(1+A2/°) .
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ON A STABILITY OF THIN MICROPERIODIC PLATES

JAROSLAW JEDRYSIAK
Department of Structural Mechanics, University of Technology, £od=
al. Politechniki 6, 90-924 £.od=, Poland

The structural macromechanics 1s applied to investigate the stabilitv of a composite plate. Thin
elastic plates with microperiodic structure in planes parallel to the midplane are examined. A new
refined approach is used to the problem of the dynamic stability of periodic plates. Some special
results are shown.

1. Introduction

The aim of our considerations is a dynamic stability of thin microperiodic plates. The
plates are assumed to have material and/or inertial properties, which are periodic fun-
ctions in planes parallel into the midplane. In these plates we can distinguish a small
(comparing to the minimum characteristic size of the plate in the midplane) repeated
element. The example of this plate is presented on Fig. 1.1.

vX
Fig. I.1. An example of a pcrii)dic plate
Rys. 1.1. Proyklad plyvty periodvezne;

The dynamic problems for periodic plates can be described by the equations of
three-dimensional micromechanics, which are too complicated to constitute the basis
for investigations of most engineering problems. Since they involve highly oscillating
coefficients. This is why the simplified models, called homogenized or local models,
are used to investigate these problems. Local models describe periodic plates using
constant effective stiffnesses and averaged mass densities. However, these models are
not able to describe some important features of the dynamic plate behaviour because
they neglect the length-scale effect, which plays a crucial role in the description
non-stationary processes.

In this paper we will take into account this effect of the microstructure size on the
dynamic stability. Our considerations are based on the structural (refined) macrodyna-
mics of periodic materials and structures (2, 3), in particular of microperiodic plates
(1). Using assumptions of the refined theory, which were presented in the aforementio-
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ned papers, and the assumptions of the Kirchhoff plate theory the governing equations
describing the dynamic plate behaviour were derived in (1).

These equations we will adapt here for problems of the dynamic stability, which
makes it possible to investigate the length-scale effect on the dynamic macrobehaviour
of microperiodic plates loaded in their midplanes.

2. Preliminaries

Let Ox,x,x; be the orthogonal cartesian coordinate system in the physical space.
Setting x=(x,,x,) and z=x;, we assume that the region of underformed plate 1s defined
by £2={(x,2):-h(x)/2 <z < h(x)/2, xeIT}, where ITis the region of midplane and /i(x)
1s the plate thickness at a point x< /7 We shall denote by 4:=(0,/,)*(0,/,) the periodici-
ty unit cell on Ox,x, plane, where /,, /> are length dimensions sufficiently small compa-
red to L which is the minimum characteristic length dimension of /7
(L;=min(L,,L,)). The size of the cell is described by the microstructure length

parameter | (defined by /= J/? + I} | where I<<Lp). Subscripts a, £, ...(, j. ...) run

over 1, 2 (over 1, 2, 3) and indices A4, B,... run over 1,..., N. Summation convention
holds for all aforementioned indices. We assume that A(x) i1s a 4-periodic function of x
and all material and inertial properties of the plate (o - a mass density, a,z.s - terms of
an elastic modulae tensor) are also 4-periodic functions of x and even functions of -.
For an arbitrary integrable  A4-periodic  function f{1) we  define

<f>= (/llz)"Lf (x)da, where <f> 1s an averaged (constant) value of /. By p, p~

tractions (in the xj-axis direction) on upper and lower plate boundaries, respectively,
will be denoted and 4 stands for the constant body force. We also define 7 as the time
coordinate.

2.1. Fundamental relations of the refined plate theory

We assume that every plane z=const is a material symmetry plane (as5=0, a33;,70)
and define caﬂ;/o':zaaﬂyo‘aa/l‘}a'/&}(a}ﬂ})-l-

Under the well known denotations this theory will be described by the following
relations.
o The kinematic constrains:

ux,2,0)=-2w, x.0),  3(x,z.0=(x, 1), (1)
where w(x,/) are displacements of points of the midplane assumed in the form
w(x, =, N+g ()1 (0, ()

where functions W(x,f), }™(x,f) are macrodeflections and inhomogeneity correctors,
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respectively, which are macrofunctions (cf (1)). Moreover, g'(x) are postulated
a priori microshape functions defining the class of disturbances of the plate deflections.
o The strain-displacement equations:

Cop = Uup T JZ_WUW/J ) (3)
where the non-linear term depends only on macrodeflections.
o The stress-strain relations for the plane stress:

Saf=Capr¥ v 533=0- (4)
o The equation of motion (weak form):

| hfpii, Sid=da + | T(su,,&u,, +25,,0¢,, )d=da =

T-h2 M-h?2 s (5)
= j [p™ ity (x, ) + p~ Sy (x,— &)]da + b j j péid=da,
7 T-h2

which has to be satisfied for every admissible virtual fields du and &g restricted by
(1), (2), (3).

For microperiodic plates from Eqs (1)+(5) the governing equations of the refined
(structural) theory were derived in (1). At the some time the macromodelling
hypothesis was applied, which states that for every macrofunction /" in calculation of
averages over 4 terms (&) can be neglected, where &- is a computational accuracy
parameter related to an arbitrary macrofunction F.

In the subsequent section the governing equations of the structural theory for
microperiodic plates with forces in the midplane will be obtained.

3. The governing equations

Under denotations

2 h2

U= J_I':Z pd=,  j= J’_h 2p_-3p(f:, dyps = L’ 2_,‘.zcaﬂ;/ou,__’ 6)
D

aflyo
where 4, j, d,p,5 are A-periodic functions and using the macromodelling hypothesis we
shall obtain

e the constitutive equations

_ B -8B
A/[aﬂ - Da/i'/dn/.ro' +D“/’L ’

M* =DiW .+ D)2,

4 _ 4 48 _ 4 B
=< daﬂ'/o’ >, Da/i =< da/}'/rig,;r(f >, D =< daﬂ;'dg,aﬂg,;/o‘ >, (7)

(8)

o the equations of motion

Meopg = NogW gt <p > W< j> W, +<pg’ 5" =< jgi N7 =p+b<u>,

. . - . 9)
M+ < ug? SW+ <jgisW, +<uglg® I+ < jglg? 1% =b< ug” >,
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where N,z are membrane forces acting in the plate midplane. The underlined terms in
(9) describe the length-scale effect on the dynamic stability of periodic plates. The new
basis unknowns are macrodeflections /¥ and inhomogeneity correctors } =, 4=1,..., V.
Let us consider a thin plate made of an isotropic homogeneous material and
having the 4-periodic thickness 4. In this case under the denotation
_ER
T 12(1-vY)’
where £, v are the constant Young modulus and the constant Poisson ratio, respecti-
vely, from Eq (6); and Eq (7), we obtain
D,;=<B[3,,0,(1-v)+3,,0 ,v]>
and after substituting the right-hand sides of Egs. (8) to Eqs. (9) the resulting system of
governing equations can be written in the form
<B>W =N W+ <u>W-<j>W_ + -
. B - B _*B
+Daﬂlf-yaﬁ+<yg ST -<jg, S =ptb<u>,

6 7,/5+<‘ng > +<-]g.u> .(1+

+DPIE 4 < ugg® S8 +<jg"igfl SI8 = b< g™ >,

The above equations constitute the basis for subsequent investigations.

4. Applications

In the order to estimate the length-scale effect on the dynamic stability of a
microperiodic plate we will investigate a stability of the rectangular isotropic
homogeneous plate, simply supported on the opposite edges, and having the 4-
periodic thickness. We will assume that body force b can be neglected. To simplify the
model only one microshape function g(x,,x»)=g'(x;,x2)=F[cos(2mc/l})cos(2ey/lx)+c],
which satisfies the condition <ug>=0 will be introduced. It can be shown that

<jg1>=0. Hence, setting }" = V"', D, = D;;, D= D" equations (10) take the form
<B>W, 05— N W p+<p> W- < j> WM +D, YV =D,
D W+ DV +< 1(g)? S5 +< j(g,) 54 =0,

We can show that Dp—Dﬂ =0. Solutions to Eqs. (11) can be assumed in the form

W= Zamn sin(a,,x,)sin(3,x,) cos(ar),

m=1.n=1

(11)

. (12)
J = b,.sin(a, x,)sm(f3, x,)cos(wt),

m=1.m=1

provided that external loads are given by
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[) = Z l)mn Sin(amxl ) Sin(anxj ) COS(G)’), (13)

n=1.n=1

where a,=mmL,, B=n7L,, mn=1,23,... and wis a vibration frequency.
Substituting the nght-hand sides of formulae for W, I, p into Eqs. (11) and assuming
that N,»=0 we obtain the system of linear algebraic equations for coefficients a,.,, &

{<B>[a,) + (BT +Nyla,) + Nu(B,) +
-{< lll>+<.]>[(a7")2 +(ﬁ’l)2]}}0)2alﬂﬂ —[Dll(a’")- +D22(ﬂn)2]bmn =p"lﬂ’ (14)
—[Dll(am): + D:Z(ﬂn)z ]CImn + {D - [< :Ll(g)3 > +< .](ga)z >]a)2}bmn = O
Denoting by
N, =-N,. N,=-N,,, (15)
the critical values of forces in the plate midplane the criterion of the loss of dynamic
stability can be written in the form
<B>[(a,) + T1P-N(a,) -N,(B,) + , )
[( m) ' (ﬁn) ]’ l( 2:1) \ _(ﬂn) __[[)“(am)-_{_Dz:(ﬂn)_]
—ku>+<j>(a,) +(B,) llw =0.
"[D“(a",)z + Dlz(ﬁn)z] ]) - [< :Ll(g)z >+ < .](gu)z >](02
(16)
From the above formula, assuming that the critical forces are acting only in the x;-axis
direction (V>=0) we will obtain the following formula for N,
N e M@V H BT <u>r<jola) B e
(a,) (a,)
_ [Dll(am): +D::(ﬁn):]:
(@,) (D= (<pug) >+<j(g.,)’ ]

(17)

which takes into account the length-scale effect in the dynamic stability. This effect is
described by the underlined terms.

The above analysis was carried out in the framework of the structural theory. In
the order to pass to the local theory we will neglect the underlined terms in Egs. (11).
After some manipulations the formula for the critical force N, in the x,-axis direction

takes the form

N, =<B> (a,) + (@,,)z]: _SHU>+<]> [(a:,): +(8,)°] 0 +
~(a,,.)' . (a,)” (18)
_[Dy(a,) + D (B)]
(a,)'D '

We can observe qualitative differences between formulae (17) and (18) for the

value of a critical force. More . detailed analysis of the obtained results will be
investigated in a separate paper.
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WPLYW POSTACI FUNKCJI NAPREZEN
NA WYNIKI ROZWIAZANLA ZAGADNIENIA DYNAMICZNEJ
UTRATY STATECZNOSCI PLYTY PIERSCIENIOWEJ

STEFAN JONIAK
Instvtut Mechaniki Stosowanej Politechniki Poznanskiej
Piotrowo 3, 60-965 Poznan, Poland

W pracy przedstawiono rozwiazanie nieliniowego zagadnienia dynamicznej utraty stateczanosci plyty
pierscieniowej obcigzone) momentem obrotowym na brzegu wewnetrznym. Stosowano rownania typu
Karmana przystosowane do problemu dynamicznego. Problem rozwiazywano w sposéb przyblizony,
metoda ortogonalizacyma. Przyjmowano wyprobowana w poprzednich pracach funkcje ugigeia oraz
stosowano rome postacie funkcji naprezen: niektore sposrod przyjetyveh funkeji naprezen spehnialy,
inne nie spelnialy warunkow brzegowych. W wyniku przyblizonego rozwigzania rownania
réwnowagi dynamicznej plyty otrzvmano réwnanie ruchu plyty, ktore rozwiagzywano metoda Runge-
Kutta. Efektem koncowym rozwiazan byly czasowe przebiegi amplitudy funkgi ugigcia. Na ich
podstawie wymaczano obcigzenia krytyczne i krytycme liczby fal wyboczenia. Praca konezy sie¢

wnioskami na temat przydatnosci zaproponowanych postaci funkgji naprezen.

1. Wstep

Plyta pierScieniowa ma oba brzegi utwierdzone, jednak brzeg wewngtrzny ma
mozliwos¢ obrotu wzgledem $rodka plyty. Jest ona obcigZzona na brzegu wewngtrznym
momentem obrotowym M. Moment ten rosnie liniowo w czasie obciazenia. Oba
brzegi plyty sq wolne od innych obciazen. Plyta wykazuje wstepne imperfekcje.

Celem pracy bylo okreslenie mozliwosci zastosowania réznych postaci funkgji
naprezen do przyblizonego rozwigzania dynamicznego zagadnienia statecznosci
plyty. W rozwigzaniu stosowano wybrang na podstawie rozwigzania liniowego
zagadnienia statecznosci i eksperymentow postaé funkcji ugiecia. Przebadano cztery
rome funkcje naprgzen. Dwie spo$rdod nich spelnialy tylko czgsciowo warunki
brzegowe zagadnienia, dwie inne spelnialy $cisle te warunki. Nieznane wspolczynniki
funkcji naprezen wyznaczano albo bezposrednio z warunkdéw brzegowych, albo na
drodze rozwigzania metodg ortogonalizacyjng réwnania nierozdzielnosci. Weryfikacja
przyjetej postaci funkcji naprezen nastepowala na drodze przyblizonego rozwigzania
rownania réwnowagi dynamicznej a potem roéwnania ruchu oraz czgsciowego
porownania tych wynikdw z wynikami eksperymentéw przy obcigzeniach
statycznych.
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2. Rownania problemu

Uklad dwu réwnan zagadnienia statecznosci dynamicznej ma postaé (1):

—l—)-AA(w-—wo)zL(u xp) g“ (1)
h g ¢
1 AAD = ——I-[L(w w)—L(wy,w )] 2)
E 2 ’ Q"0 /9
gdzie: w - ugiecie catkowite, W, - ugiecie wstepne,
¢ - funkcja naprezen, t - czas.
¥ - cigzar wlasciwy materiatu plyty, g - przyspieszenie ziemskie.

Problem rozwigzywano we wspélrzednych biegunowych, dlatego do réwnan (1) i
(2) wprowadzono wspolrzedne r i ¢ a dalej bezwymiarowy promien p = r,/r,. przy
czym 1<p<k =r, /r . gdzie: r, - promien zewngtrzny, r, - promien wewngtrzny.
Funkcje ugigcia i naprezen winny spelniaé nastepujace warunki brzegowe:
1L ow 1 dy

p=lp=kw=w,=0——=——"2=0, (3)
r,éo 1, ép

p:l,pzk,6,=—]; L,Oc?+—l-—‘-? =0, +)
“\p cp° pcp

gdzie: o, - napr¢Zenie promieniowe.
Obwodowe napre¢zenie styczne WYTaza si¢ nastgpujaco:
170 14 M,
Tpp ==
Yo, of'cqo oa cp )
gdzie: M_ - moment obrotowy, h - grubos¢ pl}T}.
Przyjeto nastgpujace funkcje ugiecia i ugiecia poczatkowego spelniajace warunki (3):

) (&)
2 /1702/1 o

W= A(r)[p2 — ok + 1)+k2]2 sin[%%- m go), (6)
w, =A, [pz —pAk+1)+k° }h sin(i;:—’f-?+m (p} @)

gdzie: A(t) - nieznana, zalezna od czasu amplituda funkcji ugigcia, A, - stala,
m - liczba fal wyboczenia po obwodzie plyty.
3. Rozwigzanie rownania nierozdzielnosci
Rownanie nierozdzielnosci (2) rozwiazywano w sposob przyblizony. W zwigzku z tym

przyjmowano posta¢ funkcji ugigcia z nieznanymi wspdlczynnikami a nastgpnie na
drodze ortogonalizacji wyznaczano niektére z tych wspolczynnikow.
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W pracy wykorzystano funkcje naprezen o postaciach:

d= (a(p+b)(p—l)sin%7, ®)
d=ap+bp’ +cp', (9)
@ = ap+b(p-1)(p-k)+c(p-1)'(p-k)’, (10)
@ = ap+b(p-1)(p-k)+c(p-1)} (o~ k) +d(p-1) (o~k) . ¢8))

Nalezy w tym miejscu zaznaczy¢, ze postac réwnania (5) powoduje, ze funkcja &
moze mieC w sobie tylko czlon liniowy ze wzgledu na kat .
Zastosowanie funkcji naprezen o postaci (8) do réwnania (5), przy p = 1, daje dla

. : . M
wspolczynnika a wyraZenie:a = 2

'.ZzzhsinZ
k

Funkcja o postaci (8) nie spelnia warunkéw brzegowych (4).
Wprowadzenie funkcji naprezen o postaciach (9), (10) i (11) do réwnania (35)

daje a= gj;l W przypadku funkcji o postaci (9) spetniano warunek (4) tylko na
brzegu wewngtrznym. Spelnienie warunkow (4) przez funkcje o postaciach (10) i
(11) powoduje, ze b=0.

Nieznane wspdlczynniki funkcji naprezen wyznaczano dokonujac rozwiazania
rownania nierozdzielnoéci metoda ortogonalizacyjna, przy czym do ortogonalizacji
sluzyly czlony stojace przy odpowiednich wspélczynnikach. Wspélczynniki funkcji
naprezen zaleza od wymiarow plyty, reprezentowanych przez liczbe k, oraz liczby fal
wyboczenia m. Zawieraja one réwniez parametry funkcji ugigé i obcigzenia. Ich
posta¢ jest bardzo skomplikowana i sq bardzo rozbudowane; wspdlczynnik b w
rownaniu (8) nie ma postaci ogélnej - moze bvé wyznaczony tylko liczbowo.
Wspdlczynnikéw tych nie przytacza si¢ w pracy.

4. Rozwigzanie réwnania réwnowagi dynamicznej

Otrzymana z rozwigzania rownania nierozdzielnosci posta¢ funkcji naprezen
wprowadzano do réwnania roéwnowagi dynamicznej (2), a nast¢pnie
ortogonalizowano to réwnanie czlonem stojacym przy amplitudzie w funkcji ugiecia
(6). W wyniku powstawalo réwnanie ruchu plyty o postaci:

. D M, . y 1)) rty d*A4
Ki—(4-4,))+| K, —2+K;E{4" - A J | A+K -2

lh( o)[Zh )( “o)J‘Jl Yo dn?
gdzie: K|, K, K;, K, - stale zawierajace liczby k i m.

W réwnaniu (12) wprowadzono wielkosci bezwymiarowe, dzigki czemu przyjglo

ono nastepujaca forme:

=0, (12)
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d’y , . Y, ( 2 2) -
?+Hl(}—)70)+J1.'[H2A'/+H3 -y ]zO, (13)

o

. A A ) : e
gdzie: y=}—,yu = —2 - bezwymiarowe amplitudy ugigcia i ugigcia poczatkowego.

! h
— M, :
M= T - bezwymiarowy moment obrotowy.
Eh
2
s Eh°g .

l, =1° — = - bezwymiarowy czas.

ryd

Przyjeto, ze obcigzenie plvty rosnie liniowo w czasie, a wigc M= v, (v-
bezwymiarowa predkosé wzrostu momentu obrotowego).

Réwnanie (13) rozwigzywano metoda Runge-Kutta przy warunkach poczatkowych

Iy =0’y=yo;—d£"

dt

o
5. Przyklad liczbowy i wnioski

Rozwiazania réwnania (13) majg posta¢ wykresdw we wspélrzednych y -t . S3 to
rozwigzania odnoszace si¢ do plyt o wymiarach reprezentowanvch przez liczbe k.
przy zadanej wartosci: amplitudy ugiecia poczatkowego y,. predkosci wzrostu
obciazenia v, liczby fal wyboczenia m i liczby Poissona v (przyjeto ogdlnie v = 0,3).
Wykresy przebiegu w czasie amplitudy wyboczenia pozwalaja wvznaczye¢, w
oparciu o przyjete kryterium utraty statecznosci, wartosci obcigzen krytycznych i

krytyczne liczby fal wyboczenia. Stosowano nastepujace kryterium utraty statecznosci
2.00 —

™

1.60 —

J k=4, 6 v=1000, yo=0,1, m=mk=5 v
120 T ’\//v
0.80 —
0.40 —

to

0.00 T T T T T T T i 1

.00 0.20 0.40 .80 0.80 1.00
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Tablica 5.1. Wartosci momentow knjtycanych przy y =0.1

k=2 k=4
v () (9) (10) (11) (3) & (10) (1D
1000 {312 (3)1195 (6)[ 196 (6)]196 (6)]408 (4)1366 (H)|34] (5)]3+46 (5)
100 1240 (3){129 (3)[129 (3){129 (5)[ 105 ()| 118 (2)1 94 (3)| 95 (3)
10 1236 (5)1123 (3)1123 (5)1123 (5)] 40 (1) {160 (! 55 (D] 57 (2)
11236 (3)1123 (5)1123 (3)] 123 (5)] 34 (1) {161 ()| 53 (2)]{ 57 (2)

Tablica 5.2. Wartosci momentéw krytycmych przy y_=0,000001
k=2 k =4
\i (3) (9 (10 (11) (3) (%) (10) 11

1000 | 719 (5)]1486 (7)1 486 (] 486 (7)]1032(4)1839 (M| 821 (3)}828 (7)
100 1351 (3)1211 (3){211 (5){ 211 (5)]1283 (1)|229 (4){220 (5)[224 (4)
10 {279 (5)| 151 (5)1 151 ()| 151 (5)] 85 ({123 ()| 75 (3)] 75(3)
11265 (5)[ 139 (5)} 139 (5)] 139 (5)] 46 (D] 154 (2)] 50 ()| 52 (2)

plyta traci stateczno$¢ podczas ruchu wywolanego momentem obrotowym wtedy, gdv
maksymalne ugigcie osigga warto$é réwna grubosci plyty.

Krytyczna wartos¢ obciazenia jest wyznaczana z tego przebiegu y - t. w czasie
ktérego amplituda ugigcia najwczesniej osiaga warto$¢ réwng 1 1 jest ona iloczynem
predkosci wzrostu obciazenia i czasu t,, wyznaczanego przez amplitudg o wartosci
l.czyli M, = vt . Odpowiadajaca temu przebiegowi liczba fal wyboczenia oznacza
krytyczng liczbg fal m, . Przykladowy przebieg y - t, przedstawiono na rysunku
5.1. Wyniki rozwigzan, w postaci momentdw krytycznych, uzyskane przy uzvciu
czterech typow funkcji naprezen, dla plyt o dwu wymiarach, przy czterech
predkosciach wzrostu obciazenia i dwu wartosciach amplitudy ugiecia poczatkowego,
zebrano w tablicach 5.1. 1 5.2. Liczby umieszczone w nawiasach w drugim wierszu
kazdej tablicy to numery funkcji naprezen, zas$ cyfry w nawiasach obok wartosci
momentow krytycznych oznaczaja krytyczne liczby fal.

Na podstawie wynikéw zawartych w tablicach mozna sformulowad nastepujace
wrnioski o przydatno$ci przebadanych postaci funkcji naprezen:

- trzeba wykluczy¢ uzycie funkcji o postaci (9), gdyz przy k=4 nastepuje wzrost
obciazenia krytycznego przy malejacej predkosci wzrostu obcigzenia, co kloci sig¢ z
wynikami eksperymentéw (przy innych rodzajach obciazen);

- mimo, ze funkcja (8) daje jakosciowo poprawne wyniki, to w pordwnaniu z
wynikami pozostalymi (przy k=2) daje wysokie wartosci obcigzenia krytvcznego i
dlatego nalezy ja wyeliminowac;

- sposrdéd dwu pozostalych postaci funkcji naprezen wygodniejsza jest postac (10), bo
daje wyniki podobne do funkgji (11), a jest krotsza i przez to wygodniejsza w uzyciu.
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Summary

THE INFLUENCE OF THE FORM OF STRESS FUNCTION ON THE
SOLUTION OF THE NONLINEAR DYNAMIC ELASTIC STABILITY
OF A RING-SHAPED PLATE LOADED BY A TORQUE

The paper deals with the problem of stability loss of a plate loaded by a torque M_ at
the inner edge. The problem equations are those type of Karman with inertial part.
We use the following notation in equations (1) and (2) : w is deflection, w_ is initial
imperfection, & is stress function, t is time.

The equations of the problem are described in polar coordinates r and ¢. Both
the compability equation (2) and equation of dvnamical equlibrium (1) are solved by
approximative method. i. e. - Galerkin method.

We assume that the deflection function w and initial imperfection w_ have a
form of (6) and (7). where:p = r/r_ is dimensionless radius (r, is inner radius). k =
r1/r, (ry is external radius). m is integer number, A is constant. A(t) is amplitude of
deflection. The functions (6) and (7) satisfy the boundary conditions (3).

We assume also that the stress function have the forms of (8). (9), (10) and (11).
where a, b, ¢ and d are the constants to calculate. The functions (8) and (9) do not
satisfy the boundary conditions (4). We obtain the constants a in functions (8) and (9)
from equation (5). After substitution the stress functions into equation (5) and
boundary conditions (4). we obtain constants @ and 4 in equations (10) and (11). The
constants b , ¢ in functions (8) , (9) and ¢, d in functions (10), (11) are obtained after
performing the orthogonalization of equation (2).

The orthogonalization of equation (1) gives the motion equation of the
plate.This equation has the form of (13), where: y is dimensionless amplitude of

deflection. y, is dimensionless initial imperfection, t_ is dimesionless time, A = vr,

is dimensionless torque (v is dimensionless velocity). The motion equation (13) is
solved by Runge-Kutta method. The analysis of solution results of equation (13) and
the comparison with experimental results is the basis of the evaluation of aplicability
of the stress function.

Praceg zrealizowano w ramach DS 21-812/97
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STATECZNOSC ORTOTROPOWYCH PLYT
Z WZDLUZNYMI ROZWARSTWIENIAMI

SLAWOMIR KEDZIORA
Katedra Wytrzymalosci Materiatéw i Konstrukcji
Stefanowskiego 1715, 90-924 Lodz

W pracy przeanalizowano statecznosé prostokatnych ortotropowych plyt z  rozwarstwieniami
biegnacymi wzdhuz calej dlugosdci piyty. Przyjsto, ze phyty sa swobodnie pod na obcigzonych koncach.
Zagadnienie rozwiazano w ramach pierwszego rzedu przyblizenia teorii Koitera (1) przy
wykorzystaniu macierzy przejscia.

Przeanalizowano wphyw wymiaréw geometrveznych rozwarstwienia na statecznosé phyt.

1. Wprowadzenic

Materialy kompozytowe dzigki swojej lekkosci. latwosci formowania i uzyskania
pozadanych wlasnosci sq coraz szerzej wvkorzystywane w  konstrukcjach
cienko$ciennych np. przemysl samochodowy, zbrojeniowy. maszynowy, lotniczy.
Stosowanie materialéw  kompozytowych wymaga jednak bardziej zlozonej i
wszechstronnej analizy pracy konstrukgji.

Wykorzystanie kompozytow w praktyce inzynierskiej wymusza opracowanie metod
analizy uwzgledniajacych szczegdlne cechy tych materialow.

Celem prezentowanej pracy jest opracowanie metody analizy statecznosci plyt
kompozytowych przy uwzglednieniu zjawiska delaminacji w kierunku wzdluznym
przy uwzglednieniu roznych warunkéw brzegowych na wzdluznych brzegach.

2. Definicje, zalozenia

Rozpatrzono Sciskang plytg ortotropowa =z dwoma symetrycznymi
rozwarstwieniami biegngcymi wzdluz dlugosci plyty (Rys 2.1)
Zalozono przegubowe podparcie poprzecznych obciazonych brzegdw oraz swobodnie
podparcie na wzdluznych brzegach.
Przyjeto. ze suma grubosci rozwarstwien jest rowna grubosci plyty nierozwarstwionej
oraz ze przed obcigzeniem warstwy Srodkowe wszystkich rozwarstwien i czgsci plyty
nierozwarstwiongj lezq w jednej plaszczyznie.

W przyjetym modelu obliczeniowym nie uwzgledniono zjawiska kontaktu
miedzy rozwarstwicniami. Taki zalozenie jest mozliwe dla plyt krétkich B/L=].
Podobne uproszczenia poczynil Protte (6).
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Zagadnienic  rozwigzano w ramach pienwszego rzgdu przyblizenia
asymptotycznej teorii Koitera(l) przyjmujac bardziej dokladne zaleznosci na
odksztalcenia wzgledne i wykorzystujac metodg macierzy przejscia [3+5].

g
..................................... .
-
!
i
|
_____________________________________ j
o
£ ~ :’
)
s el e ae e
T* t i i |
; ; b . i
; ' 8 |

Rys 2.1, Analizowana phyvta
Fig. 2.1. Analysed plate

Blonowe odksztalcenia dla poszczegolnych plvt skladowych przyjeto w postaci:
I 5 1

,
By = U+ Vi += W
2
l al l “
£y =V, +—2- uy, +5W'y : (1)

Y.\-y = 28.\'y =u +V.x +W.xw.y ;

y

Z zasady prac przygotowanych wynikajqa nastgpujace rézniczkowe roéwnania
rownowagi dla pienwvszego rzgdu przyblizenia (2+5).

L G- .
U TOVV oy F —F (u'y‘V +v ‘xy) =0
Yy Xy nE Xy XX M XX ’

D,(W,,m + nvww) + D,(wm + vww) +4D_w__ +EWAwW_=0;
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gdzie dokrytyczne pole przemieszezen. przy  zaloZeniu bezzgieciowego stanu
doknvtycznego. zalozono w postact:

u’ = —xAh v? = vyAl . w®=0: (3)

Zastosowane we wzorach (2) 1 (3) oznaczenia sq identvczne jak w pracy (3).

[stotna roznica polega na koniecznosci spelnienia warunkdw wspdlpracy (4). co
zdecydowanie odroznia ja od metody zastosowanej w pracy (3+5).

Warunki cigglosci 1 wspolpracy w miejscu rozwarstwienia poszczegolnych piyt
skladowych przyjeto w nastgpujqcej postaci:

4+

u =u Vio=v wo=w'
n n
WL Ew, N; =) N;: M; =) M;:
=1 1=1
n n
NG =2 NG Q; =2.Q;: )
1=1 1=1

gdzie: indeks 1 oznacza 1 - tc rozwarstwicnic. a n liczbg rozwarstwien.
Zastosowana mctoda rozwigzania zagadnienia statecznosci dla pojedynczej plyty jest
analogiczna jak w pracach (3+5).

3. Wyniki obliczen numerycznych

W analizie numervcznej badano wplyw  szerokosci symetrycznego
rozwarstwienia na wartosci naprezenn krytycznych plyty swobodnie podpartej na
wzdluznych brzegach (Rys. 2.1).

W pracy przedstawiono jedynie wyniki dla plyty o stosunku szerokosci do dlugosci
B/L=1. Szerokos¢ rozwarstwienia zmieniano w zakresie 0+0.8 b/B (Rys. 2.1) .
Obliczenia przeprowadzono dla pienvszych trzech postaci wyboczenia

Do obliczen przyjeto plytg o nastgpujacych wymiarach:

e B/L=10:
e B/h=100:
e b/B=0+0.38.

W niniejszej pracy przedstawiono jedynie wyniki dla plyty izotropowej tzn. n=1,
v=0.3, E=E=E,.

Dla rozpatrywanej plyty przeprowadzono obliczenia dla dwéch stosunkdéw grubosci
rozwarstwien h;/h- =0.23, hy/h, =1, gdzie h;+h.=h.
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0.6

Wyniki obliczen przedstawiono na rysunku (Rys. 3.1) 1 w tabeli (Tab. 3.1).

W celu zwenyfikowania opracowanej metody otrzymane wyniki poréwnano z
nmictoda elementow skonczonych (ANSYS-em). Program ten umozliwil znalezienie
naprezen krvtveznyvch dla badane) swobodnie podpartej plyty: b/B=1, h;/h.=0.235.
hy/h- =1.Wyniki zamieszczono w tabeli (Tab. 3.1).
Uzyskano dobraq zgodnosc otrzvmanych rezultatéw. a zatem nalezy sadzic. ze
opracowana metoda jest poprawna.

Tabela 3.1.

Pordwnanie wynikow otrzymanych MES (ANSYS) i z omawiane)
metody dla phyty swobodnie podpartej

Table 3.1. Comparison ot the obtained result for simply supported -FEM (ANSYS)
and the described method

m MES Prezentowana metoda
program ANSYS
k k
hy/h>=0.25 | h/h> =1 hy/h-=0.25 | h/h-=1
| 0.719 0.581 0.718 0.580
2 1.253 2.062 1.299 2.053
3 1.274 3.832 1.070 3.815

Nalezy zwrdci¢ uwagg. 7c w prezentowanych rozwazaniach przyjeto analizg
modalng. W mclodzic elementéow skonczonych nic ma takich ograniczen i tym
faktem nalezy wytlumaczy¢ réznice w otrzymanyvch wynikach.

. ’ - [ -
: ! . i !
H i
| P b = ‘ ; I
l vhe =1 N : | hy/hy = 025 |
i ' e m=| l | : - =]
H | —©— - i | m=
e o m2
| ; m=3 04 Tomes
. T e—— . i
<\ ! I 0\—0\"\?
‘ \?\‘\ ' ! ! K
1
i | ’ ’ 3
' ! T g
| | b 0
0 0.1 0.2 03 04 0.5 06 0.7 0S8 0.1 0.2 03 04 0.5 0.6 0.7
b/B b8

08

Rys. 3.1. Wykres naprezenia Krytycznego G dla plyty swobodnie podpartej w funkcji wzglednej szerokosci

b 3 rozwarstwienia dla rozne liczby potfal m (1+3)

Fig. 3.1. Curves presenting critical stress 6 for plate with free longitudinal edge versus nondimensional

width of the delamination b/B tor a tew number of halt-waves m (1+3)
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Z przeprowadzonych obliczen dla plvty swobodnie podpartej przy stosunku

rozwarstwien h/h,;=0.25 1 w przedziale zmiennosci b/B powyzej 0.6 wystepuje

spadek naprezenia krytycznych dla m>1: ustalajy si¢ one na pewnym niewiele

rézniac si¢ od siebic poziomic (Rys. 3.1).

Analiza MES-em dla tej plyty pokazuje takze tg tendencj¢ ale mniej wyraznie.
Zatem 1m wigksza roznica grubosci rozwarstwien. tym mniejsza roznica

naprezen krvtyeznych dla m>1 przy szerokich rozwarstwieniach.

Zjawisko to tlumaczy¢ mozna tym. ze dla stosunkowo waskich rozwarstwien cala

phta (rozwarstwienia i czgs¢ plyty nierozwarstwiona) traci stateczno$¢ poprzez

wyboczenie w takq samg liczbe polfal. Wraz ze wzrostem b/B nastgpuje zmiana

charakteru wyboczenia: utratg statecznos¢ inicjuje najcieiisze rozwarstwienie,

To szczegdle zachowanie zaobserwowano dzigki mozliwoscia jakie niesie MES i

wizualizacja postaci wyboczenia jakq posiada program ANSYS.

Jednak zjawisko to nic musi wypelni odpowiadaé rzeczywistemu modelowi, gdyz nie

uwzgledniono w modelu numerycznyim kontaktu mi¢dzy rozwarstwieniami.

6. Wnioski Koncowe

Z przedstawiong] pracy wynika. ze opracowana metoda moze by¢ uzyteczna
przy rozpatrywaniu wyboczenia lokalnego ortotropowych slupdéw z wzdluznymi
rozwarstwieniami scian.

Zaprezentowane podcjscic umozliwia takze modelowanie dzwigaréw o dowolnym
ksztalcie przekroju poprzcczncgo.

Obliczenia przeprowadzonc metodq elementdw skorficzonych 1  programem
zbudowanym w oparciu o prezentowang metodg potwierdzily duzq ich zgodnos¢.
Opracowana mctoda po niezbgdnych modyfikacjach umozliwi analiz¢ statecznosci
ortotropowych  belek-slupow o dowolnym  przekroju poprzecznym przy
uwzglednieniu delaminacji  przekroju oraz wplyw delaminacji na sprzgzone
wyboczenie.

Wyniki obliczen dla innych warunkéw podparcia plyt na wzdluznych brzegach
zostang przedstawionc na sympozjtm.
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Summary

STABILITY OF ORTHOTROPIC PLATES WITH LONGITUDINAL

DELAMINATION

This investigation is conccrned with buckling of thin-walled plate with
longitudinal delamination under axial compression. The plate is assumed to be
simply supported at the ends.

The asymiptotic expansion established by Byskov and Hutchinson is employed in the
numerical calculation in the form of the transition matrix method.

The calculations are carried out for a few plates with different width of delamination.
The results showing the relationship between nondimensional width of the

delamination and the critical stress are presented in diagrams for a few number of
half-waves.
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STATECZNOSC STATYCZNA I DYNAMICZNA KONSTRUKCJE
BELKOWYCH OBCIAZONYCH SILAMI SLEDZACYMI

L. KIELSKI, S. STACHURA
Zaktad Mechaniki - Politechnika Radomska

JMISIAK,
Wojskowa Akadentia Techniczna - Warszawa

Przedmiotem pracy jest zagadnienie statecznosci statycmej i dynamicmej ukladow belkowych
obcigzonych sitami sledzacymi. Wykorzystujac réwnania ruchu zaburzonego ukladu, przy zastosowaniu
metody waracyjnej Galerkina, uzyskano réwnania ruchu w postaci réwnan roniczkowych zwyczajnych
drugiego rzedu. Zastosowana metoda pozwala na wyzmaczenie macierzy sztywnosci geometryczmej obciazenia
$ledzacego. Jako przyklad rozwiazano rame portalowa.

1. Rozniczkowe rownania ruchu z uwzglednieniem zaburzen.

Rozwazmy réwnowagg ciala sprezystego, wraz z warunkami brzegowymi. Na cialo
dzialajq sily obj¢tosciowe X, sily powierzchniowe p; , wywotujac pole przemieszczen
u; , pole odksztalcen & jk 1 pole napr¢zen o jk - Przy zalozehiu skonczonych

przemieszczen i nieskonczenic malych odksztalcert réwnania réwnowagi w opisie
Lagrange’a przedstawiono w pracy (2)

17 o’h,-
“‘—-* O'}-k 5ik+_ +Xi=0

1

Analogicznym réwnaniem opisany jest ruch zaburzony. Przyjmujac skiadniki ruchu
zaburzonego (oznaczamy je przez ~ , a zaburzenia przez ~ ) w postaci
u; = u; +u;
S (23)
g jk =0 ]k + o jk
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a (2b)
Pi = p; +Pj
gdzie X; i p;- sa zaburzeniami objetosciowych i powierzchniowych sil, ktore w

ogolnym przypadku zaleza od czasu ¢, Sily bezwladnosci traktujemy réwniez jako
zaburzenia.

Przyjmujac ogoélne zatozenia statecznio$ci poczatkowej, ostatecznie réwnania ruchu
zaburzonego, beda mialy postac

&y 8 o
+ O'Jk'— +XI""p 2 =0 (3)
G & &, a
i [a“j g (4)
oxn; +0 . n:=p. -
§Ui T gk &, J T
lacznie z warunkiem
By = Ay )
o’-. 3 - 3
if = *ijop &,

1.1. Obciqzenie niekonserwatywne.

Rozpatrzmy przypadek obciazenia $ledzacego. W przypadku obciazenia $ledzacego
wartos$¢ zaburzenia wynosi

— ﬁ,‘ — éb—i
Xi=Xj > Pt =Pj— (6)
&j &

2. Sformulowanie réwnan ruchu w metodzie elementéw skonczonych.

Rownania ruchu wyprowadzimy stosujac funkcje, takie jak w analizie statycznej
metoda elementdw skonczonych (1)
u(x,y,z,t) = N(xy z)q(t) )
gdzie: N(xy, z) - jest macierzy funkgcji ksztattu dla przemieszczen,
q(t) - wektor uogélnionych przemieszczen, zalezny od czasu.
Wykorzystujac do rozwiazania réwnan (3) - (5), wariacyjng metod¢ Galerkina,
uwzgledniajac (7), otrzymujemy klasyczne obiekty macierzowe MES-u, z wyjatkiem
macierzy sztywnosci geometrycznej obciazenia $ledzacego
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"
K. =-foc N'N av (8)
\ 4
Ostatecznie réwnania ruchu przyjmuja postac
MG+ (K+K)g=0 €

Do analizy stateczno$ci statycznej stosujemy kryterium kinetyczne, rozwiazujac
wyznacznik

{(K—-K;(;(P,n))—sz =0 (10)

Natomiast do analizy statecznosci dynamicznej wykorzystujemy metodg bilansu
harmonicznych (3), dla wyznaczenia glownego obszaru niestatecznego rozwigzujemy
wyznacznik

( N 1 s 1 2 )
K-aK +—fK -—0 M 0
g 2 g 4
(11)
(§] K-aK -—pK ~—O0 M
g 2 g 4
3. Przyklad.

Rozpatrzmy rame¢ portalowa, przedstawiong na Rys.1, obciazona sila $ledzaca P .
Dane matrialowe i geometryczne sa: E = 2.1x10°[MPa], G = 0.85«10°[MPa],

L =2{m], d = 0.1[m]. Zakladamy utrate statecznosci w postaci zwichrzenia ramy.
P

D

Rys.1. Rama portalowa.
Fig.1. Portal frame.

Analizujac stateczno$¢ statyczng ramy, wyznaczono funkcje y = f(n) zmian
krytycznej sily Sledzacej w  zalemosci od wspoOlczynnika $ledzeniarn, ktorg
przedstawiono na Rys.2. W zakresie kryterium kinetycznego przebiegi $ledzacych sil
krytycznych posiadaja lokalne ekstrema.
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kryterium 80 — kryterium
statyczne B kinetyczne
- EJ
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40 | {
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Rys.2. Statecznosé statyczna ramy portalowe.
Fig.2. Static stability of the portal frame.

Nastepnie zakladajac, ze obciazenie $ledzace jest postaci R(t) = aR* + R cosér ,
wykonano analiz¢ statecznosci dynamicznej, wyznaczajac glowne obszary
rezonansowe trzech pierwszych czgstosci, jak na Rys.3.

Widocznym jest, ze obszary rezonansowe drugiej i trzeciej czgstosci rezonanso-
wej lacza sie, po osiagni¢ciu przez uklad parametrow drgan samowzbudnych:

1 ]
—fpP, = P’ =193557F,, —0=w, =w, = 23175[rad/s].
2 2

Zwigkszajac wartosC obciazenia wstgpnego np. « =18, uklad osiaga wyZej
wymienione parametry drgai samowzbudnych przy mniejszych glebokosciach
modulacji B.

Obszar pierwszej czgstosci rezonansowej, wraz ze wzrostem o zaweza si¢ i przy
a =~ P* przechodz praktycznie w pojedyricza linie.

Dla ustalonej wartosci glebokosci modulacji /£, obszary rezomansowe w
przypadku, gdy sila krytyczna jest konserwatywna sa znacznie wicksze, niz obszary
przy dzialaniu sily $ledzace;.

Uwzglednienie thumienia, powoduje odsunigcie si¢ obszaréw niestatecznych od
0si czestosci.
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Rys.3. Granice obszaréw dla p=1.
Fig.3. Limits of field for p=1.
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Summary
STATIC AND DYNAMIC STABILITY BEAM CONSTRUCTIONS LOADED
BY THE FOLLOWING FORCES.

The subject of this paper is a problem of the static and dynamic stability of beam
constructions loaded by the following forces.
The principle variational of Galerkin was applied and the equation of motion of the
free vibration has been obtained of the form.
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Mij + (K + K} (2B, ,)g =0

The equation describe the problem of starting static stability including following
parameter 77 of the following force. To defined metrix the Finite Elements Method
was applied and the kinematic criterion has been used to study of static stability. The
determinant (10) to calculated frequency function @, = f(x,P,.7) has been
obtained.

Portal - frame loaded following force 77 =1 was analysed. Critical following force for

EJ
the loss of stability by flutter was calculated P, = 193557 —-. For the following
!

force variable in time P(t)=aR’ + AR’ cos@& the determinant (11) (for main
resonance) was calculated using the method of harmonic balance.

The determinant was solved and as a final the frequency of the periodic vibration of
system was obtained. The frequency was divided the area on the stable and unstable

areas (resonat areas). The example of Portal - frame loaded the following force was
solved and the areas of resonance was determined.
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DYNAMIC STABILITY OF ELEMENTS OF STRUCTURE
AT ACTION OF MOVING CONCENTRATED LOAD

ILF. KOCGEMYAKINA
Department of Strength of Materials, State Academy of Civil Engineering
and Architecture, 320600, Dniepropetrovsk, Ukraine

The dynamic stability of elements of structures at action of moving concentrated loads is
considered. The Timoshenko’s model is used. Critical velacities af movement of a load and
arca of dynamic instability of a system are analyzed. The weights of load and element of a
structure are taken into account.

In the theory of moving loads large and independeni path is investigation of
dynamic stability of a system: a bearing structure - a moving load. The problem is
reduced to determination of critical velocities of motion of a load. Two kinds of
critical velocities may be distinguish: those , at which resonance of a system
occurs, and velocities , above which vibrations become unstable. Resonant critical
velocities are those, at which frequencies of vibrations of a load coincide with
frequencies of free vibration of an element of a structure. Such velocities take
place at movement of a load on a structure, deformations of which are
unimportant. It is possible to jump over this isolated velocities, increasing them,
and to receive a steady mode of vibrations of a system. Additional forces of
inertia have large significance at movement of a load on a structure at essential
deformations. These forces are stipulated by portable and coriolis acceleration and
can call loss of stability of vibrations of a system. Zones of dynamic instability,
one of which, the main, limited from below, are formed.

Dynamic stability of beams was considered by V.V.Bolotin [1,2] and
A.B.Morgayevsky [3] in classical statement. The research of dynamic stability of
beams, plates and shells on the basis of Timoshenko’s model at movement of
concentrated load [4,5,6] shows, that the account of deformation of shear reduce
to reduction of critical velocities. The account of inertia of rotation does not
influence  the main region of instability, limited underneath. The subsequent
regions disintegrate each on two , possessing finite width, and at neglecting by
inertia of rotation fasten in lines.

The equations, describing vibrations of system, and appropriate boundary
conditions are received with the help of variation principle Gamilton -
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Ostrogradsky. The decomposition method of unknown function on two, one of
which describes regional effect, is applied. Initial system of equations simplifies
essentially. For the elements of structure, supported by hinges this function is
equal zero. Bubnov - Galerkin procedure gives possibility to pass from
differential equations in private derivatives to the system of ordinary differential
equations with periodical coefficients is received. The solution of these equations
is represented by Furie numbers with indeterminate coeflicients. The solution of
system , excellent from a zero, will be only in the event , if the determinant of a
system, made from it’s coefficients, is equal a zero. Investigation of stability is
reduced to the analysis of roots of a characteristic equation. The condition, at
fulfillment of which characteristic equation has not roots with a positive material
part, gives critical velocities. In the first approximation critical velocity v xpl”
determining bound of main aria of instability, is received . At velocity of
movement of a concentrated load above than Viept » stable vibrations of a system
are impossible. The subsequent approximations give a number of velocities , lying
bzlow to main critical velocity v xpl - As researches have shown these velocities
lie on bounds of the lowest areas of instability, which, in difference from the
classical theory, have finite widih.
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GLOBAL AND LOCAL INSTABILITY OF THIN-WALLED
COLUMNS BEYOND THE PROPORTIONAL LIMIT

Z. KOLAKOWSKI, K KOWAL-MICHALSKA
Department of Strength of Materials, Technical University of £6dz,
90-924 Lodz, Poland

The problem of global and local stability in the inelastic range for thin-walled columns is
examined on the basis of the deformation theory and the incremental theory of plasticity. Columns
of closed and open cross-sections built from rectangular isotropic plates are subjected to the
loading changing from uniforin compression to pure bending. A solution of elastic buckling for a
thin-walled orthotropic columns based on Koiter's asymptotic method is employed to investigate
the elasto-plastic buckling mode of the column and to determine the critical load. The study is
based on the numerical method of the transition matrix. The results of numerical calculations are
presented in diagrams.

1. Introduction

Thin-walled structures consisting of plate elements have a number of buckling
modes differing from one to another both in quantitative (by number of half waves)
and in qualitative respects (by global and local buckling)

Isotropic matenials (used in structural members) such as mild steel and
aluminium alloys are characterised by typically linear elastic behaviour up to the
proportional limit, and in the elasto-plastic range by rounded stress - strain curve.

The inelastic buckling of plates and columns can be investigated on the basis of
the constitutive relations of the deformation theory and the incremental theory of
plasticity. It has been well known that calculations based on the deformation theory
which in fact does not represent physically admissible theory of plasticity gave
reasonably good agreement with test results.

In recent years the inelastic buckling of plates and columns has been a point of
interest in many works e.g. (3), (6).

In the present paper the problem of stability in the elasto-plastic range of thin-
walled columns is examined using the method elaborated for the analysis of stability
of thin-walled orthotropic beam-columns (5). The relationships between the stress
and strain for a component elasto-plastic plate are derived on the basis of the
deformation theory and the incremental theory of plasticity. On the other side the
same relationships are written for an orthotropic elastic plate. Comparing the
appropriate coefficients in both relations the instantaneous ,conventional”
parameters of orthotropy can be found out. So the problem of inelastic stability of
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isotropic columns can be investigated in the same way as the problem of stability of
the elastic orthotropic columns. The elastic problem is solved using Koiter’s
asymptotic theory of stability (4). In the solution and in the prepared computer
programmme Byskov-Hutchinson asymptotic expansion (1) and the numerical
transition matrices are employed. This approach enables to find all global and local
buckling modes of the structures analysed (5). In the solution obtained the shear
lag phenomenon and the effect of cross-sectional distortions are included.

The results of numerical calculations are plotted in diagrams showing the
critical stress values calculated for a given column under assumed loading.

2. Constitutive relations in the inelastic range

In the studies concerning the stability of structures beyond the proportional limit it is
essential to describe in the analytical way the uniaxial stress-strain curve of a
material. In this work the Needleman-Tvergaard relation is used in modelling the
behaviour of nonlinear characteristic of a material.
» Elastic behaviour:

o = Ex¢ (D)
e [Inelastic behaviour (for o > o. where o, is the proportional limit ):

1
czoo[n(f*—E——lJ+l}n )
Go

According to the deformation theory the relations between the stresses and strains
are:

I\Ix = 11*(A”*8X +A12*8y), Ny = h*(Alz*Sx + Azz*gy),
ny = h*A33*‘ny'.

where the coefficients:

* - - 4
A” =E*———-—-——3 (PS+(PL; AlZ =E>|<2*(pt 2*(1 2*\/), A22=E* *(P‘;
AO A0 AO
\ 2
A, = Ex D A =3R@ux, +2%(1-2xv)*g, — (1-2*%v)E  (4)
33 Feg. (L= 2%) 0 Ps* P, ( Y*p, — ( )7 (

and ¢, =E/E, ¢, =E/E,.

are obtained from the uniaxial stress-strain curve of the material of the column
described by equation (2), where E -secant modulus and E, -tangent modulus. The
relations above correspond to the deformation theory. The relationships for the
incremental theory are obtained simply by putting E.=E.
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3. Basic equations for orthotropic elastic columns

a) b)
b1 b1
h
‘ * 1 | }h1
7= 7 f—/ 7 I 2 ?/ ; ;
2 i H
r‘; ! :; ¥ ] ;a
] 4 / f
g 2 b
9 | b2 te !
({’ ] "y 5
g f o 0. h,
y ha _K.h2 :f | b 4 h
o | i — L -
T 1
bs i
e c) b1
P qh
Lo A
oo
b
{
I ;h3
A A/ A A -/~ ~/
}

b3

Fig 1. The considered cross-sections

The long thin-walled prismatic columns of length / and composed of plane,
rectangular plate segments interconnected along longitudinal edges are considered.
The columns of closed and open cross-sections, simply supported at the ends, are
subjected to the axial strain € varying linearly along the column height (Fig.1).

A plate model is adopted for the columns. For a component plate exact geometrical

relationships are taken into account in aim to consider both out-of-plane and in-
plane bending of a plate (5):

g, =u, + O.S(u‘zx +v'2x + w'zx); gy =V, + 0.5(u‘2y + v?y + w'zy); 5)
Vg SUy ¥V FU UV Vo +W W,
while the bending strains are given by
Ky =—W o) Ky ==W o] Ky =W - (6)
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Physical relationships for a component plate treated as an orthotropic with principal
axes of orthotropy parallel to its edges are formulated in the following way:
Ny =hx(K} *xe, +Kj,*e); N, =h*(Kjp*e, + Ky*g));

ny = 11*K33*yxy. D
where:
Ky =E /(d-vg*vy); Ky =E, /(Q-v*v,) )
Kip = v Ky =v Ky Ky = nyny-
The dependence in Young’s moduli and Poisson’s ratios in (7) and (8) is as
follows: E*xv, =E *v. 9

The elastic problem is solved by the asymptotic Koiter method (4).
Displacement field U , and sectional force N , are expanded in power series in the
buckling mode amplitude  , (£ is the amplitude of buckling mode divided by the

thickness of the first component plate):
U=axU +xUD 4 N=x*N® 4 xNO 4 (10)

where the prebuckling fields are U | N@ and the buckling modes fields are
v i N

By substituting the expansion (10) into equations of equilibrium. junction
conditions and boundary conditions, the boundary value problems of zero and first
order can be obtained. The zero approximation describes the prebuckling state while
the first order approximation enables to determine the critical loads of global and
local value and the buckling modes (5).

The described above method is applied to calculate the critical load values for
isotropic columns in the inelastic range. The procedure is based on the fact that the
relationships (3) and (7) have the identical form. So, the coefficients K;; -K3; can be
replaced by coefficients A;, -43; . In other words equating K;; =4, , etc. the ,false”
parameters of orthotropy E,, E,, G, , v,» can be found out as functions of £, , E; .
E, v calculated for each value of the axial strain & from the relation (2) describing the
inelastic behaviour of a material. It should be noted that when the loading of a
column is described by strains varying linearly along the column height the
coefficients A, -As; are constant for the upper and lower flange and they are
variable for a web. Therefore the component plates such as flanges can be treated as
plates of constant orthotropy parameters and the web has to be analysed as a plate of

a variable orthotropy, modelled by strips of different othotropy parameters.
The problem is solved in a numerical way.
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4. Results of numerical calculations

Some exemplary results are presented for columns of a cross-section shown in
Fig.2b, subject to pure compression, of geometrical parameters as follows:

b;=40mm, b:=20mm, bs=4 mm, h;=h>=h;=]mm, I = 140 mm;

The material properties correspond to the aluminium alloy: E=0.7 x/0° MPa,
v=0,32; o, =200MPa, n=5.

a)
2,5 .
Gcr/GO /
2,25 /
2 / — o — elastic
s — »— inelastic-def
1.75 |
./ /‘/A/? —s— inelastic-incr
A . . —m—Mn
1,5 * // ‘7’;;l‘-’. g
\. hoama
1.25 %‘/‘
, //‘\Af‘f‘
2| m
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
b)
225 .
Gcr/GO
2
5 Y — « — ¢lastic
L — w— inelastic-def
1,5 ,,(_I —a— inelastic-incr
1) /‘
PR ,/'
1,25 | - ! < T T
\\0 /.l/"“§‘;:_ﬁ—’.—:-ﬂ‘¢"4A’—
) i | N |
m

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Fig. 2. Dimensionless critical stress 6./c, versus a number of axial half waves m

In Figs. 2a, 2b the dimensionless critical stress o./c, as a function of axial
half waves m is presented, assuming purely elastic and elastic-elasto-plastic
behaviour of a material. In the inelastic range the equations of the deformation
theory (def) and the incremental theory (incr) of plasticity have been applied. From
Figs.2 follows that the value of global critical stress is lower when the
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antisymmetrical mode of buckling is assumed (Fig.2a) - it corresponds to the
flexural-torsional mode both in the elastic and elasto-plastic range (Fig.3b). In the
case of symmetrical buckling (Figs.2b and 3a) the change of buckling modes occurs-
from a flexural-distortional mode when the elastic behaviour of a material is assumed
to the flexural buckling (dash-dotted line) in the inelastic range .

It should be underlined that the adaptation of a plate model in the buckling
analysis with the strain tensor expressed by eqs. (6) allows to find out other than
classical modes - so called ,,mixed modes™ (2) - and gives lower values of the critical
stress than the values obtained when a beam model is assumed.

If local buckling is considered m>] for symmetry conditions the curves
presenting the critical stress have two minima (Fig.2b), assuming antisymmetrical
mode only one minimum can be found out (Fig.2a). For each minimum the local
buckling modes are of different shape.

Fig. 3. Global buckling modes for columns with outside edge stiffeners

5. Final remarks

The presented method allows to find out all possible buckling modes (global and
local, symmetrical and antisymmetrical) and also to investigate ,,mixed modes”
occuring in columns of open cross-sections. The adaptation of a plate model in the
buckling analysis with the strain tensor expressed by eqs. (6) gives lower values of
the critical stress than the values obtained on the basis of the conventional theory of
plates. The method elaborated for elastic orthotropic columns can be applied in the
analysis of inelastic buckling of isotropic columns.
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NOSNOSC GRANICZNA CIENKOSCIENNYCH SLUPOW Z CENTRALNYMI
ZEBRAMI POSREDNIMI W RAMACH DRUGIEGO RZEDU
NIELINIOWEGO PRZYBLIZENIA

Z. KOLAKOWSKI
Katedra Wytrzymatosci Materiatéw i Konstrukcji Politechniki £6dzkiej
Stefanowskiego 1/15, 90-924 £6dz, Poland

A. TETER
Katedra Mechaniki Stosowanej Politechniki Lubelskiej
Nadbystrzycka 36, 20-618 Lublin, Poland

W pracy przeanalizowano interakcyjne wyboczenie cienkosciennych stupéw wzmocnionych
zebrami posrednimi. Zebra modelowano ptytami. Przyjeto, ze stupy sa swobodnie podparte na obu
koncach. Zastosowano drugi rzad nicliniowego przyblizenia asymptotycznej metody Byskowa
i Hutchinsona [1] wykorzystujac w obliczeniach numerycznych metodg macierzy przejécia. Analizg
przeprowadzono dla réznych parametrow geometrycznych.

1. Wstep

Wzrost zdolnosci do przenoszenia obcigzenia i sztywnosci konstrukeji cienkosciennej
uzyskuje si¢ najcz¢sciej poprzez odpowiednie uksztaltowanie przekrojow
poprzecznych uzytych elementdw cienkosciennych ( np. poprzez wprowadzenie Zeber
posrednich ). Zebra posrednie sa szeroko stosowane w wielu rodzajach konstrukcji
metalowych. Omawiane usztywnienia przenosza czeS¢ obciazenia i dziela element
plytowy na mniejsze cze¢Sci powigkszajac wten sposéb znacznie ich no$nosé.
Wielko$¢, ksztalt, polozenie zeber posrednich wywieraja istotny wplyw na krytyczne
1 zakrytyczne zachowanie si¢ konstrukcji cienkosciennych. Eatwosé formowania
konstrukcji cienkosciennych umozliwia coraz szersze ich wykorzystywanie.
Stosowanie zeber wymaga jednak bardziej zlozonej i wszechstronnej analizy pod
dzialaniem narastajacych obciazen (az do obcigzen niszczacych wlacznie).
Uwzglednienie plytowego modelu Zeber stwarza takie mozliwosci.

Konstrukcje cienkoscienne moga pracowaé po lokalnej utracie statecznosci. Na
skutek lokalnego wyboczenia nastgpuje zmniejszenie wzdluznej sztywnosci
konstrukcji. Wzajemne oddzialywanie réznych postaci utraty statecznosci, dla
konstrukcji  rzeczywistych obarczonych niedokladnosciami  wstepnymi, jest
decydujacym czynnikiem okreslajacym nosno$¢ graniczng konstrukgji.
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2 Zastosowana metoda rozwiazania

4 u'.r zagadnienia umozliwia uwzglednienie
: \b,‘ wszystkich typéw postaci utraty statecznosci,
| . zjawiska shear-lag, efektu deplanacji przekrojow
Foll "3 ————-—+tal poprzecznych oraz uwzglednienie transformacji
: postaci wyboczenia wraz ze wzrostem obciazenia
_,423_ IS : ZEWNELrznego.
| |
b,
Rys. 2.1. Przekrdj poprzeczny analizowanego
stupa o przekroju zamknigtym. 2. Postawienie zagadnienia
Fig. 2.1. Type of closed cross-section

considered.

W pracy analizowano wplyw wspoidzialania
roznych postaci wyboczenia cienkosciennych stlupéw. Rozpatrzono pryzmatyczne,
cienkoscienne stupy o przekrojach zamknigtych (rys. 2.1) i otwartych wzmocnione
centralnymi, wzdluznymi zebrami posrednimi zbudowanymi z piyt o boku: b..
Omawiane slupy sa zbudowane z plyt prostokatnych polgczonych na wzdluznych

brzegach 1 podpartych swobodnie na obu koncach. Material wszystkich ptyt podlega
prawu Hooke'a.

Blonowe odksztalcenie wzgledne dla i-tej $cianki przyjeto w postaci:

= < 2 2 3. — 2 2 .
Eix =Ujx + O.D(W' ix +Vi,x) ; Eiy = u; g +0'5(Wi,y + lli,y) ,
280y =Vixy = Uiy +Vix+WixWiy (D
za$ zmiany krzywizn:
Kix =~Wj xx> Kiy = =Wiyy; Kixy = ~Wixy; (2)

Z zasady prac przygotowanych dla pojedynczej Scianki wynikaja nastgpujace
rozniczkowe réwnania rownowagi:

Nix,x + Nixy,y +(Niyui,y) y =0; Niy,y +Nixy,x +(Nixvi,x) < =0

D;VVw; —(Nixwi,x)’x —(Niywi,y)’y _(Nixywi,x)’y —(Nixywi,y)’x =0 (3)

W miejscu polaczenia $cianek spetniono odpowiednie geometryczne i statyczne
warunki wspdtpracy [3].

Nieliniowe zagadnienie statecznodci rozwigzano asymptotyczna metoda
E. Byskova i J. W. Hutchinsona [1]. Pola przemieszczen U i sit N rozwinigto
w szereg potggowy wzgledem amplitud postaci wyboczenia &, (amplituda n-tcj
postaci wyboczenia odniesiona do grubodci pierwszej plyty ):

-ﬁ=k_ﬁi(°) +§nﬁi(“) +§f,ﬁi(““) +..., N=1Ni(°) +§nﬁi(") +e‘;,21ﬁi(““)+..., 4)
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Pokrytyczne $ciezki rownowagi dla konstrukcji cienkosciennych z amplitudami
imperfekcji ¢ odpowiadajacymi &, sa okreélone przez nast¢pujacy uklad N rownan
nieliniowych [1-3]:

A = A
aJ(l—T};J + 288§ + byl = agEy T LN ®)
] ]

gdzie: A - parametr obcigzenia; A, - krytyczna warto$¢ A .
Wyrazenia na a,, a,, 3@, bjg podano w pracach [1-2]. Pokrytyczne

wspolczynniki a;; zaleza tylko od wartosci krytycznych podczas gdy wspélczynniki
b;;ks zaleza ponadto od pol drugiego rzgdu.

Wyznaczenie nieliniowych wspoélczynnikéw pokrytycznych oraz wspoélczynnikow
redukcji sztywnosci wzdluznej w ramach nieliniowego drugiego rzedu przyblizenia
pozwala opisa¢ pelne zachowanie si¢ konstrukcji cienkosciennej w zakresie
sprezystym.

W ponizszych rozwazaniach przyjeto nastgpujace warunki brzegowe na obu
poprzecznych koncach:

b_lijNix(xi =0,y;)dy; = b_liINix(xi = £,y;)dy; = N;
vi(xi = 0>Yi) = vi(xi = f,yi) = 0, wi(xi = O,Yi) = \Vi(Xi = f,yi) = 0,
Wixx(Xi =0,¥i) = W; (% =1y;) =0; ©6)

Analiza ograniczona tylko do pierwszego nieliniowego przyblizenia rozwiazania
zagadnienia statecznosci cienkosciennych  konstrukcji  wskazuje  wrazliwo$é
konstrukcji rzeczywistych na niedokladnosci. Dobrze wiadomo, Ze konstrukcje, dla
ktdrych lokalne wyboczenie poprzedza globalne A; >> A, , moga przenies¢ obciazZenie
przewyzszajace obcigzenie odpowiadajace krytycznej wartosci wyboczenia lokalnego.
Analiza ich zachowania si¢ nie zawsze moze by¢ otrzymana w ramach asymptotyczne;j
teorii pierwszego nieliniowego przyblizenia, w ktérej graniczne obciazenie jest zawsze
mniejsze od minimalnej wartosci obciazenia krytycznego zagadnienia liniowego.
Konieczne jest zatem uwzglednienie drugiego rzedu przyblizenia, tzn. czlondw
czwartego stopnia w energii potencjalnej, co pozwala wyznaczy¢ pokrytyczne $ciezki
rownowagi. W ogélnym przypadku w analizie stateczno$ci nalezy rozwigzaé
zagadnienie brzegowe: dla lokalnych, globalnej i mieszanej postaci drugiego rzedu,
Jjednakze w przypadku A; >>A, glowng role odgrywaja lokalne postacie drugiego

rzgdu. Dla globalnej postaci drugiego rzgdu dla eulerowskiego modelu stupa
powyboczeniowy wspélczynnik dla niesprzgzonego wyboczenia jest rowny zeru,
a w przypadku dokladnego rozwiazania jest czgsto malo istotny.
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Pominigcie mieszanej postaci drugiego rzedu, z ktdra zwiazane sa czlony typow
amiéféiz i>Di aiiﬁéfif (1,J>1; 1# j ) w energii potencjalnej, jest mozliwe dzieki
uwzglednieniu juz czlonéw typu aliiéléiz oraz ay;§;§;&;. Mozliwosc takiego

pominig¢cia wykazat W. T. Koiter, S. Sridharan i M. H. Peng. Przyjecie do analizy
w ramach pierwszego nieliniowego przyblizenia czlonu typu ayg&;8; (i#)),

uwzglednia interakcje miedzy globalng postacia 1 dwiema najbardziej
niebezpiecznymi lokalnymi postaciami wyboczenia majacymi taka samg liczbe pétfal.
Ta drugorzedna lokalna posta¢ wyboczenia jest analogiczna do mieszanej postaci
drugiego rzedu, a zatem uwzglednienie jej w ramach pierwszego rzedu przyblizenia
pozwala pomina¢ mieszane postaci drugiego rzedu.

W pracy [6] zaj¢to si¢ analiza rozwigzania drugiego nieliniowego przyblizenia,
uwzgledniajacego tylko lokalne postacie drugiego rzedu (tzn. podstawowa
i drugorzedng postac ). Z warunku ortogonalnosci pdl pierwszego i drugiego rzedu
wynika, ze nalezy zmieni¢ ewentualnie amplitudy tylko rozpatrywanych harmonik dla
kazdej z lokalnej postaci drugiego rzedu. Prostota spelnienia warunku ortogonalnosci
jest jedna z gléwnych przyczyn wybranego tutaj sposobu rozwigzania drugiego rzedu
przyblizenia w postaci szeregdw, w poréwnaniu z innymi sposobami.

Réwnania dla lokalnych postaci drugiego przyblizenia zaleza nie tylko od
odpowiedniej lokalnej postaci pierwszego rzgedu, ale ze wzglgdu na warunki
ortogonalnosci, koncowe rozwiazanie zalezy takze od rozpatrywanych postaci
pierwszego rze¢du. Dlatego tez kazda z lokalnych postaci drugiego rzedu otrzymana
przy uwzglednieniu interakcyjnego wyboczenia nie jest identyczna z postacia
otrzymang w ramach teorii jednomodalnego wyboczenia.

W analizie numerycznej badano pola drugiego rzedu, pokrytyczne Sciezki
réwnowagi w funkcji parametrow konstrukcji oraz ich wplyw na obciazenie graniczne.

Obliczenia potwierdzily, ze w przypadku, gdy warto$¢ obcigzenia globalnego
przewyzsza obciazenie lokalne, jest mozliwe osiagnig¢cie nosnosci granicznej wigkszej
od minimalnej wartosci obcigzenia lokalnego dla umiarkowanie malych wartosci
imperfekcji. Uwzglednienie w analizie sprzezonego wyboczenia drugiego rzedu
przyblizenia istotnie ogranicza teoretyczny obszar czulosci na niedokladnosci.

3. Analiza wynikdw obliczen
Szczegblowe obliczenia numeryczne przeprowadzono dla Sciskanych shupow

o przekrojach zamknigtych wzmocnionych centralnymi C-zebrami posrednimi
pokazanych na rys. 2.1, o nastgpujacych wymiarach: b;/b,=1, b;/hy=1

1/b, =20, b;/h; =100. Zebra posrednie modelowano plytami.
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5 10 15 20 25 30 35 40 45 50 55 60
m

Rys. 3.1. Wykres bezwymiarowych
naprezenn krytycznych w funkeji liczby
potfal m dla sciskanego stupa zamknigtego
wzmocnionego  centralnym  C-zebrem
posrednim (rys. 2.1);

Fig. 3.1. Dimensionless stress carried by
the number of half-waves m. for uniform
compression column with cross-section
presented in Fig. 2.1.

Na rys.3.1 przedstawiono  zaleznosé
bezwymiarowych  naprezen  krytycznych
opn =(0q /E)-10° w funkji: liczby polfal m
dla zalozonego stosunku wymiaru

wzmocnienia do grubosci pierwszej plyty
(bg/h; =4). Wprowadzenie zeber
wzdluznych powoduje wzrost obciazen
krytycznych odpowiadajacych wyboczeniu
lokalnemu. Zebra posrednie powickszaja
sztywno$¢ gietng elementow plytowych. Dia
stupdw wzmocnionych zebrami posrednimi
moga wystapi¢ dwa minima lokalne dla
lokalnych postaci wyboczenia. Pierwsze
odpowiada mniejszej liczbie péHal m
w pordéwnaniu ze stlupem bez wzmocnien, zas
drugie minimum odpowiada wigkszej liczbie
potfal. W szczegdlnych przypadkach wartosci
tych miniméw dla lokalnych postaci
wyboczenia moga byé sobie prawie rdwne.
Obu tym minimom odpowiadaja jednak rézne
postacie wyboczenia lokalnego [3, 5].

TABELKA 3.1. Wyniki obliczen nosnosci granicznej dla stupa przedstawionego na rys.2.1.
Table 3.1. Load-carrying capacity for column with cross-section presented in Fig. 2.1.

Lp. o, o, o5 oy os og/on
1. 3,58694(1) 1,93448(7) 2,72152(7) - - 0,9200
l.a. 3,58694(1) {2,72152(7) 1,93448(7) - - 0,9726
2. 3,58694(1) 2,11045(51) 2,11458(51) - - 0.7232
2a.| 3,58694(1) | 2,11458(51) | 2,11045(51) - ) 0,7244
3. | 3,58694(1) | 1,93448(7) 2,72152(7) | 2,04475(5) | 2.14602(9) 0.9202

4| 3,58694(1) | 2,11045(5D) | 2,11458(51) | 2,11461(a9) | 2,11321(33) | 0.7182

5. 3,58694(1) 1,93448(7) 2,721527) 2,11045(51) 2,11458(51) 0,9200

6 3,58694(1) |2,11045(51) 2,11458(51) 1,93448(7) 2,72152(7) 0,7890

Dla okreslenia maksymalnej wartosci obcigzenia (tzw. no$nosci granicznej)
konstrukeji rzeczywistej z kilkoma postaciami wlasnymi jest konieczne uwzglednienie
wzajemnego oddzialywania réznych postaci wyboczenia. W analizie interakcji nalezy
jedynie uwzgledni¢ globalng posta¢ wyboczenia i dwie najbardziej niebezpieczne
lokalne postacie majace takie same liczby polfal [4]. Szczegdlowe obliczenia
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numeryczne  przeprowadzono dla  stlupbw o  ugigciach  wstgpnych:
g =10, £,=0,29, & =0 gdzie k=3,..,N.

W tabeli 3.1 przedstawiono wartoSci bezwymiarowych naprezen krytycznych
wraz z podana w nawiasach liczba pétfal oraz wartosci bezwymiarowej no$nosci

. . * . . . « e . , . .
granicznej og odniesione) do minimalne] warto$ci naprgzen krytycznych

c:n = min.{cI;c;;cL} dla analizowanego shlupa zamknigtego z C-zebrami
posrednimi (rys. 2.1).
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LOAD-CARRYING CAPACITY FOR THIN-WALLED ELASTIC BEAMS
WITH CENTRAL INTERMEDIATE STIFFENERS - SECAND NONLINEAR
APROXIMATION

The present paper deals with a nonlinear analysis of stability of the elastic thin-walled
elastic beams with the thin-walled stiffeners. The beams are assumed to be simply
supported at the ends. The investigation is concerned with a method for the
approximate evaluation of the load carrying capacity of thin-walled structures based
on the second order nonlinear approximation of the asymptotic theory of stability. The
asymptotic expansion established by Byskov and Hutchinson [1] is carried out in the
numerical calculations using the transition matrix method.
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INTERNAL BUCKLING IN THE PRESTRAINED LAMINATED MEDIA

S. KONIECZNY
Katedra Mechaniki Konstrukcji Politechniki Eddzkief
Al Politechniki 6, 90-924 E6d?, Poland

M. WOZNIAK ( Ms)
Katedra Geotechniki i Budowli Inzynierskich Politechniki £6dzkiej
Al. Politechniki 6, 90-924 Eé6dz, Poland

Cz. WOZNIAK
Instytut Matematyki i Informatyki Politechniki Czestochowskiej
Dqbrowskiego 73, 42-200 Czestochowa, Poland

A new mathematical model for the internal stability analysis of multilayered periodic media is proposed.
The apprach include the effect of lamina thickness on the global body behaviour. Some special results
are discussed.

1. Introduction

The theory of internal stability in homogeneous anisotropic elastic media under
initial stress was developed by M. A. Biot, ( 1, 2 ). The term internal means that we
deal with a medium of infinite extent or confined by rigid boundaries. It was shown
in ( 1) that this kind of stability is not possible in isotropic materials. Since the
anisotropy can be created artificially by a micro-periodic distribution of material
inhomogeneites therefore the results of Biot were also applied to investigate the
internal buckling in laminated media composed by stacking alternative soft and hard
layers of materials, ( 1 ). To do this we have to replace the periodic isotropic
inhomogeneous solid by an equivalent homogeneous anisotropic medium. This
procedure from the mathematical point of view is well know being referred to as
homogenization, ( 3 ). However, the governing equations of an equivalent
homogeneus anisotropic medium ( obtained via the homogenization procedure ) are
independent of the lamina thickness. Roughly speaking, using the method proposed
by Biot, which is also applied in many recent contibutions, the effect of lamina
thickness on the global solid behaviour is neglected. The aim of our contribution is to
include this effect into the mathematical description of the internal buckling
phenomena. The approach is based on that proposed in ( 4 ).
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2. Analysis
2. 1 Prerequisites

Let Ox;x;x; be Cartesian coordinate system in the reference space. The subject of
analysis is a periodic laminated medium made by stacking alternatively soft and
hard perfectly bounded layers of two linear elastic materials with interfaces normal
to x; - coordinate, cf. Fig. 2.1. Moreover, the coordinate planes x; = const. are
assumed to be elastic summetry planes. It is assumed that the medium is under
constant initial strain with components e; ( Latin and Greek indices take the values
1, 2, 3 and 1, 2, respectively ) where e,; = e3; = 0. Let / stand for the thickness of
two adjacent laminae and hence is the period of inhomogenity in the x; - axis
direction. We are to show the existence of internal buckling under constant initial
strain e, in the framework of a model which takes into account the effect of
microstructure size / on a solid behaviour. The analysis will be restricted to the
stationary problems.

L
hard reinforcement ——_ | _
\L

A
soft matrix <

N.,JL\J./-‘\L.——“‘_‘
——
o~

'x3

Fig.2.1. The scheme of a laminate

2.2 Assumptions

The strains and displacemants superimposed on the initial strain e,p are €; and u,,
respectively. Due to the existence of an initial strain in the coordinate planes x;=
const. the posibility of buckling in the x; - axis direction will be taken into account.
To this end the weak form of the equilibrium equations will be considered under
assumption

1 3
&) = Uy + Wi s, (1
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Following the approach proposed in ( 4 ) we also assume
y=U,+hV, (2)

where h= h(x;) is the /-periodic saw-like function which is continuous, linear across

every lamina and takes the values V3 land - Vi i alternatively on the interfaces.
Functions U; , V; are the new basic unknowns and together with their derivatives,
from the computational viewpoint, in every interval ( X3, X3 + / ) and any ( x;, X; )
can be treafed as constant modulo a certain tolerance parameter €, cf. ( 4 ). Functions
of this kind are called ¢ - macrofunctions ( related to the microstructure length
parameter /). Bearing in mind formulae ( 1 ) and ( 2 ) we shall postulate that _the
principle of virtual work is assumed to hold for every test function of the form U=
U;+h'V, where U;, V; are arbitrary sufficiently regular € - macrofunctions. T akmg
into account the stress-strain relations of the linear elasticity and using the averaging
procedure explained in ( 4 ) we arrive finally at the system of equations for
unknowns functions U; and V; . These functions will be called macrodisplacements
and quasi-internal variables, respectively.

2.3 Results

In order to simplity the analytical description of the problem under consideration in
the aforementioned equations all non-linear terms involving U; and V; will be
neglected. At the some time we neglect the effect of body forces. Let A™ = A™ (x,)
stand for components of the elastic modulae tensor which are /-periodic piecewise
constant functions i.e. constant in every lamina. Define by

‘}( )d
<f>= ~-{f(x )dx
10 3 3

the averaged value of an arbitrary integrable /-periodic function f(-). Introducing the
following system of internal avaraged forces
SI=<A¥M>U,+<A®h,>V,;
H'=<A™h3;> U+ <A (h3) > Vg

Ria = 12 < Aa.in > Vk‘p (3)
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we obtain the governing equations for the investigation of internal buckling in the
prestrained laminated medium :

S“jJ= 0;
SV + e <A > P =0;
R¥;-H*=0;
RP;-H +Pep<A® >V =0, 4)

The above equations have to be considered together with homogeneous boundary
conditions, cf (4). Substituting the right-hand sides of Eqs (3) into Eqs (4) we arrive
at the system of three equations for macrodisplacements U; coupled with three
equations for unknowns V; . It can be seen that the equations for V; do not involve
derivatives of V; with respect to x; ; that in why V; were called quasi-internal
variables, (4). It has to be emphasized that every solution to equations (3), (4) has a
physical meaning only if U(x;,Xs,-), V(x;,X,,) are e-macro functions for every
(x1,x2). The model obtained depends on / and hence it is able to describe the effect of
lamina thickness on the internal buckling of the laminated solid under
consideration.

Neglecting terms depending on / we can eliminate V; from the above equations. To
this end we have to observe that < A% ( h,;)* > is a non-singular 3x3 matrix;

denoting by C,, the components of the inverse matrix, after some simple
manipulations, instead of Eqs.(3) we obtain

Sij = Aoijkl Ukl
where

A=< AM S L < A 5 0 Ak

It can be Eroved that Ag™ ¢; ey is a positive definite form for every elastic modulae
tensor A", The above equation has to be considered together with the first and
second from equations (4). In this case we deal with a certain equivalent

homogeneous anisotropic continuum constituting the homogenized model of a
laminated solid.
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3. Applications

In order to evaluate the effect of lamina thickness on the internal stability we restrict
considerations to the initial strain given by one non-zero component e=e,;, and to the
one-dimensional problem by assuming U=Uj(x;), Vi=Vi(x)). In this case from the
general equations (3) and (4) two independent systems of equations for Us, V, and
U;, Vs, respectively, can be derived. In the analysis of internal buckling outlined
below only sinusoidal deformations are considered. Substituting

Us= A, sin—”{‘—' : Vi = A cosfix—‘

into differential equations for U;, V, we obtain nontrivial solutions A,, Az to the
resulting linear algebraic equations only for some critical values of e=e,; for which
the internal instability takes place. For the laminate made of two isotropic materials
with Lame modulae given by the /-periodic piecewise constant functions A=A(xs),
u=p(x;), the critical value of initial strain is equal to

e=— 2<u> [l- <ph,;> : ] (5)
<A4+2u> (I+n) <p><pch,) >
where we have denoted
_<(A+2mh'> (i)’
= p(h,) > \L ©

It can be shown that in any case condition e<0 holds. The effect of lamina thickness
on the critical value of initial strain is described by the nondimensional constant n
and has to be taken into account only if the wavelength L of a deformation pattern is
not small compared to the thickness / of two adjacent laminae. This situation takes
place e.g. for a layer bounded by planes x,=0, x,=L, where L is of an order of the
lamina thickness /. Since in the framework of the linearized theory the absolute
value of e is restricted by | e| << 1, therefore formula (5) has the physical meaning
only if the term in the square brackets (which is always positive) is sufficienthy small
compared to 1. Such situation takes place if 1;<<l,, p) >>u,, A >>A; where |y, p, A,
and I, p,, A, stand for the thickness and Lame modulae of the adjacent laminae.
Roughly speaking, the internal instability under initial strain is possible only if we
deal with a hard reinforcement embeded in a soft matrix material. Some numerical
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results are shown in Fig.3.1 under assumption that p,/p,=X,/A;, where the ratio
E=pa/l) is used as a parameter and d=/,/l; is a structural constant. The diagrams in
Fig 3.1 are restricted to the cases in which 1+n~1 i.e, the effect of lamina thickness
on the internal buckling can be neglected. More general discussion of the problem
under consideration will be investigated in the lecture.

lel A

06 -

05 1

0.4 £=03
03] £=02
0.24 =01
01- §=005

01 02 03 04 05 06

Fig.3.1. Critical values of the initial strain versus structural constant )
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DYNAMICS AND STABILITY
OF NONPERIODIC MULTILAYERED PLATES

S. KONIECZNY, B. TOMCZYK
Department of Structural Mechanics, Technical Uniwersity of £6d?
Al Politechniki 6, 93-590 E6d?

The method of macro-modelling of nonperiodic multilayered elastic plates has been proposed in [1].
The proposed method is based on certain concepts of the nonstandard analysis [2,3] combined with
some a priori postulated physical assumptions. In this paper, using this method the homogenized
mode! of nonperiodic plate will be derived and applied to the evaluation of inhomogeneity effects
on a critical force and a free vibration frequency for a simply supported laminated plate.

1. Introduction

An underformed plate which occupies a region Q in physical space (parametrized by
cartesian orthogonal coordinates X;,X;,X; ) bounded by the coordinate planes x;=h’,
x;=h~ where h™0, h™<0 and by cylindrical surface I'=8IIx(h",h"), where II is a
regular region on Ox;x; plane is considered in the analysis. We define
X=(X},X2,X3)€Q, X=(X1,Xz)ell, x3e[h‘,h+], t€[70,77] stands for a time coordinate.

The plate is made of N basic layers bounded by the coordinate planes x;=h"+Cx,
K=0,1,2,...,N, with £,=0, {y=h ,where h=h"-h" denotes the thickness of the plate; Cx
describes the distance of K-th basic lamina from the boundry plane x;=h". The
thickness ex=Cx—Ck-1 ,K=1,2,...,.N, (Cx>Cx-1), of every basic layer is assumed to be
sufficiently small when compared to the thickness h of the plate; this means that we
shall deal with the nonperiodic plates made of a large number of laminae. Moreover,
let every basic layer (£k-1,Ck) consists of three sublayers, made of three different

homogeneous anisotropic linear-elastic materials; by &, SK we denote the

thicknesses of upper and middle sublayer of K-th basic unit, respectively.

Throughout the paper subscripts i,j run over 1,2,3, subscripts «,B,y,6 and
indices a,d run over the sequence 1,2. The summation convetion holds with respect
to all aforementioned indices.

The composite is loaded on the boundary planes x;=h", x;=h™ by the known
normal surface tractions pi (Xg»T)» pi(xa ,T), respectively, and on the part I of the

boundary the displacements u(x,t), xeI’, are known. By ui(x,t),eij(x,r),tij(x,t),b3(x,'c)
we denote displacements, strains, stresses and body forces, respectively, as functions
defined (almost everywhere ) on Q.

We shall define the subsets of [h~, h'] by means of:

- 133 -



N ~
L= U(h_ +Ck-1,h + 8k +T'IK5K); Nk =0k /ex; Mg =0x/ex;
K=l
N
S= U(h— +Cx-1 +Mkex-h +Cxy +(‘11< +?h<)8r<) ;
K=
N
U= U(h— +Ck_1 +(Th< +ﬁK)8Kah— +CK) ; K=1,2,..,N ; (1.1)
K=

Hence the mass denisity p(x;) and the tensor of elastic constants ¢'(x;) of the
nonperiodic plate under consideration will be given by:

(Lp,L "kl) gdy x;el ;

(plxs).c™(x5)) = (303 ™) ety x; €5 ;

(Up,u ”k') gdy x;eU ; (12)

where " D, P, ) are material constants related to the parts ITxL,
IIxS, TIxU of the region Q, respectively.

We define the discrete functions [1], (K=1,2,...,N), such that:
Kh —{,. Kh =(. . Kh) _
C(h +——) Cs n(h +F)Em<; n(h +FJEHK; (1.3)

Next, we "approximate" functions E(-) , 10O, 10) .by certain smooth functions
£(x3),n1(X3), N2(x3), respectively, defined on the interval [h~, h*):
&h™,h*]—>[0,h]; n;:[h™,h*]1—=(0,1); m,:[h™,h*]1->(O,1); (1.4)

where {(x;) is a strongly monotone function, such that &(x;=h7)=0, {(x;=h")=h and
Mi(X3), N2(x3) must satisfy a condition: n;(x3)+ M2(x;3)<1.

L gkl S. S ukl u, U Ukl
2

2.The primary problem

The governing equations of the plate under consideration will be represented by:
(1) The strain-displacement relations

Eap (X, T) = U p) (X, T) + U35 (X, U35 (X,T)/2;

€q3(X,T) = u(a’3)(x,-c); £33(x,1) = u;3(x,7); xe€Q; 1 e[to,tf] ; (2.1
(i1) The stress-strain relations

t (x,71) =T (x3)e s (W, 1) 5 2%, 1) =26 F (x)ex (x,7); (22)
where: TP (x;) = ™ (x3) — ™ (x;)c™ (x3)/ PP (xy) ;

(111) The principle of virtual work
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h?
f J[t“ﬁSeaﬁ +2t%38e +t336e33]dﬂdx3 = j[pia%
po 1 n

T p28u, }dH +

X3= x3=h"

h™ h*
+ [ [pb’susdIldx; - | [pi'u;dTdx,;; dT=dx,dx,; Su;=0 on I;  (23)
p- p- I
Now we formulate the following:
Problem P: for known Q, pi , pi , b, initial and boundary conditions and “p, "¢™,

5p, 3¢ Up U™ as well as for known L,S,U, find the displacements u(x,t) and
stresses t(x,1), Xe€2, t€[to,7¢], such that Eqs.(2.1)-(2.3) under conditions (1.2) hold.

3. Passage to the nonstandard problem

Applying the approximation hypothesis [1] and the homogenization hypothesis [3]
we will pass from P to the nonstandard problem P,
The micro-macro localization hypothesis: the approximate solution to the
nonstandard problem P(® can be expected in the class of functions given by:
ufla)(x,t) =*W, (X, T)+X;3 *D (X4,1) + h, (x3) * Q5 (x,,7);
uga)(x,r) =*W;(x,,1); X€*Q; 1 e*[to,'rf] ;o o=1,2, a=1,2; (3.2)
where

(i) *W;, *D, , *Q; are (sufficiently regular) unknown standard functions [2], fields

W;, D, are called macrodisplacements [3], vector Qf, is called microlocal (or
correction) parameters [3],

(i1) hy(x3) are postulated a priori, linear independent, nonstandard micro-shape
functions [3]; they attain only infinitesimal values and hence the therms involving
h,(x3) can be neglected, but their derivatives attain values that are not infinitely
small, so they play an essential role if we calculate the strains and stresses.

Taking into account the known theorems of the nonstandard integral calculus
[2] and after neglecting the terms involving micro-shape functions (but not their
derivatives!) we can pass from the nonstandard structure to the primary structure.

The approximate solution to the nonstandard problem P® can be found as the
solution to a certain problem P for the macrodisplacements W;, D, and the

correction parameters QZ; Xq €11, T€[1),1(], the problem will be called the effective
(microlocal or standard) problem and it does not involve any nonstandard entity.

4. The effective problem
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Since the functions W;, D, , QX are arbitrary and independent, then after denotations:

nt ht Wt
N*®(x,,1) = IT“de3 ;. M®(x,,1)= IX3T°‘de3 . Q° (X ,T) = IT“3dx3 ;
h~ h~ h™

h+ h+ h+
p3 (X,,T)= pi +pi + IB(X3)b3dx3; f= Iﬁ(x3)dx3 ; f= Iﬁ(x3)x§dx3 ;o (4.1
h~ h™ h~
where the mean stress tensor T'(x,t) and the mean mass density p(x ;) have a form:

TY(x, 1)="t9(x, 1), (x3)+ 9 (x, )N, (x3)+ Tt (x, (1=, (x3) — M2 (x3))5 - (4.2)

5(X3)ELP711(X3)+SPW2(X3)+UP(1 ~Mi(X3) = Ma(x3)); (4.3)
and using the divergence theorem as well as du Bois lemma, we obtain from the

principle of virtual work tha following equations of homogenized model:
(1) the plate equations of motion

N“Bﬁ(xa,t) =fW%(x,,7); M"‘B,B (%o, 1) = Q% (x,,7 = fD*(x,,7);
(i)"fm(xOl , T+ (N"“3 (Xg,TIW; 4 (Xq ,r)) 5 + p3(xol , 1) = ?W3(xa ,1); (4.4)

(i1) the following system of linear algebraic equations for correctors:
PEPQY (xg, 1) = -h [L ™ TN Wy (x4, 1) + D5 (x0,7)5 (4.5

where:
nt L 3% 5.a3%
+ dx; gdy a=b=1;
= m(x3) mMa(x3)
(s o338 U 335
P:‘;”s =4 + dx; gdy a=b=2; (4.6)
b= Ma(x3)  1-m(x3) - n2(x3)
he S o33 a=1ib=2 Iub
- dx; gdy . ;
h_nz(x3) a=2ib=1
[ 0?335 L33 _S; a3l [[ Cgm =Sca3% _Uadds. (4.7)
A solution to the equations (4.5) can be written in the form
Qf;’(x(Jl , 1) = —hK§§3Y [[ c533ﬁ ] (W3,B(xa ,T)+ Dy (X ,T)) ; (4.3)
where Kg‘;” are defined by: P& K‘g§3y =58952; (4.9)

(111) the following plate constitutive equations
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N (xq,1) = Eam[w(y,s)(xa D+ W, (X, DWi (X ,r)/2] +FPPD | 5 (x4 7);

MaB (xa at) = ?QBYS[W(}',S) (xa ,T) + W3,y (xa ,T)W3,5 (xa ’T) / 2] + GGBYB D(y,&) (Xa at);

A% (x,,1) = (BGBB - H“”B)[wm(xa,r) +Dy(x, ,r)] : (4.10)
where:
h+
33 - 2 n‘_' Ca338 ] K833y ﬂ: cém ]; Bobr _ JEaBycS (x5)dxs ;
2
h+
B = [C*®(x;)dx; ; F¥° = j CoPP (x,)x,dx; ; G = j C* (x,)x3dx; ;
h™ h™ h™
CPR =T, ()3T 0,y (x3)+ VTP (1= 1y (x3) — ma (x3)) 5 (4.11)

It can be proven that tensors B*P®  FoP® Gobre (g3 _ o3Py are
positive definite.

Combining (4.10) and (4.4) we arrive at the system of five nonlinear
differential equations for five basic unknows: W;, D,. However, in stability and
vibration problems the governing system of equations will be written in the form:

(Ba33B - HQ33BXW3,QB + D(Q,B)] + NaBW},aB -+ p3 — ?WB = 0, (4.12)

F"“’Y‘"’[wﬁSB + W, ww] +G®BD - (B“”" - H“”Bme +Dy|- D =0;

¥.58

1

{N‘j‘,’ ~TWe =0, NP - E“"*ﬁ[wy,s +o W, Wi ] +FPPD . 55 (413)

The underlined terms in (4.12), (4.13) depend on F**® and represent the
coupling between N, and M, in the plate constitutive equations (4.10).

5. Applications

In order to illustrate the general results obtained in the paper we shall apply
equations (4.12), (4.13) to the analysis of the stability and free vibrations of a
rectangular plate which is simply suported on edges x,=0, x,=a,. We shall treat this
problem as onedimensional, setting x,=x,. For simplicity we shall neglect the inertia

terms TW* and the body forces. We also assume that p3=0 and N =Ny, (7). Let:
Wi (x;, )= D A sinmxle'iwm’; D (x;,7) = > B, cosmxle'i‘”m’; (5.1)

m=1 1 m=1 a
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Using the aforementioned assumptions and subsituting (5.1) into (4.12) we obtain for
A0, Bn#0:

?(Dfn-(BU}I‘H]BI)ﬁmﬁLﬁ”ﬁn —(BB“—HB“)Xm

- R =0; (5.2)
_(Bml_Hml)}Lm fmfn—-G””}»zm—<B'33l—Hml)

_ R — —\2 —
where: N“(‘C)=—N“(T); G““sG“”-(F””) /B A _=mm/a,.

. -1 2( A -1
Let us introduce parameters: & = Hml(Bm]) s = Bml(al) (G”“nz) ;

b

where £ characterizes the relative heterogenity of laminated plate structure (for £=0
we are dealing with a homogeneous plate) and s is the plate slenderness parameter.

a) if mfn =0, then for a critical force we obtain the condition:

— -1

NI = B‘”‘(l—g)[n(l—g)s?] : (5.3)
which describes the effect of the heterogeneity of a laminated plate structure on the
plate stability.

(i) 1f N''=0 then, after neglecting terms %mi, we obtain the formula:

2 =n2(?al)"8‘33‘(1—§)[1+(1—§)s2]-1; (5.4)

which has a form similar to (5.3) and characterizes the effect of a laminated plate
structure on the plate free vibration frequency.

6. Conclusions

From numerical example, it follows that the effects of heterogenity of the plate under
consideration on a critical force and a free vibration frequency are negligibly small.
However, if £ is close to 1 then the heterogenity of laminated plate strucutre leads to
the sudden decrease of the critical force and the free vibration frequency.
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SOME CONTRIBUTIONS INTO A SOLUTION
FOR PLASTIC MECHANISMS IN THIN-WALLED BEAMS

M. KOTELKO
Department of Strength of Materials and Structures,
Technical University of Ldd:z, Stefanowskiego 1/15, 90-924 L£odz, Poland

Two contributions mto the problem of plastic mechanisms in thin-walled box-section
beams are presented in the paper. The first solution concemes a beam built of stram-
hardening izotropic material and incorporates membrane strain energy m the total ener-
gy of plastic deformation. The second solution takes into account orthotropic proper-

ties of a beam material while a rigid-perfectly plastic behaviour of the material is consi-
dered. Numerical results are presented in diagrams showing an energy of plastic defor-
mation and bending moment at the global plastic hinge in terms of rotation angle at that

hinge.

1. Introduction

A problem of the load-carrying capacity at collapse of a thin-walled structure which
is of significant importance according to some aspects (1), can be solved on the basis
of of the rigid-plastic theory and accomplished using the energy method.
The method was applied by several authors who investigated plastic mechanisms in
thin-walled beams (2) and columns (4). Solutions comprised in those papers are
based upon some simplifications which allow to formulate a relatively simple
theoretical model of the problem. These assumptions are :— a rigid-perfectly plastic
behaviour of the structure material, — neglecting of membrane strains in mechanism
walls ( true mechanism ), — limitation of plastic zones to concentarted yield lines of
infinitesimal width..

Some authors (3),(4) have recently taken up research into an incorporation of
the strain-hardening characteristic of a structure material in the plastic mechanism
analysis. A different problem which has not been investigated so far is an influence
of orthotropic properties of the material upon a collapse of the structure. One can
face this problem not only in the case of steel structures but also of strucures built of
composites and stiffened structures which are of structural orthotropy. Considering
the last case a paper (5) should be mentioned.
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A present paper is an contribution into of the solution of the plastic
mechanism problem and also is a continuation of the work (3). A new factor
incorporated is a preliminary study of the plastic mechanism in orthotropic structure
and of an influence of orthotropic properties on an energy absorbed and load-
carrying capacity at collapse.
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|
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|

paN l ) AN
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Fig.1. Thin-walled beam under pure bending d :

2. Subject of the analysis

A subject of the analysis was a thin-walled beam of trapezoidal cross-section (Fig.1).
The beam was stiffened by diaphragms at a distance ¢ from each other. It was
assumed to be subject to a bending moment constant between two adjacent
diaphragms. A plastic mechanism of failure taken into consideration is shown in
Fig.1b. This mode of failure was confirmed in several experimental tests (1) and also

by means of FEM analysis. It can be observed in both trapezoidal and rectangular
cross-section beams of an outline close to the square.

3. Energy of plastic deformation for a beam built from strain-hardening
material

An energy of plastic deformation absorbed during collapse of a thin-walled beam is
evaluated below under assumptions given in (2), (3). While taking into account a

strain hardening behaviour of the beam material, the following stress-strain relation
is assumed

o= Uy+Et'g (3.1

where E; - tangent modulus, G, -yield stress, € - linear strain at a yield line cross-
section. The strain is regarded to be a sum of two components € = g, + g5, which are
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a bending strain resulting from the Bernoulli hypothesis and a membrane strain in a
yield strip, coming from compression or tension at a limited yield area -
respectively. It should be emphasized here that a considered mechanism is a true
mechanism 1.e. it can be developed without inducing any membrane strain in its
walls. However, due to the stress and strain distribution assumed ( Fig.2.) a
membrane strain appears at a yield strip.

c
ml
__Jfff,:[}
t
c
c
/ y E
o t =0 €
o2 ns 1

Fig.2. Stress and stram distribution at a yield line

€

-

Two following postulates (..), (..) are taken into the analysis

p=nt/f and & =p/2n
where 3 is an angle of relative rotation between two adjacent walls of the
mechanism along a yield line, p is an approximated rolling radius while n is a

multiple of the beam wall thickness, determined either experimentally or in
minimalization procedure. Thus, the principle of virtual velocities takes form

B; _nn Bi .
M-0=>t, j(o;,,, Em PYAB+ ], I(”kp,ﬁi)dﬁ+
i 0 i 0

i ‘
where
M -bending moment at the global plastic hinge,
6 - angle of relative rotation of two beam parts in the global plastic hinge,

l;  -length of a stationary yield line,
m;g - plastic moment at a yield line,

t; - thickness of the compressed core of thge wall cross-section,
I' - energy absorbed at a local plastic hinge (1), (2).
The total energy of plastic deformation is expressed as a sum of two components

[I=W+E, , where W is a plastic energy of bending deformation and E, is a
membrane strain energy. The second component E,, was neglected in hitherto
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existing solutions (3) without any quantitative estimation of its contribution into the
total energy of plastic deformation. Under assumptions taken above an energy EXH{
absorbed during relative rotation of two walls of the plastic mechanism along i
stationary yield line takes form

E,= ” N;¢g,dA
A

where N; is an axial load per unit width in a plate member of the beam. Taking the
assumptions given in (2), (3) , the energy E,; can be evaluated as follows

2.2
o 1°
g, =2

t

cos® y- &, B, ¥, -], (3.3)

where @5 =1n(2no, + E,f)—1In(2noc,), Y and a, are coefficients depending

upon a situation of a yield line (flange/web) and a geometry of the beam cross-
section, v is an angle of inclination of a yield line with respect to the normal load
direction (2) while o, and Gy, are buckling stress in the compressed flange and a
yield stress of the beam material respectively.

An energy of membrane deformation absorbed at jth traveling yield line or local
plastic hinge (3) is evaluated as

B
i = [ F (o), 8p.1,)dB 34
0
The plastic energy W of bending deformation has been formulated in (3) as
Bi 'Bj
W=Zlij'mipdﬂ+zIrj(mjﬂ,Pj,ﬁj)dﬂ (3.5)
i 0 J o
Thus, the total energy of plastic deformation is as follows
O=W+3 E,+) 5, (3.6)
i j

4. Energy of plastic deformation for orthotropic beam material

In this paragraph an orthotropic plasticity theory is introduced in the plastic
mechanism analysis. For simplicity a rigid - perfectly plastic behaviour of a beam
material is taken into consideration. A system of coordinates is chosen so that x is
parallel to the beam longitudinal axis and y is perpendicular to this direction.
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Furthermore these two directions are principal direction of orthotropy. When the
mechanism shown in Fig. 1 is reanalyzed one can notice that plastic deformations
take place in direction which may be specified by an angle y measured from x
treated as a reference coordinate (2).

When applying a Hill's yield criterion for an orthotropic material , a yield stress
corresponding to any direction y is evaluated as

Iy
5 4 = 4 . 4 .2 2 .2 (4 1)
Y @1pCOS” ¥+ Gy SINT ¥ —a, SIN” ycos” y+0.75a;5, sin” 2y

A

2 2 2 2 2 2
Where a10=1, 320 = Giy/dfy N a330 = O'i'y/o‘-@, ’ a30 =(1/3).610/q2y .O’ly,O'zy,ley

are yield stresses in two orthogonal directions ( one of them is x) and shear yield
stress respectively, Coy is a yield stress in direction inclined at © with respect to the

reference coordinate x.

For 6=45° a coefficient aj5( takes form aj,g=1+ ay( + 3a3( -4a33(. The criterion
(4.1) is then introduced into a fully plastic moment at a yield line (2)

m,, = o1 [4 (4.2)
and subsequently to the energy of plastic deformation limited to an energy of
bending deformation only

m k
W(H)=Zmpzjljﬁj+zri(mpyiapi’lgi) (4.3)
j=1 i=1

Thus the energy of plastic deformation for an orthotropic rigid-perfectly plastic
material is approximated as II=W.

5. Numerical results and comments

A contribution of an investigated membrane strain deformation into the total energy
absorbed at collapse of the beam built of izotropic strain hardening material is
shown in Fig. 3. It has been noticed that the lower b/t ration the greater is the
influence of this part of energy on the total energy of plastic deformation. The
influence of this factor on the bending moment capacity at the global plastic hinge is
significant for very low b/t ratio only.

An influence of orthotropic properties on both energy of plastic deformation and
bending moment capacity for a beam built of rigid - perfectly plastic material is
shown in Fig.4. The results are of preliminary character and the problem should be
analyzed and discussed separately.
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Fig.3. Energy of plastic deformation; 1 - bending stram energy, 2 - total.
2=d=60 mm, t = 0.75 mm, E = 2e5, E;=2915 [MPa], oy =168, o, =327 [MPa]
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Fig.4. Comparison of isotropic (o y 2verage) and orotropic matcrial:
Clo = 250, 0'20 = 200, 0'45 = 175, Yy =150 Ma]
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ON BUCKLING MECHANISM OF REAL THIN-WALLED CYLINDERS
AT AXTAL COMPRESSION

V.L KRASOVSKY
Department of Strength of Materials, Pridneprovsk State Academy of Civil
Engineering and Architecture, 320600, Dniepropetrovsk, Ukraine

Results of experiments, conducted with the purpose of expansion and refinement of repre-
sentations about loss of stability of real thin cylinders are summarized and discussed. Main
attention is paid to features of buckling connected with localization of buckling patterns.
Opportunity of the use of the existing approaches and methods for design of real shells is
discussed.

1. Introduction

Experimental observations show that the picture of waveforming at loss of
stability of isotropic circular cylinders compressed by longitudinal forces (V) is
rather diverse and essentially depends on character and intensity of various
perturbating factors, more often initial imperfections. General important
peculiarity of possible buckling mechanism is local character of initiation of
waveforming, connected with nonregularity of initial disturbances fields [1]. Up-
to-date understanding of influence of a this feature on process of overall loss of
stability is unsufficient, that, basically, is one of reasons complicating calculation
of carrying capacity of real shells.

To investigate the influence locality of waveformation initiation on the
buckling mechanism, the behaviour of compressed shells was studied at all stages
of deformation when initial local imperfections (dimples) were artificially
amplified. Other perturbation factors (initial stresses, non-uniformity of loading,
shell thickness variation, external influences) were reduced to a minimum
(whenever possible),that permitted, alongside with qualitative results, to obtain
reasonably reliable quantitative estimations of effects investigated.

2. Specimens and test procedure

Specimens were produced from the steel tape X18H9H (modulus of elasticity
E=191 GPa, conditional yielding stress ¢0>=800 MPa) by winding on a special
drum with the subsequent dot welding. All shells had the same diameter 2R=143
mm, relative working length L/R=2 and three typedimensions on the thickness
R/M=150; 260 and 360.

A load from a test machine UMM-50 press was applied to the shell through a
test device, ensuring boundary conditions close to simple support and centering
balls. Before the tests on the shells by pressing into the surface of spherical
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segments were formed one or a few local dimples, differing in form and sizes (as
the role of outside dimples in the mechanism of buckling is appeared to be
insignificant, the main attention was given to the role of internal dimples).
During the tests careful measurement of the shell shape of the shell in the
imperfection zone was carried out.

3. Results and discussion

There was found that even a single initial dimple, depending on its characteristic
dimensions, exerts an essential influence on the critical load (/Ver). The most
important parameters of the dimple are its amplitude depth — fo, extent along
perimeter, as well as extent of a generating line portion with large curvature.
Variations of extent of dimples in the longitudinal direction and of dimple curva-
ture — in the circular direction, as well as position of the dimple on the shell (on
distance 2VR% from the edges) don't influence essentially on the magnitude N..

For shells with various geometry and identical in shape local dimples there
were obtained dependencies of critical loads (V*=N./Net , where No is the
classical critical load value) from dimple depth (parameter f*= f/). In Fig.1 for
shells with small shallow dimples (sizes of these dimples in circular direction did
not exceed sizes of the critical dimples, and the curvature of a shell in the dimple
zone changed slightly, see Fig.4,a,b, curves 1) there are presented dependencies
N* — f* illustrating features of behaviour and buckling of shells with local
imperfections. The dark symbols on the figures correspond to overall buckling,
light ones — to local buckling.

N* R/Mm=150- @0
0.8‘\ R/h =360 - ¢ ¢
0.6
i
041 {} - ‘L"? I A I
O
0.2 N ) Co 0

0 1.0 2.0 3.0 40 /7
Fig.1 Critical loads versus f* for shells with small shallow dimples
Features of prebuckling behaviour of shells are displayed by typical
dependencies of amplitude of deflection in the initial dimple centre wo (parameter

w*=wo/It) from magnitude of the load (parameter N=/N/N.)), represented in Fig.2.
Note, that the character of change of initial dimple parameters in prebuckling
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state depends on its initial dimensions: for small dimples — is close to the linear
(curves 2,3 in Fig.2), for large ones is essentially nonlinear (curves 4,5).

N [TT=41 | ]
04 [T T N
v N N
0.2 1% 4 5
o 11
0 40 8.0 12.0 w*
a b)
Fig.2. Dependencies of amplitude of Fig.3. Postbuckling configuration:
the deflection from the load local (a), overall (b)

Three ranges of f* values can be distinguished within which effect of pertur-
bations on behaviour and carrying capacity of shells differs: 1) the range where
an artificial dimple doesn’t influence on N as buckling is initiated by
imperfection dimples (low values of f*); 2) the range in which an artificial dimple
initiates a continuous process of overall buckling (moderate f*; at increasing f*
in this range a sharp decrease of N* is marked); 3) the range in which a stable
local postbuckling configuration precedes the overall buckling (Fig.3,a) (large
values of f*; their magnitude doesn’t influence on carrying capacity of shells). In
the first and second zones initial dimples at transition to postbuckling state
initiate continuous process of overall buckling, which occurs as an instant (by
snap-through) change of the initial equilibrium state by a postbuckling con-
figuration with two-three booms of characteristic diamond (Fig.3,b; see
Fig.4,a,b, curve 4, also). In the third range the transition of initial dimple to
postbuckling one doesn’t lead to loss of bearing ability of the shell. Note that
steady postbuckling configuration with one dimple was detected at local trans-
verse external action on axially compressed thin-walled cylinder in experiments
[2]. Minimal and maximal loads of existence of this mode were named as lower
(&¥1) and upper (V) local critical loads. At exceeding M the shell by a snap passes
to the overall postbuckling mode, described earlier. Note that the values Nrand
N are rather steady characteristics and in a wide range of change of geometrical
parameters (150<R/1<700; 2.0<L/R< 8), do not practically depend on these para-
meters and equal to (0.35-0.40)/Ver and (0.48-0.52)/Vu, respectively. Transition to
the local postbuckling configuration happened by snap (curve 3,4 in Fig.2), or
softly, in process of increase of a prebuckling dimple (curve 5).

In the present work behaviour of shells with one postbuckling dimple in all
range of its existence from /V; up to M is investigated in details. The main results
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are as follows. At IV, close to Ni, a postbuckling dimple covers in the circular
direction a corner of the order 23°-30° (dimensions of the dimple slightly exceed
the values, obtained by the classical formula for square dimples, see Fig.3,a). In a
vicinity of this dimple a zone of "induced imperfection" is formed - consistently
located in circular direction dimples, amplitudes of which depend on the sizes of
the postbuckling dimple and, at removal from it sharply decrease (see Fig.4,b,
curve 2). In this zone an increase of stresses occurs, in comparison with average,
which stipulated with redistribution of internal forces because of decrease of
rigidity of a shell portion, embraced with the postbuckling dimple. At increase of
load from /N up to M the postbuckling dimple sizes in circular direction grow on
the average in 1,5 times, and depth — in 4-6 times (see Fig.4,a,b, curve 3).
Amplitude of the induced dimples increases more intensively, that is stipulated
both by an increase of the postbuckling dimple and by growth of stresses in the
induced dimples zone (Fig.2, the curve 1 illustrates growth of induced dimple
amplitude maximum).

L/R w* N
‘\ /2 16.0 \ T
15
N\ |3 soll| N 1/I\Us]
1.0 1’&’/\4 I o
0.5 0o H é;\ 8
I 1]
0 8.0
210 0 10 20 w* 02r 0 O0.2x
a) b)

Fig.4. Surface shapes in the dimple zones: longitudinal
direction (a), circular direction (b)

On the basis of these results the overall buckling loss mechanism in the case
of a shell with single postbuckling dimple can be presented as follows. Obviously
that maximal dimples of induced imperfection play role of the initiator of the
overall wave-forming at /V=/V.. In case, when the postbuckling dimple envelopes
at low loads, state of these dimples-initiators is steady (at loads, close to /V, their
amplitude is insignificant, see Fig.2, curve 1), that stipulates a steady state of the
local postbuckling configuration considered. When /V reaches N: one of induced
dimples, being transformed to postbuckling one results in continuous chain
process of overall waveforming, stipulated by effects of stresses redistribution
and effects, connected with formation of secondary induced dimples.

The intensive growth induced dimples, as well as membrane stresses in this
zone, (which occurs at increasing N from N; up to M), enables us to explain
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rather small values V' = 0.5 Na (at IV close to V), postbuckling dimples cover
only about (1/10-1/8 of the shell perimeter). Note, that these low values M are
stipulated, in fact, only by character of the stress-strain state of the shell in a
vicinity of the dimple. So influence of initial imperfections has practically no an
effect on value M, whence there follows, that for perfect shells with single
postbuckling dimple the values of M would weakly differ from those in the
experiment.

The described mechanism of the overall buckling of a shell with single
postbuckling dimple may be extrapolated on the case of continuous waveforming
(at N > N, which is typical for high quality shells. Obviously, that at increase
of the general level of stresses the development of postbuckling of the dimple-
initiator is not finished, and the process of overall waveforming begins at the
stage of unstable postbuckling state of the shell with a single dimple (redistri-
bution of stresses and formation of induced dimples leads to earlier transition of
the last to postbuckling ones and further propagation of waverformation). The
mechanism described is agreed with observations of waveformation in high-
quality shells, which were conducted with the use of high-velocity filming. The
evaluation of a role in the buckling mechanism of the factors, connected with
redistribution of stresses and formation of induced dimple zone shows, that at
values Ner, close to M, the role of induced dimple is more essential, and at N.-,
close to Na, — factor of redistribution of stresses dominates.

There were investigated behaviour and stability of shells with various
number initial dimples, located on the surface in a certain maner. For some laws
of distribution of initial dimples, in the case of great f* (f*=1.5-2.0), there are
obtained dependencies of buckling loads from the number of dimples (n%).

In Fig.5 results of the tests of shells with

N* artificial shallow dimples are presented (the last
0.5 g3 | R/h =360 were put with the same step in the average cross
section of the shell). The angle between centres of

0.4 (3 .
P l dimples equals to 0.2x=, that corresponds to the
0.3 230 angle between centres of postbuckling dimples,
0.2 formed at buckling of the shell without

disturbancies. The test data are shown by circles.
Here also results of the test of specimens with
Fig.5. Critical loads versus n¢  initial dimples, located in various booms are
presented: 1) a shell with two dimples, located on

one generating line (denoted by triangles); 2) a shell with two dimples, located in

02 4 6 8 10n°
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adjacent booms; 3) shells with three dimples, two of which being located in one
boom, and third - in the adjacent, between the two first (thombus). Light marks
respect to local buckling, dark marks — to the overall mode. The results received
were generalized at consideration of buckling mechanism of real shells with
arbitrary imperfections, as well as at estimation of applicability of existing
methods of determination of bearing ability of such shells.

4. Conclusion

1. Two mechanism of overall loss of stability of real shells are possible depending
on intensity of initial imperfections. The first mechanism is characteristic for
qualitative shells. The process of overall buckling according to the first mecha-
nism proceeds continuously in thousand fraction of second and accompanies by
sharp fall of bearing ability. This process, as a rule, is initiated by transition of
one or two initial dimples unstable in the postbuckling state. The second mecha-
nism is characteristic in low-quality shells and is connected with consecutive
transition of a shell through a number of steady local configurations. Accumu-
lation, development and rearrangement of dimples result to overall buckling.

2. Critical state of qualitative shells is governed by a local geometry in a
dimple zone (initiator of buckling). The value N.., despite distinction of a real
mechanism (local character) and theoretical model, can be calculated by existing
methods for shells with regular imperfections, parameters of which are
determined by parameters of dimple-initiator of buckling (in Fig.1 for shells with
R/h=360 appropriate theoretical curve [3] is presented). The bearing ability of
low quality shells depends on overall distribution of imperfections. Determina-
tion N.- for a given shell thus meets difficulties. In such cases it is possible to be
guided by minimum value of the lower local critical load, presented in Fig.5 by
the curve, which was received on the basis of the geometrical theory [4].
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SPRZEZONE WYBOCZENIE
CIENKOSCIENNYCH ORTOTROPOWYCH BELEK - SLUPOW
O PRZEKROJACH OTWARTYCH

M. KROLAK
Z. KOLAKOWSKI
Katedra Wytrzvmalosci Materiatow i Konstrukcji Politechniki Lodzkief
ul. Stefanowskiego 1/15, 90-924 £6d7

W pracy przeanalizowano interakcyjne wyboczenie cienkosciennych ortotropowych belek-stupow.
Przyjeto, ze stupy sa swobodnie podparte na obu koncach. Zastosowano drugi rzad nieliniowego
przyblizenia asymptotycznej teorit Koitera (3) wykorzystujac w obliczeniach numerycznych
metodg macierzy przejscia. Przeprowadzono analizg¢ wplywu wspédtczynnika ortotropii Scian o
gtownych kierunkach ortotropii rownoleglych do ich krawgdzi na zachowanie sig belek stupéw o
przekrojach otwartych.

1. Wstep

Szybki postgp naukowo-technologiczny pozwala coraz szerzej stosowac
cienkoscienne elementy no$ne wykonane z materialow kompozytowych (np.
kompozyty widkniste). Materialy kompozytowe modeluje si¢ najczg¢sciej jako
materialy ortotropowe. W zwiazku z tym zagadnienie wplywu ortotropii materiatu na
zachowanie si¢ konstrukcji i jej no$nos¢ staje si¢ zagadnieniem aktualnym ze
wzgledow poznawczych i praktycznych.

Niektdre konstrukcje cienko$cienne zbudowane z elementéw plytowych moga
pracowac po lokalnej utracie statecznosci. Na skutek lokalnego wyboczenia nastepuje
zmniejszenie wzdluznej sztywnosci konstrukcji. Wzajemne oddzialywanie roéznych
postaci utraty statecznosci, dla konstrukcji rzeczywistych  obarczonych
niedokladnos$ciami wstgpnymi, jest czgsto decydujacym czynnikiem okreslajacym ich
nosno$¢ graniczng. W bogatej literaturze dotyczacej zagadnien ortotropowych
konstrukcji cienkosciennych odczuwa si¢ brak szczegélowej analizy sprzgzonego
wyboczenia uwzgledniajacego roznorodne postaci odpowiadajace wyboczeniu
gigtnemu, gigtno-skretnemu, zwichrzeniu, lokalnemu, dystorsyjnemu oraz
mieszanemu. Szersze omdwienie literatury podano np. w (2,6,8,9).
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W niniejszej pracy przeanalizowano zagadnienie interakcyvjnego wyboczenia
cienkosciennych belek-slupéw wykonanych z homogenicznych plyt ortotropowych o
gtéwnych kierunkach ortotropii rownoleglych do ich krawedzi. Zastosowana metoda
rozwigzania zagadnienia umozliwia uwzglednienie wszystkich typdw postaci utraty
statecznosci, zjawiska shear-lag, efektu deplanacji przekrojow poprzecznych oraz
uwzglednienie transformacji postaci wyboczenia wraz ze wzrostem obcigzenia
Zzewnetrznego.

2. Postawienie zagadnienia

W pracy rozpatrzono pryzmatyczne, cienkoscienne slupy o przekrojach
otwartych zbudowane z homogenicznych ortotropowych plyt prostokatnych
polaczonych na wzdluznych brzegach. Zalozono, ze gldwne osie ortotropii plyt sa
rownolegle do ich brzegéow oraz ze konce konstrukcji podparte sa swobodnie.
Material wszystkich plyt podlega prawu Hooke'a.

Dla i-tego pasma ortotropowego zalozono dokiadniejsze zaleznoSci na
odksztalcenia wzgledne dla cienkich plyt

1 2 2 2 2
&x = ui,x + E(sz + v:x )’ &y = vi.y + .;-(w:y + uij,y)

ix w
26, =1, ,+V, +W W (1)
Kix = —'wi,xt K‘xy = _—"/i,yy Kixy = _wi,xy

Dla rozpatrywanego przypadku ortotropii réwnania fizyczne maja nastgpujaca
postac:

_ in - nyiNyi . _ Nyi - Vyxiin . _ nyi 2

€xi T E | s gyi = ’ gxyi - ( )

1771

Wystepujace w rownaniach (2) moduly Younga i wspdlczynniki Poissona
zgodnie z twierdzeniem Betty’ego-Maxwella musza spelniaé¢ zwiazek:

Exivyxi = Eyivxyi (3)

Z zasady prac przygotowanych dla pojedynczej $cianki wynikaja nastepujace
rozniczkowe réwnania réwnowagi:
Nicx + Nigy.y +(Niyui,y),y =05 Nipy +Nig o +(Nigvix) =0; )

g

My xx + 2Myy oy + My o+ (Nigw; o) +(Niywi,y) J* (Nixywi’x) , +(Nixywi,y) =0

W migjscu polaczenia stykajacych si¢ $cianck spelniono odpowicdnie kinematyczne i

»X
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statvczne warunki wspolpracy oraz warunki brzegowe na obciazonych koncach (x=0,
x=1) (4-9).

Nieliniowe zagadnienie statecznosci rozwigzano asymptotyczna metoda
Byskova i Hutchinsona (1). Pola przemieszczen U i sit N rozwinicto w szereg
potegowy wzgledem amplitud postaci wyboczenia &, (amplituda n-tej postaci

wyboczenia odniesiona do grubosci pierwszej plyty ):
U=AU +£, U™ +220M+., N=aN® +, N™ +22NM™ 4 (5)

Po podstawieniu rozwinig¢ (5) do rownan rownowagi (4), warunkdw ciaglosci i
warunkow brzegowych otrzymano zagadnienie brzegowe zerowego, pierwszego i
drugiego rzedu (1,4,5,7). Aproksymacja zerowa opisuje stan przedwyboczeniowy,
podczas gdy pierwszy rzad przyblizenia pozwala wyznaczy¢ obciazenia kryvtyczne 1
odpowiadajace jemu postacie wyboczenia. Analiza ograniczona tylko do pierwszego
nieliniowego przyblizenia rozwigzania zagadnienia statecznosci cienko$ciennych
konstrukcji wskazuje wrazliwo$¢ konstrukcji rzeczywistych na niedokladnosci.
Dobrze wiadomo, ze konstrukcje, dla ktorych lokalne wyboczenie poprzedza
globalne, moga przenies¢ obciazenie przewyzszajace obcigzenie odpowiadajace
krytycznej wartosci wyboczenia lokalnego. Analiza ich zachowania si¢ nie zawsze
moze by¢ otrzymana w ramach asymptotycznej teorii pierwszego nicliniowego
przyblizenia, w ktorej graniczne obciazenie jest zawsze mnigjsze od minimalnej
wartosci obcigzenia krytycznego zagadnienia liniowego. Konieczne jest zatem
uwzglednienie drugiego rzg¢du przyblizenia, tzn. czlondw czwartego stopnia w
energii potencjalnej, co pozwala wyznaczy¢ pokrytyczne Sciezki réwnowagi.

Drugi rzad przyblizenia redukuje si¢ do liniowego ukladu réwnan
rozniczkowych niejednorodnych, ktérego prawe strony zaleza jedynie od pola sif i
przemieszczen pierwszego rzgdu. Rozwiazanie tego ukladu réwnan przewidziano w
postaci szeregdw . trygonometrycznych w kierunku wzdluznym za$§ w kierunku
poprzecznym funkcje drugiego rzgdu wyznaczono metodq macierzy przeniesienia,
identycznie jak dla pierwszego rzedu (4-6,8,9). Prostota spelnienia warunku
ortogonalnosci jest jedna z gldwnych przyczyn wybranego tutaj sposobu rozwiazania
drugiego rz¢du przyblizenia w postaci szeregéw, w pordwnaniu z innymi sposobami.
Roéwnania dla lokalnych postaci drugiego przyblizenia zaleza nie tylko od
odpowiedniej lokalnej postaci pierwszego rzedu, ale ze wzglgdu na warunki
ortogonalnosci, koncowe rozwiazanie zalezy takze od rozpatrywanych postaci
pierwszego rzg¢du. Dlatego tez kazda z lokalnych postaci drugiego rzgdu otrzymana
przy uwzglednieniu interakcyjnego wyboczenia nic jest identyczna z postacig
otrzymana w ramach teorii jednomodalnego wyboczenia.
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Pokrytyczne sciezki rownowagi dla konstrukeji cienkosciennych z amplitudami
imperfekcji En odpowiadajacymi £, sa okreslone przez nastgpujacy ukiad N réownan
nieliniowych (1,3,7):

AL . - A
aJLI—K—)gJ +aij1§igj+bijld§?+...= ajéj—x—, J=1,...N; (6)
J J

gdzie: A - parametr obcigzenia; X, - krytyczna warto$¢ A .

Wyrazenia na a,, a;, ay, by podano w pracach (1,7). Pokrytyczne
wspolczynniki ag; zaleza tylko od wartosci krytycznych, podczas gdy wspolczynniki
bjjx; zaleza ponadto od pol drugiego rzedu. Wyznaczenie nieliniowych
wspolczynnikow pokrytycznych oraz wspoélczynnikdw redukcji sztywnosci wzdluznej
w ramach nieliniowego drugiego rzedu przyblizenia pozwala opisa¢ pelne

zachowanie si¢ konstrukcji cienkos$ciennej w zakresie sprezystym.

W rozwazaniach przyj¢to nastgpujace warunki brzegowe na obu poprzecznych
koncach:

1 1
;jNix(xi =0,y;)dy; = FINix(xi = Ly;)dy; = N& ;
1 1

vi(xi = O,yi) = v;(xi = l,yi) =0, wi(.\'i = O,yi) = wi(xi = l,yi) =0,
Wik (Xi =0,¥) = Wi «n(%; =Ly;) =0 (7
Dla scharakteryzowania sposobu obcigzenia wprowadzono wspdlczynnik
zblizenia brzegow k = u{®? /u?, gdzie ul®, v sa wartosciami przemieszczen na
koncach plyty.

3. Analiza wynikéw obliczen

Szczegdlowe obliczenia numeryczne przeprowadzono dla $ciskanych
ortotropowych stupéw o przekrojach otwartych.

W analizie numerycznej badano pola drugiego rzedu, pokrytyczne $ciezki
rownowagi w funkcji wspotczynnika ortotropii P=E./E,, parametréw konstrukcji,
postaci wyboczenia oraz ich wplyw na obciazenie graniczne.

Dla okreSlenia maksymalnej warto$ci obcigzenia (tzw. no$nosci granicznej)
konstrukcji  rzeczywistej z kilkoma postaciami  wlasnymi jest konieczne
uwzglednienic wzajemnego oddzialywania roznych postaci wyboczenia. W analizic
sprzgzonego wyboczenia ograniczono sie jedynie do uwzglednienia globalnej postaci

- 154 -



wyboczenia 1 dwdch najbardziej niebezpiecznych lokalnych postaci majacych takie
same liczby poélfal (4,5).

Przykladowe postaci wyboczenia sciskanego slupa o przekroju ceowym dla
réznych wspolczynnikow ortotropii § (2) przedstawiono na rys. 1.

a)

Rys. 1. Globalne i lokalne postacie wyboczenia dla:
a-p=0.0728;b- p=1.0;c- P=13.7362
Fig. 1. Two global and local buckling modes for compressed column
corresponding to: a - =0.0728;b - B=1.0;c- B=13.7362

Obliczenia potwierdzily, ze w przypadku, gdy warto$¢ obciazenia globalnego
przewyzsza obciazenie lokalne, jest mozliwe osiagnigcie nos$nosci granicznej
wigkszej od minimalnej wartosci obciazenia lokalnego dla umiarkowanych
imperfekcji. Uwzglednienie w analizie sprzezonego wyboczenia drugiego rzedu
przyblizenia istotnie ogranicza teoretyczny obszar czulosci na niedoktadnosci.

Wyniki obliczen dla drugiego rz¢gdu przyblizenia zostana przedstawione
podczas referowania pracy.

Praca wykonana w ramach grantu KBN nr PB-251/T07/97/12
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Summary
INTERACTIVE ELASTIC BUCKLING OF THIN-WALLED OPEN
ORTHOTROPIC BEAM-COLUMS

The present papers deals with a nonlinear analysis of stability of the elastic thin-
walled orthotropic beam-columns. The columns are assumed to be simply supported
at the ends. The investigation is concerned with a method for the approximate
evaluation of the load carrying capacity of thin-walled structures based on the second
order nonlinear approximation of the asymptotic theory of stability (3). The
asymptotic expansion established by Byskov and Hutchinson (1) is carried out in the
numerical calculations using the transition matrix method. The principal goal of
numerical analysis is to study the influence of the wall orthotropy factor of open
cross-scction beam-columns subject to axial and bending.
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NOSNOSC CIENKOSCIENNYCH PLYT
O ZMIENNEJ ORTOTROPII

T. KUBIAK, Z. KOEAKOWSKI
Katedra Wytrzymatosci Materiatéow Politechniki £édzkiej
Stefanowskiego 1/15, 90-924 £6dz, Poland

W pracy analizowano zachowanie si¢ sprezystych cienkosciennych ptyt ortotropowych po utracie
statecznosci w ramach drugiego rzgdu asymptotycznej teorii statecznosci ukladow
zachowawczych Koitera [1]. Badano plyty ortotropowe o glownych kierunkach ortotropii
rownoleglych do krawedzi Scian charakteryzujace si¢ zmiennym wzdhuz szerokosci
wspolczynnikiem ortotropii f3; = Ex/E,i. Analizowano plyty przegubowo podparte na obciazonych
brzegach, a na nie obciazonyc'h wzdhluznych brzegach uwzgledniono rézne rodzaje podparcia
(utwierdzenie, podparcie przegubowe, swobodny brzeg). Plyty poddano obcigzeniom
powodujacym rownomieme i liniowo zmienne zblizenie brzegdw.

1. Wprowadzenie

Sprezyste wyboczenie izotropowych i ortotropowych plyt oraz dzwigardw
bylo przedmiotem wielu prac (np.[2+6]). Wyniki tych badan pokazuja mozliwo$¢
tworzenia konstrukc;ji lekkich, bezpiecznych i niezawodnych.

W materialach kompozytowych istnieje duza swoboda ksztaltowania ich
wlasno$ci materialowych w wybranych kierunkach lub obszarach, tak wigc mozliwe
jest wykonanie plyt o zmiennym wlasnosciach wytrzymalosciowych. Przykladem
materialow o takich wlasnosciach moga by¢ kompozyty widkniste z odpowiednio
rozmieszczonymi (zagg¢szczonymi lub rozrzedzonymi) widknami. Materialy
kompozytowe modeluje si¢ najczgsciej jako materialy ortotropowe. W bogatcj
literaturze dotyczacej zagadnien statecznosci brak jest analizy wplywu zmiennej w
kierunku szerokosSci plyty ortotropii na wartosci obcigzen krytycznych, na ich
postacie wyboczenia oraz no$nos¢ plyt w zakresie zakrytycznym.
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W niniejszej pracy przedstawiono problem utraty statecznosci w zakresie
sprezystym i zachowania si¢ konstrukcji w zakresie zakrytycznym homogenicznych
plyt ortotropowych o zmieniajacej si¢ wzdtuz szerokosci ortotropii.

2. Postawienie zagadnienia

Do rozwazan przyjeto plyte o zmiennej ortotropii wzdtuz szerokosci plyty
(rys.2.1). Przyjeto model zbudowany z waskich podtuznych plyt ortotropowych, przy
czym kazda z nich moze mie¢ inny wspolczynnik ortotropii. Przyjety model
obliczeniowy precyzyjnie opisuje rzeczywiste materiaty konstrukcyjne.

..............................................

............................................
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Rys.2.1. Model pasmowy plyty o zmiennej ortotropii
Fig.2.1. Band model! of variable orthotropy plates

Zatozono, ze gléwne osie ortotropii plyt s3 réwnolegle do ich brzegdw. Dla i-tego
pasma ortotropowego zatozono dokladne zaleznosci na odksztalcenia wzgledne dla
cienkich ptyt

- T2 ou2 o2 = Lw?, +u?, +v?
Ex =Ujx T3 (Wi,x +upc+Vis), By = Viy +E(Wi,y Uyt Vi,y)
25ixy =U;y +Vix T WixWiy + Ui xUiy + VixViy M
Kix = =W « Kiy = Wiy Kixy = Wiy

Dla rozpatrywanego przypadku ortotropii réwnania fizyczne maja nastepujacy
postac:
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N N N, -v 4N N

£ . = xi ~ VxyitVyi | i yxit VXl | - xyi )

ST Egn, % Egh YT 2GH
Wystepujace w réwnaniach (2) moduly Younga i wspotczynniki Poissona zgodnie z
twierdzeniem Betty’ego-Maxwella musza spetnia¢ zwigzek:

E\ivyxi = EyiVyyi (3)

Z zasady prac przygotowanych dla pojedynczego pasma plytowego wynikaja
rdzniczkowe réwnania rownowagi, kinematyczne i statyczne warunki ciggtosci na
potaczeniach stykajacych si¢ pasm oraz warunki brzegowe na obciazonych koncach
(x=0, x=1) [6].
Nieliniowe zagadnienie statecznosci rozwigzano asymptotyczng metoda Koitera [1].
Pola przemieszczen ﬁii sit przekrojowych N; rozwinigto w szeregi potegowe
wzgledem parametru & - amplitudy liniowej postaci wlasnej wyboczenia
(normalizowanej warunkiem rownosci maksymalnego ugigcia rownego grubosci
pierwszej ptyty hy)

U; =AU +£00 + 82U+

N, = AN + £ENO + 2RO
Po podstawieniu rozwinie¢ (4) do réwnan roéwnowagi, warunkdw ciaglosci i
warunkow brzegowych otrzymano zagadnienie brzegowe zerowego, pierwszego i
drugiego rzedu [3,4]. Aproksymacja zerowa opisuje stan przedwyboczeniowy,
podczas gdy pierwszy rzad przyblizenia pozwala wyznaczy¢ obciazenia krytyczne i
odpowiadajace jemu postacie wyboczenia, przy uwzglednieniu minimalizacji
wzgledem liczby potfal m w kierunku wzdtuznym. Drugi rzad przyblizenia redukuje
si¢ do liniowego ukladu réwnan rézniczkowych niejednorodnych, ktérego prawe
strony zalezg jedynie od pola sil i przemieszczen pierwszego rzedu. Rozwiazanie tego
ukiadu rownan przewidziano w postaci szeregdw trygonometrycznych w kierunku
wzdluznym oraz wyznaczajac funkcje drugiego rzedu w kierunku poprzecznym
metoda macierzy przeniesienia identycznie jak dla pierwszego rzedu [3,6]. Po
wyznaczeniu rozwigzania pierwszego i drugiego rzedu zagadnienia brzegowego
wyznaczono wspotczynniki a,, a;, ayyy, aj11; oraz wspdlczynnik redukcji sztywnosci
wzdtuznej wedtug znanych wzorow (np. [4]).

Szczegblowa analiza obciazen krytycznych rozpatrywanych plyt przy
uwzglednieniu pelnego tensora odksztalcenia (1) dla pierwszego rzedu przyblizenia
oraz przy pominigciu dwdch ostatnich czionéw w kazdym z réwnan (1) pozwolita
pomina¢ w analizie drugiego rzedu te skiadniki, co znacznie uproscito analize i jest
powszechnie stosowanym przyblizeniem [6].

4)
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Ptyty, ktorych konce byly podparte przegubowo, a wzdluzne brzegi podparte
przegubowo, utwierdzone badz swobodne, obciazano w sposob powodujacy
rownomierne badz liniowo zmienne zblizenie brzegow (rys.2.2).

Dla scharakteryzowania sposobu obcigzenia wprowadzono wspotczynnik
zblizenia brzegow K=u§°)/u(3°), gdzie u§°>, u(20) (rys.2.2) sa wartosciami
przemieszczen na koncach plyty. Wszystkie badane plyty mialy geometryczng i
materialowa 0§ symetrii, ale nie obcigzen i1 warunkow brzegowych na
nieobciazonych brzegach.

) ul(0)

geometric and material
symmetry axis

Rys. 2.2. Sposoby obcigzenia plyty
Fig.2.2. Loading modes of plates

W zwiazku z powyzszym wielkoscia krytyczng dla rdwnomiernego zblizenia
brzegdw jest sila krytyczna F[N], zas dla liniowego zmiennego zblizenia
odpowiadajacego x =-1 jest moment krytyczny M [Nm], a dla pozostalych
przypadkow sila krytyczna Fi.[N] i moment krytyczny M;[Nm]. Nalezy zauwazy¢,
ze w przypadku gdyby nie zalozono materialowej osi symetrii dla rdwnomiernemu
zblizeniu brzegdéw wielkosciami krytycznymi bylaby sila i moment.

3. Wyniki obliczen

Wyniki obliczen numerycznych przedstawiono w postaci wykresow
opisujacych zaleznos¢ wielkosci krytycznych (sity Fi, , momentu M, lub sily i
momentu jednoczesnie) w funkcji parametru opisujacego zmienno$¢ ortotropii
(parametrem tym jest wielkosci amplitudy A sinusoidy opisujacej zmiang ortotropii
rys.2.1).

Niezbe¢dne zaleznosci pomigdzy wspolczynnikiem ortotropii a wielkosciami
E« Ey, G, vy, dla sinusoidalnie zmiennego wspélczynnika ortotropii B otrzymano na
drodze aproksymacji danych materialowych [2] i maja one nastepujaca postac:
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Wspolczynniki ortotropii dla poszczegdlnych pasm modelu przyjmowane byly wg.
wzoru: B, =B, +A-coszT7t‘v, gdzie B, =3.2292, Ae<-2,2> - amplituda sinusoidy,

y - wspoirzedna okreslajaca polozenie pasma od jednej ze wzdluznych krawedzi, b -
szerokos¢ plyty.

8000 F _“"'__.» ___::175
7000 + T
.................. pp5
------- uu0s
.......... uui
uuS
— — —ps05
..... pst
— - — -psS
2000 4 — =~ T TIT I — - - —-us05
------------------------------------- us?
1000 T e e = — . L L . — - ysS
oE:_'._'7'11'—%'_'-r'—f_1_2_'._'._'—":" A
-2 -1.5 -1 -0,5 0 0,5 1 1,5 2

Rys. 3.1. Wykres prezentujacy zaleznos¢ sily krytycznej od parametru A
opisujacego zmiennosc¢ ortotropii dla plyt o stosunku b/h = 60
Fig.3.1. Critical force as a function of A parameter defining the orthotropy
variation for plates whose b/h=60

Na rys. 3.1 przedstawiono wyniki dla plaskich prostokatnych plyt o
zmiennym sinusoidalnie wspélczynniku ortotropii. Na prezentowanym wykresie
legenda opisana jest skrotami, ktére maja nastepujace oznaczenie: litery - warunki
na wzdluznych brzegach (p-podparcie przegubowe, u - utwierdzenie, s - swobodny
brzeg), cyfry - wielkosci geometryczne (wartos¢ stosunku I/b, gdzie 05=0.5)

Dla badanych konstrukcji wyzszy wspoélczynnik ortotropii na brzegach piyt
powoduje wzrost naprezen krytycznych w plytach obciazonych w sposéb powodujacy
rownomierne (x=1) lub liniowo zmienne (x=0) zblizenie brzegéw. W przypadku gdy
plyta poddana jest obcigzeniu powodujacemu liniowo zmienne zblizenie brzegow
obcigzonych (k=-1) to ortotropowe wzmocnienic $rodka plyty praktycznie nic
powoduje wzrostu naprezen krytycznych.
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Pelna analiza stanu sprezystego musi uwzgledni¢ drugi rzad przyblizenia,

ktory pozwala wyznaczy¢ pokrytyczne Sciezki rownowagi.

Wyniki obliczen dla drugiego rz¢du przyblizenia zostana przedstawione na

Sympozjum.
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Summary
CARRYING CAPACITY OF THIN-WALLED PLATES
WITH ORTHOTROPY VARYING WIDTHWISE

The present papers deals with an analysis of the elastic thin-walled

orthotropic plates after stability loss. The problem was solved using Koiter’s second-
order asymptotic theory of stability of conservative system. Numerical test were made
on plates with orthotropy ratio, B =E,/E,, varying widthwise, which principal
directions of orthotropy being parallel to wall edges. The analysis carried out on thin
plates with loaded edges simply supported; unloaded edges were tested with different
kinds of support (clamped, simply supported, free-edge). Plates were subject to loads
causing uniform and linearly variable displacement of edges to each other.

Praca wykonana w ramach grantu KBN nr PB-138/T07/97/12
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ANALIZA TEORETYCZNA
WYBOCZENIA POWLOKI WALCOWEJ WYPELNIONEJ CIECZA

K. Magnucki
Instytut Techniki, WSP im. T. Kotarbinskiego
Al. Wojska Polskiego 69, 65-625 Zielona Goéra

P. Stasiewicz
Instytut Mechaniki Stosowanej, Politechnika Poznanska
ul. Piotrowo 3, 60-9635 Poznan

Poziome zbiomniki walcowe maja szerokie stosowanie w gospodarce magazynowej lub transporcie
romych materialow. Konstrukcje te s3 cienkosciennymi powlokami walcowymi, ktore narazone
s3 na zniszczenie przez wyboczenie. W pracy wymaczono sily stanu dokrytycamego w poziomej
powloce walcowej obciazonej cisnieniem hydrostatycznym. Liniowe rénania statecznosci
rozwiazano metoda Galerkina. Numerycznie analizowano wplyw podstawowych wymiardw
powloki na jej wyboczenie. Wyniki opracowano w postaci wykreséw. Wyzmaczono niebezpiecne

proporcje wymiaréw pow loki.

1. Sily stanu dokrytycznego poziomej powloki walcowej wypelnionej cieczg

Pozioma powloka walcowa o promieniu a i dlugosci L wypelniona jest ciecza o
gestosci o . Na obu konicach jest podparta i zamknigta dnami. Na $cianki powloki
dziala jedynie wewngtrzne ci$nienie normalne

p(e) =7,.a(l —osp) (1)
gdzie v, =gp,, jest cigzarem wlasciwym cieczy.

Przyjmiemy uproszczenie, ze wplyw sily $cinajacej N =N,(z,<p) =Zz7,aSing
Jjest pomijalnie maly na utratg statecznosci rozwazanej powloki walcowej. Strefa
najwickszego $ciskania wystgpuje w jej goérnej czgsci, a tam sila §cinajaca jest
zerowa. Niewatpliwie utrata stateczno$c przy obciazeniu jedynie wewngtrznym
cisnieniem hydrostatycznym moze wystgpowaé w powlokach odpowiednio diugich.
Wzdluzng sile Sciskajaca wyrazimy w sposdb przyblizony lecz wygodny w dalszych
obliczeniach, zatem sily stanu dokrytycznego zapiszemy

1
h Eé-'ymLz cos{l—cos ®, Ni, = —'yma2(1 —Cosg). (2)
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2. Stan krytyczny poziomej powloki walcowej wypelnionej cieczy
Réwnanie statecznosci dla powloki walcowej jest znane z literatury i szczegdélowo

omowione przez Konjuchova, Mulara i Privarnikova [7], ktére w rozwazanym
przypadku ma postac

DV’w +—h Iw +v* [N" & ]+V4 [N° Iw ]—V4 =0. (3)
2 p
az* 0z’ a‘de

az

Warunki brzegowe na obu koncach powloki sq takie same i dotyczg przemieszczen
(warunki kinematyczne) oraz momentéw (warunki statyczne). Przyjmiemy zalozenie,
ze dna podpierajq brzegi powloki przegubowo, zatem ugiecia i momenty zginajace s3
zerowe. W rzeczywistosci w miejscu polaczenia powtoki walcowej z dnami wystgpuja
lokalne zaburzenia efektu brzegowego, jednak ich wplyw na rozwigzanie statecznosci
rozwazanego zbiornika walcowego jest pomijalnie maly.

Rozwiazanie rownania statecznosci (3) w tym przypadku nie jest tak latwe jak
dla prostych obciazen typu $ciskanie wzdhuz tworzacych lub réwnomiernie rozlozone
cisnienie. Zastosowanie metody elemntdéw skonczonych réwniez napotyka tutaj na
trudnosci, gdyz brak jest parametru sterujacego obciazeniem hydrostatycznym.
Réwnanie (3) rozwigzemy w sposdb przyblizony za pomocg metody Bubnowa-
Galerkina. Funkcj¢ ugigcia przyjmiemy w postaci iloczynu dwoch funkcji

w(z,0) =W-w(z) w(p), 4

] Tz 3nz 57z
dzie: w(z) =cos— +a,cos— +a, cos—,
g @) T 3,005 +a,c0s

3 5
w(p) = cos—<p +b, €05 +b, ;€05 go]cosmp ,
n =2,3,4,5, a,, a, b;, by - parametry swobodne.

Po podstawieniu do warunku ortogonalnosci Bubnowa-Galerkin i1 wykonaniu
prostych lecz zmudnych przeksztalcen oraz calkowania otrzymuje si¢ rdwnanie
algebraiczne trzeciego stopnia
x’ +Bx —C =0. 3)

Stad wyznacza si¢ wzgledna grubo$é $cianki x =h/a, ktora wyraza stosunek
grubosci Scianki powloki do promienia walca. Rdéwnanie to ma tylko jeden
pierwiastek rzeczywisty, a wystgpujace w nim bezwymiarowe wspolczynniki B 1 C
maja ztozong budowg i dlatego nie podaje si¢ ich tutaj. Zawicraja stale materialowe,
gestos¢ cieczy, stosunek promienia do dlugosci oraz parametry swobodne funkcji
ugigcia.
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Problem statecznosci zbiornika o promieniu a i dlugosci L sprowadza sie do
wyznaczenia maksymalnej wartosci parametru geometrycznego X ze wzgledu na

liczb¢ fal n 1 parametry swobodne

X kx =max(x). (6)

na b
9,

Poziomy zbiornik walcowy podparty na obu koncach i wypelniony ciecza utraci
stateczno$¢ wtedy, gdy stosunek grubosci plaszcza do promienia jest réwny lub
mniejszy od wartosci krytycznej (6) - niebezpieczne;j.

3. Analiza numeryczna statecznosci powloki walcowej

Analize statecznosdci przeprowadzimy dla rodziny stalowych powlok walcowych.
Przyjmiemy  nastepujace  dane  liczbowe: E =2,05-10°MPa, » =0,3;
Yo =9,81:10° Nmm™, a =900, 1300, 1800 mm, a/L =0,04; 0,06; 0,08; 0,10.
Wyznaczone kolejno z rdéwnania (6) wartosci krytyczne parametru x.p dla
poszczegdlnych wymiardw zbiornikéw pozwolily na opracowanie wykresu, ktory
pokazano na rysunku 3.10. W analizowanych przypadkach otrzymano zerowe
wartoéci parametréw swobodnych a, =a, =0, pozostale parametry przyjmowaly
wartosci w przedzialach (0,32 <b, <0,46), (0,07 <b, <0,14), oraz n=2,3 lub 4.

(1.1

4.0E-3 —
3.5E-3 —
30E-3 —

2.5E-3 —

2.0E-3 T T i T >

0.04 0.06 0.08 ot L

Rys.3.1. Wzgledna grubos¢ krytyczna x iy jako funkcja promienia i dlugosci
powloki
Fig.3.1. Relative wall thickness xyg as function of shell radius and shell lenght
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Saal [9] badal teoretycznie i do$wiadczalnie statecznos¢ powlok walcowych
wypelnionych ciecza, wprowadzil rézne stopnie wypelnienia. Badania przeprowadzit
na powlokach modelowych. W opisie teoretycznym przyjal uproszczenie, ze
odksztalcenia obwodowe i postaciowe na powierzchni srodkowej powloki s zerowe.
Kacperski [6] przeprowadzil doswiadczenie na duzym poziomym zbiorniku
walcowym o promieniu a =1300mm i grubosci Scianki h =3mm wypelnionym
wodg. Zwigkszajac stopniowo dlugos¢ zbiornika doprowadzil do jego utraty
statecznosci. Zbiornik w stanie krytycznym osiagnat dlugoéé L =12500mm. Analize
teoretyczng ograniczyl do lokalnych naprezen krytycznych wyznaczonvch przez
Donnella, ktore dotyczy Sciskania powloki walcowej.

Weryfikacj¢ przedstawionego w punkcie 2 rozwigzania teoretycznego
przeprowadzimy przyjmujac do obliczen dane z dos$wiadzczeénia Kacperskiego [6]
przeprowadzonego na rzeczywistym zbiorniku. Z réwnania (6) otrzymano
Xxr =0,002568, czyli hgr =3,34mm przy a; =a5 =0, b; =0,53; bs =0,18 oraz
n=3. Wyznaczona grubos¢ jest wigksza o 11,3% od grubosci zbiornika
doswiadczalnego. otrzymany wynik nalezy uzna¢ za poprawny. Postaé teoretyczng
srodkowego przekroju poprzecznego powloki przy utracie statecznosci pokazano na
rysunku 3.2. Wystepuje tu pofaldowanie plaszcza zbiornika jedynie w jego gomej
czescl, tam tez wystgpuje najwicksze $ciskanie wzdluzne i najmniejsze rozciaganie
obwodowe. Otrzymang teoretycznie postaé wyboczenia potwierdzaja eksperymenty
przeprowadzone przez Saala [9] i Kacperskiego [6].

z=0

a3 =as=0,
b3 =0,53;,bs =0,18

Rys.3.2. Posta¢ wyboczenia powloki walcowej w $rodkowym przekroju poprzecznym
Fig.3.3. Buckling shape of the cylindrical shell in central cross-section

Axelrad [1] analizowat lokalne wyboczenie wystepujace w cienkosciennej rurze
zginanej momentem zewnetrznym. Cheney [2] przedstawil rozwijzanie w ujgciu
energetycznym lokalnej utraty statecznosci w powloce walcowej. Obszerny wyklad o
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metodach energetycznych stosowanych w teorii powlok zaprezentowali Mustari i
Galimov [3]. Dyau i Kyriakides [3] opisali lokalne wyboczenie powloki walcowej
obciazonej zewngtrznym cisnieniem. Huang, Redekop i Xu rozwiazali analitycznie i
numerycznie metoda elementéw skonczonych stateczno$¢ powloki walcowe;j
obcigzonej lokalnie w trzech obszarach. Sposob przylozonego obciazenia powoduje
zginanie powloki walcowej analogiczne do zginania jakie wystgpuje w poziomej
powloce walcowej wypelnionej ciecza. Magnucki [8] analizowal metoda energetyczng
stateczno$¢ powloki walcowej obciazonej wewngtrznym cisnieniem hydrostatycznym.
Tang, Llgamov 1 Dowell [10] oméwili stateczno$¢ zgianej rury o przekroju kolowym
obcigzonej cisnieniem zewnetrznym. Wohlever i Healey [11] przedstawili
numeryczng nieliniowq analiz¢ statecznosci powloki walcowej.
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Summary

THEORETICAL ANALYSIS OF BUCKLING
OF LIQUID-FILLED CYLINDRICAL SHELL

Horizontal cylindrical vessels are widespread in storage and transport of technical
fluids. These structures are thin-walled cylindrical shells which are subject to
destruction by buckling. In the paper the forces of prebuckling state are determinated
for the case of the shell loaded by hydrostatic pressure (filled by liquid). The stability
equation (3) for the horizontal cylindrical shell is taken frem [7]. Solution of this
equation is not so easy and it requires to use a special deflection function (4) with
greater number of unconstrained parameters. Here the Bubnov - Galerkin
orthogonalization method is convenient. As the results of the solution process the
algebraic equation (5) is obtained. From this equation are may determine the relative
wall thickness according to the geometrical and physical parameters. This is a
minimal thickness which secures stable of the shell.

The numerical analysis is provided for the family of steel cylindrical shells filled
by water. The results are compered with experimental events [6] and the good is
compatibility is ascertained. The buckling shape is symptomatic, waving of shell
surface occurs mainly at centred upper part of the cylinder. In this region the zone of
greatest axial compression exists.

The stability problem considered in this paper is important form technical point
of view and many researchers are engaged in theoretical and experimental studies on
this question.

-168 -



STATECZNOSC POWLOKI WALCOWEJ
ZAMKNIETEJ DNAMI ELIPSOIDALNYMI
OBCIAZONEJ CISNIENIEM ZEWNETRZNYM

K. Magnucki
Instytut Techniki, WSP im. T. Kotarbinskiego
Al. Wojska Polskiego 69, 65-625 Zielona Goéra

W. Szyc
Instytut Mechaniki Stosowanej, Politechnika Poznariska
ul. Piotrowo 3, 60-965 Poznan

Zbiomiki walcowe stosowane w technice sa na ogét z dnami wypukhymi. Szerokie zastosowanie
malazly dna elipsoidalne. Konstrukcje zbiomikéw obcigzone sa najczescie] cidnieniem
wewnetrznym. Wystepuja jednak w praktyce przypadki obcigzenia cisnieniem zewnetrznym. w
ktorych konstrukcje moga ulec ziszczeniu na skutek utraty statecmosci. W pracy wymaczono
analitycznie 1 numerycznie metodg elementow skoniczonych zewnetrae cisnienia krytycne dla

zbiomika jako powloki walcowej polaczonej na obu koncach z powltokami elipsoidalnymi.

1. Analityczny opis statecznos$ci powloki walcowej

Powloka walcowa o promieniu a, grubosci h, i dlugosci L zamkni¢ta jest na obu
koncach dnami. Kazde z tych den jest cienka powlokg elipsoidalng o grubosci h, i
wyniosloéci b. Obciazeniem jest wszechstronne ci$nienie zewngtrzne p, .

Réwnanie statecznosci dla powtoki walcowej przyjeto z monografii Volmira [8],
ktére w przypadku obcigzenia wszechstronnym ci$nieniem zewngtrznym zapiszemy

(1
2 2 Eh, ;4 2 2
DVSW 12v4 2”62 228w w law+—lpoaV4 “w +poaV4 aw w =0
a az a a¢2 a2 a2 az4 2 az2 a a¢2 32

Przyjmiemy zalozenie, ze dna podpieraja przegubowo brzegi powloki, czyli
ugiecia I momenty zginajace na brzegach sa zerowe. Funkcje ugig¢cia przyjmiemy w
postaci

. mmnz
W =W, sin——cos ne, (2)

gdzie:w - strzatka ugigcia, m - liczba péifal wzdiuznych, n - liczba fal obwodowych.
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Po wstawieniu funkcji ugigcia (2) do réwnania (1) otrzvmamy

(3)
fz—(ll_—_’)Kaz +n') —(2n* -1 +2r0’ Yo' +n:):]+a‘
it 4
Ea’ +n’ —1](0:’ +n’):

0 _
0

a

1]2
h, E [h, ]’ |

) a
dzie: =m7r—.
g o 7rL

Cisnieniem krytycznym jest najmniejsza warto$¢ tego wyrazenia ze wzgledu na
liczbe m polfal wzdhuznych i liczbe n fal obwodowych, przy zadanych proporcjach
wymiaréw konstrukcyjnych a/L i a/h,, zapiszemy

p —minp®} )

Przyjmujac okreslone parametry konstrukcyjne mozemy wyznaczy¢ wartos¢ ci$nienia
krytycznego dla powloki walcowe;.

2. Ci$nienic krytyczne powloki elipsoidalne;j

Stateczno$¢ powloki elipsoidalnej dla réznych przypadkéw obciazen w opisic
lintowym rozwiazali Mustari i Galimov [4] oraz Tovstik [6] . Stwierdzili, ze przy
dzialaniu ci$nicnia zewnetrznego, gdy a/b =1, wystgpi lokalne osiowosymetryczne
ugiecie powloki w jej wierzcholku. Elipsoida w tym miejscu jest powierzchnig
kulista, gdyz oba promienie krzywizn sa takie same: R; =R, =R =a2/b. Cisnienie
krytyczne przy obcigzeniu zewngtrznym ma wigc postac

2E [h1 ]’ .
@
P =—F=———= ||, gdze R =—. (5)
o 30— R b
Powyzsze rozwazania dotyczg powloki elipsoidalnej jako konstrukeji jednorodnej.
Szersza dyskusj¢ o statecznosci powloki kulistej przedstawili np. Troger i Steindl [7].

3. Numeryczna analiza statecznoSci powloki metodg clementéw skoiczonych
Przedmiotem anlizy jest cienkoscienna konstrukcja (zbiornik) utworzona przez
polaczenie powlok walcowej i dwoch elipsoidalnych. Zwiazki (4) i (5) opisuja w

prosty lecz jedynie przyblizony sposéb wyznaczanie ci$nienia krytycznego dla
powloki walcowej zamknigtej dnami elipsoidalnymi. W celu udokiadniena opisu
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nalezy w rozwiazaniu uwzgledni¢ wzajemne oddziatywanie powlok. Wygodnie jest
tutaj poshuzy¢ si¢ metoda elementow skonczonych (MES) - systemem komputerowym
COSMOS/M. Pelen opis metody w zastosowaniu do analizy statecznodci konstrukcji
przedstawili Waszczyszyn, Cichon i Radwanska [9]. Przyjmijmy przvkladowo
nastgpujace dane liczbowe: a =2m, b =0,5m; L =4m, h; =h, =10mm, stale
materialowe E =2 05MPa; v =0,3. W wyniku obliczen otrzymano wartosci cisnien
krytycznych oraz odpowiadajace 1m postacie wyboczenia, ktore pokazano na ryvsuku
3.1i13.2.
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Rys.3.1. Posta¢ wyboczenia powloki walcowej
Fig.3.1. Buckling shapes of cylindrical shell

Walcowa czg$¢ konstrukcji traci stateczno$¢ przy cisnieniu pg}){'ms =0,174MPa, a
jej powierzchnia falduje si¢ w ten sposob, ze powstaja jedna fala wzdluzna (m =1) i
siedem fal obwodowych (n =7), co wynika z rysunku 3.1 sporzadzonym kompu-

terowo w systemic COSMOS/M.

Przeprowadzmy teraz krétka analizg statecznosci powloki walcowej na podstawie
rozwigzania analitycznego (pktl). Wyrazenie (3) dla przyjetych danych liczbowych
osiaga najmniejsza warto$¢ gdy m =1, natomiast ze wzgledu na liczbe fal
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obwodowych jest bardzo wrazliwe, dlatego podamy przykladowo kilka kolejnych
wartoécidla n =5, 6, 7, 8, co zapiszemy

0 Fm) e=) 0O 6 ]
pe’ = 0,3932; 0,2075; 0,1694; 0,1787 |,

stad cisnienie krytyczne zgodnie z (4) wynosi pgl){ =0,169MPa dla n=7. Roznica
mi¢dzy wartoéciami ci$nien krytycznych otrzymanymi z dwdch réinych rozwiazan
jest w tym przypadku niewielka i wynosi niecale 3%.

Dno elipsoidalne o wynioslosci nie wigkszej od promienia przy obciazeniu
ci$nieniem zewnetrznym traci stateczn$¢ w ten sposob, ze jego powierzchnia ugina
si¢ osiowosymetrycznie, co potwierdzaja zrealizowane oblicznia metods elementow
skonczonych (rys.3.2).

\
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Rys.3.2. Posta¢ wyboczenia powloki elipsoidalne;j
Fig.3.2. Buckling shapes of ellipsoidal shell

Z obliczen MES otrzymano, ze dno elipsoidalne traci stateczno$¢ przy cisnieniu
pgg'ms =0,465MPa. Wyznaczmy z kolei warto$¢ cis$nienia krytycznego na
podstawie rozwiazania analitycznego ze wzoru (5). Przyjmujac te same dane liczbowe
co w MES, otrzymamy dla powloki elipsoidalne;j pg =0,388MPa . Réznica w
ci$nieniach krytycznych otrzymanych z dwdch réznych rozwigzan wynosi 16,6% .
Nalezy zauwazy¢, ze z rozwiazania analitycznego w obu przypadkach powlok
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uzyskuje si¢ mniejsze wartosci obciazen krytycznych niz MES, czyli rozwigzanie to
daje szacowanie oddolne co jest korzystne ze wzgledu na bezpieczenstswo
projektowanych zbiornikdéw cienkosciennych. Ponadto rozwiazanie anlityczne w
postaci wzorow (4) i (5) jest wygodne w praktyce projektowej, gdyz nie wymaga
stosowania zaawansowanych technik komputerowych. Nalezy zwréci¢ uwage na
konieczno$¢ wprowadzenia do wzordw (4) 1 (5) wspolczynnikow bezpieczenstawa,
jesli miatyby one stuzy¢ w projektowaniu rzeczywistych urzadzen ci$nieniowych.
Niewgatpliwie, z uwagi na zlozono$¢ urzadzen cisnieniowych, nie zawsze jest
mozliwe w praktycznych analizach stateczno$ci poslugiwanie si¢ prostymi wzorami.
Rozwdj wspolczesnych technik komputerowych sprawil, ze mozliwe jest dosé
dokladne i stosunkowo latwe analizowanie kazdej konstrukcji o dowolnym stopniu
zlozonosci. Bushnell [1] zaprezentowal szerokie wykorzystanie metod komputerowch
w analizie statecznosci réznych konstrukcji pretowych i powlokowych. Galletly [2]
omowil stateczno$¢ den toridalno-kulistych. Ross [5] przebadal numerycznie i
doSwiadczalnie stateczno$¢ rodziny kopul o rdéznych wyniosloéciach. Dla kopul o
malej wyniosloéci otrzymal rdéwniez postacie osiowosymetrycznego wyboczenia.
Magnucki 1 Szyc [3] przeprowadzili analiz¢ nieliniowa statecznosci den
elipsoidalnych zblornikdw walcowych obciazonych ci$nieniem wewnetrznym.
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Summary

STABILITY OF A CYLINDRICAL SHELL
CLOSED BY ELLIPSOIDAL HEADS
UNDER EXTERNAL PRESSURE

Cylindrical vessels with convex heads are often used as different technical
equipment. The vessels are mostly loaded by internal pressure but in several practical
cases external pressure may occur. In such cases shell structure of the vessel may lose
its stability.

In the paper external critical pressure values were determined in analytical way
and numerically using the finite element method (FEM), for the vessels as
combination of cylindrical and ellipsoidal shells.

The stability equation of a cylindrical shell (1) by Volmir [8] was solved using
deflection function (2). The analytical Galimov’s solution [4] for ellipsoidal shell (5)
was adapted. Numerical analysis was provided on the base of the COSMOS/M
computer FEM system for the combination of shells (vessel computational model).

Buckling shapes obtained using both the methods are identical. Critical values
for the vessel computational model are greater than the values obtained analytically
for the cylindrical shell and for the ellipsoidal shell separately.

For the cylindrical shell the difference is smaller and it is equal 3%. For the
ellipsoidal shell the difference achives 16.6%. Real vessel structure loses its stability
first by the cylindrical shell buckling. Critical value for the ellipsoidal head is two
times greater, and it is identical as value obtained for the spherical shell.
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pOBOR OPTYMALNYCH PARAMETROW GEOMETRYCZNYCH
TROJWARSTWOWEJ RURY PROSTOKATNEJ PRZY UWZGLEDNIENIU
STATECZNOSCI LOKALNEJ

K. MAGNUCKI
Instytut Techniki, WSP im. T. Kotarbinskiego,
Al. Wojska Polskiego 69 65-625 Zielona Gora

E. TERTEL
Instytut Inzynierii Produkcji i Materiatoznawstwa Politechniki Zielonogorskiej
ul. Podgorna 50, 65-246 Zielona Gora

Streszczenie. W pracy przedstawiono optymalizacje parametryczng trojwarstwowej rury o
przekroju prostokatnym obcigzonej stalym cisnieniem wewngtrznym. Ograniczeniem rozwijzania
sa warunki geometryczne, wytrzymalosci oraz statecmosci lokalnej. Funkcja celu jest stosunek
masy konstrukgi do masy medium. Wyzaczono optymalne parametry rury trojwarstwowej
przyjmujac jej szerokosé, oraz wlasciwosci materialow, z ktérych jest wykonana.

1. Wstep

Konstrukcje trojwarstwowe wyrdznia racjonalne wykorzystanie wtasciwosci
materialow, a wiec sa ekonomiczne i dzieki temu znajduja coraz szersze
zastosowanie. Podstawy teoretyczne, metody oraz kryteria optymalizacji zostaly
omowione w (1), (2) i (3).Przyklady rozwiagzywania probleméw optymalizacji
znajdujemy w pracach (4), (7), (8) i (10). Obszerne opracowania dotyczace
statecznosci dzwigarow cienkosciennych o profilach prostokatnych zrealizowano w
(5) 1 (6). W (11) przedstawiono podstawy teoretyczne wytrzymalosci i statecznosci
konstrukcji warstwowych Praktyczne zastosowanie konstrukcji trojwarstwowych w
budowie zbiornikéw autocystern wymaga opracowania odpowiedniego modelu
obliczeniowego oraz wyznaczenia optymalnych proporcji miedzy podstawowymi
wymiarami przekroju poprzecznego zbiornika. W pracy analizuje si¢ rurg
tréjwarstwowg, obcigzong rownomiernie roztozonym ci$nieniem wewnetrznym.

2. Sformulowanie problemu optymalizacji.

Profil przekroju poprzecznego zbiornika autocysterny jest linig zamknieta wpisang w
skrajnie o ksztalcie prostokata. Catkowite wykorzystanie tej przestrzeni jest wtedy,
gdy przekrdj zbiornika jest prostokatem. celowe jest wowczas zastosowanie
konstrukcji trojwarstwowej. Rozpatrzmy prostokatny przekrdj poprzeczny rury o
szerokosci 2a = const. i wysokosci 2b (rys.2.1).
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2b

2a

Rys.2.1. Przekrdj poprzeczny powloki
Fig.2.1. Cross - section of shell.

Dobor grubosci poszczegodlnych warstw $cianki oraz wysokosci przekroju ma
decydujacy wplyw na masg¢ konstrukcji m, i mase zawartej cieczy m, Ponadto
wysokos¢ 2b ma istotny wplyw na polozenie $rodka ciezkosci pojazdu i jego
stabilnos¢ ruchu. Z ekonomicznego punktu widzenia, nalezy dazy¢ do tego, aby
udzial masy medium w catkowitej masie powtoki byt jak najwiekszy.
Ekonomicznym miernikiem jakosci konstrukcji niech bedzie ,,dobro¢ masowa” (6)
zdefiniowana nastepujaco:

m 1

=1+,u

= , (1)
7 My, +m,
gdzie: u= m% -bezwymiarowy wspoétczynnik mas,

m,=m +m, = 4[2h(a +b—H)p,+(H-2h)a+b- H)p,] - masa jednostkowa
powloki, m,, =4(a— H)b—- H)p,,- masa jednostkowa medium, H=2h + h,- grubos¢
catkowita trojwarstwowej cianki, p < gestos¢ materialu  warstw zewnetrznych
(oktadzin), P, - gestos¢ materiatu warstwy srodkowej (rdzenia).

Dobro¢ masowa konstrukcji m zwigksza sig, gdy warto$¢ bezwymiarowego
wspotczynnika mas | zmniejsza sig, zatem problem optymalizacji konstrukcji zostat
postawiony w nastepujacy sposob. Dla ustalonej wartosci wymiaru 2a = constans,
nalezy tak dobra¢ wymiary 2b, H oraz h (rys.2.1.), aby bezwymiarowy wspdtczynnik
mas p osiagnal wartos¢ najmniejsza.

Ograniczeniami rozwiazania sa warunki:
wytrzymalosci 6 < 0y,

statecznosci p < Py

geometryczny dla wysokosci przekroju b < 0.72 a;
geometryczny dla grubosci oktadziny 1mm < h <2 mm.

U -
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Funkcja celu ma wigc postac:

v
.

)

3. Optymalizacja z analizg wytrzymalosci i statecznosci lokalnej.
3. 1. Wytrzymatosé.

Powloka (rura trojwarstwowa) o przekroju prostokatnym obciazona jest
wewnetrznym cisnieniem p = 4bgp, réwnomiernie rozlozonym na S$ciankach.
Maksymalny moment zginajacy wystapi w narozu i wynosi:

3 3
] (2—§) +(2§_§)
2
M o~ 6 a bgp m : 2 ~ _f_{_
a a
Zaktadajac, ze naprezenia wynikajace z dziatania momentu zginajacego s w catosci
przenoszone przez warstwy zewnetrzne, zatem minimalna grubos¢ warstw
zewngtrznych (oktadzin) z warunku wytrzymatosciowego wynosi:

3 3
EIIe
a a a a
B , gdze: B=a ELm

2 60-d0
(1+.b__£{.) 1.._2_h_+i(ll_) .}_:I_. i
a a H 3\H a

Podstawiajac otrzymana grubos¢ (4) do funkc;ji celu (2) otrzymano:

xl[(2—-x._,)3+(2xl—x2)3][ —%(1‘ i n

4
x2(1—2x3 +-§x32)(1—x1)(x1—x2)
L )

. B p; h ) _
gdzie: B, =2— Ps _ const., x, =£, X, = —[i, x; =—, -zmienne decyzyjne.
ap, a a H

3)

h=

=const. (4)

ag

F, = min{x} = B, min . ®
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Celem jest takie dobranie wartosci zmiennych x,, X,, X3, aby funkcja (5) osiagata jak
najmniejsze wartosci. Przyjeto nastepujace przedziaty zmiennosci:
02<x,<08; 0018<x,<0.030; 0.03<x;<0.10.

3.2.Statecznos¢ lokalna.

Przyjmijmy, Ze moment zginajacy Scianke trojwarstwowarozkiada sie na pare sil,
zatem jednostkowy pasek okladziny S$cianki trojwarstwowe] rury prostokatnej
obcigzony jest jak na rys.3.1.

( )=2¢10;;'
e e R R AR R ER" ’X

e e o e e m s i i m it mam i em st = et im e m e mn e . mm= b m e mem .o J.,_
7457 1/2 v 1/2 éh—
< > »”

f X1 >

N v(x) dF v(x) -7
- v05Y) % =
YT T

Rys.3.1. Schemat obciazenia warstwy zewnetrznej.
Fig.3.1. Load scheme of extermal layer.
Moment zginajacy okladzing:

Mg(x)z-‘liqol [ —4( ) }()— yx v, ax, (6)

Do analizy przyjeto funkcje opisujace przemieszczenia okladziny oraz pianki
wypelniajacej odpowiednio w postaci:

v(x) =V, €OS m”I x . Vg (x,y) = v(x)-f(y) , m=1,3,5,... (D

Warto$¢ obciazenia krytycznego faldujacego okiadzing mozemy wyznaczyé z
réwnania zachowania energii:
-W+Em+ E,=0 )
%

. 1 . .
gdzie: W = yTi I Mg? (x)dx - praca obcigzenia zewnetrznego,

P EJ ?[dzv(x) i

&) = 5 P jl dx - energia sprezystego zginania paska oktadziny,
0
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2 13 E\ 0 x 3y

%h 2 2
|G, (O 7
E, 2= E, I j [ 5 ( vs) +( v‘j :ldxdy - energia odksztalcenia pianki.

E, - modul Younga pianki wypetniajacej, G, - modut Kirchhoffa pianki rdzenia.
Obciazenie krytyczne powodujace fatdowanie oktadziny wynosi:

_ 2EJ(mzr)’ \/1+ E, -u*

e = : ©)
TRl B () (k)

gdzie: ; . 77 |G, ,c=—2—+ 2 __ 126 X
TV T Gl ()

Jak wnika z zaleznosci (9) wartos¢ obcigzenia krytycznego jest funkcja parametru m.
Nalezy wiec okresli¢ dla jakiej wartosci tego parametru obciazenie krytyczne jest
najmniejsze. Przykladowy przebieg funkcji qou(m) (z uwzgl.(7)) pokazano na
rys.3.2.

2
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Rys.3.2. Przebieg zmian obciazenia krytycznego jako funkcja parametru (m).
Fig.3.2.Critical load as function of parametric m.

4. Analiza numeryczna

Do obliczen przyjeto konstrukcje, ktorej warstwy zewnetrzne (okladziny) sa stalowe
(p=7.85*10°> kgm™), a warstwa Srodkowa (rdzen) jest wykonana z poliuretanu
(p=120 kgm™). W wyniku przeprowadzonej analizy wytrzymatosciowej wyznaczono
numerycznie optymalne wartosci parametrow X; ,X, ,X3, ktore wynosza: Xiope = 0.36,
Xopt = 0.0184, X30x = 0.057.Dla konstrukcji o tak dobranych parametrach
przeprowadzono analize statecznosci lokalnej wg. schematu podanego w pkt. 3.2,
ktorej efektem jest rys.3.2. Jak wida¢ minimalna warto$¢ obciazenia krytycznego
wystepuje dla parametru m=3 i wynosi 0.4893MN/m’ .Stad wartos¢ krytyczna
ci$nienia wewnetrznego w rozpatrywanej rurze jest rowna pi = 391.44kPa. Cisnienie
rzeczywiste w rozpatrywanej rurze nie przekracza wartosci p=17.7kPa. Zatem
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warunek statecznosci p < py jest spetniony. Dla danych a=1250mm, p,=1000 kgm™,
bezwymiarowy wspotczynnik mas pp,;,=0.057, zatem dobro¢ masowa 1 = 0.946.
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Summary

DETERMINATION OF THE OPTIMAL GEOMETRICAL PARAMETERS
OF SANDWICH PIPES OF RECTANGULAR CROSS SECTION UNDER
STABILITY CONTRAINS CONSIDERATION

The problem of the parametric optimization of a sandwich rectangular pipe loaded
with uniform internal pressure is presented. Solution constrains are geometrical,
strength and stability conditions. The objective function is the minimal ratio of
structure mass to medium mass. Optimal parameters of sandwich pipes are
determined.
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MULTIPLE INTERACTION OF BUCKLING MODES IN
THIN-WALLED MEMBERS AND IMPERFECTION SENSITIVITY

A.l. MANEVICH
Department of Theoretical Mechanics and Strength of Materials, Ukrainian
University of Chemical Technology , Dniepropetrovsk, Ukraine

Z. KOLAKOWSKI
Department of Strength of Materials, Technical University of Lod-,
90-924 Lodz, Poland

An interactive buckling probiem for thin-walled compressed members with taking into account
the presence of many local modes with nearly the same critical stresses is studied. In distinction
from some previous works. the analvsis is based on exact calculation of the local modes
allowing for local deformation of thin stiffeners. The Koiter's asvmptotic method in the first
asymptotic approximation is used. As an example. compressed stiffened panels are considered
and it is shown that this improved analysis draws to conclusions concerning imperfection
sensitivity which are opposite to those obtained in the solutions using simplified

approximations of displacements ticlds.

1. Introduction

The interactive buckling theory of thin-walled structures which was intensively ela-
borated at last decades has became one of more advanced branches of the stability
theory bringing to light reasons of discrepancies between theoretical and
experimental results, especially for optimal designs (see, e.g., reviewin [ 1 ]). But a
number of important questions until now remain unsufficiently investigated. One
of them is the multiple interaction problem. Thin-walled bars, stiffened plates and
shells usually have a lot of shortwave local modes with nearly the same critical
stresses. The traditional approach considering the interaction of only two modes ~
one global and one local - may be too rough.

Multiple interaction of buckling modes in thin-walled members was studied in
[2-4]. In [2] a theorem was proved and illustrated which gives a certain correlation
between limit loads in the multiple- and two-modal solutions. In [3] a simple model
of a thin-walled member ( the Neut’s model) was considered and for this model
was established that it is sufficient to take account of a few local modes (2-3
modes adjacent to the mode with minimal critical stresses). In [ 4] a simplified
approach to the multiple interactive buckling was proposed which reduces the
analysis to an eigenvalue problem (not for the critical stresses but for incline of the
postcritical path), and it is shown that account of many local modes enables one
to explain “localization of the buckling patterns”.
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This work was stimulated by some results obtained in [4], in particular, by the
conclusion about lower imperfection sensitivity of panels with thin stiffeners in
comparison with stocky ones that contradicts to the expenimental results  [5.6]. It
is known that coefficients governing the post-buckling behaviour and limit
stresses may be very sensitive to shape of buckling modes. In [4] simplified
approximations of local buckling modes were used (“plates buckle according to a
sinusoidal law in the transerse direction, while stiffeners rotate rigidly around the
junction lines”). Such a simplification may be too rough for plates with thin ribs.

In this paper the multiple interaction of buckling modes in stiffened thin-wal-
led members is analvzed by the Koiter's asymptotic method in the first asymptotic
approximation with exact determination of local buckling modes. This improved
solution leads to conclusions concerning imperfection sensitivity of stiffened
panels with thin and stocky stiffeners which are opposite to those obtained in [4].

2. Governing equations and solution

At solving a stability problem by the Koiter’s asvinptotic method the linear
problems for the overall and local buckling have to be firstly considered. We
cmployed an analytical solution for a compressed stiffened plate, which uses a
plate model for ribs and hence applicable not only for stocky ribs but also in the
case of thin ribs when local modes of “stiffener buckling” may be important ([ 1,
2] ). Let the eigenvalues A, and corresponding modes U, are determined
(i=1,...,n, index “1” refers to an overall mode, the rest of indices - to local modes,
all modes are normalized in some way, for example, by equalizing the maximal
deflection to thickness of some plate).
In the nonlinear problem the displacement field is put in the form

Us(uyw)=1U, +¢, U, +... (1)

where U is the prebuckling displacements field, A is the load parameter, ¢; is

the amplitude of i** mode. The summation convention with respect to repeated
indices is adopted.

The total potential energy in view of Eq. (1) contains quadratic and cubic
terms (quartic terms are neglected) and may be written as follows
a2 )
At 1 A 1 A
O=—a—+=a,(1-—)¢ +=a,,¢,¢,C,—— 2,5, 6; (2)
y) 2 l( /.{)gl 3 l/kglgj—k /1 Ig g

i ]

where g; is the amplitude of initial imperfection in it mode. Having found the

eigenmodes, coefficients a,, 2,, a, are calculated by the known formulas ( see,
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e.g., [1]). All coeflicients with 7, j, k > 1 equal to zero ( as membrane stresses in
local modes vanish), and nonzero coefficients are only those that have one index
“1” and even sum 7+ j. Hence local modes with even and odd numbers of

halfwaves interact with the overall mode independently, and thev may be
considered separately.
Expression (2) leads to following set of algebraic equations of equilibrium

(s =2,...,n, summation in “§ ” isn't carried out):

A A .
31(1—:1—1“)& +31ij§i§j=2'l—31§1
(3)
A A .
35(1—T)g5 +2a 1si g'lgi:_‘?sgs

Following [4], consider also a simplified approach utilizing proximity of criti-
cal stresses for local modes and smallness of local initial imperfections. Let’s assu-
me that i) all local buckling modes are simultaneous: A, = A _. , ii) local imper-
fections are absent:¢,=0 (5=2,...,m). Then Egs (32) with account of
¢, # 0 take the form:

A S
a,(1-—)—+2a,,¢,=0 (s=2,...,n) (4)
/‘{- min gl
, 1 . . .
Let's denote 77=( —1)—. Quantity 77 determines an incline of the
min gl

post-buckling path in the plane (4, ¢,):

. =1+7¢, ()

Then Eqgs (4) take the form of an eigenvalue problem:

23151'
( ; -0,m)s,=0 (s=2,...,n) (6)

where §;  is the Kroneker symbol. At the prebifurcation range the single
solution of Egs (6) is a trivial solution ¢, =0 (s=2,...,1), and only the

overall deflection developes according to Eq. (31):

. A
=t 7
¢ 5'1/11_/1 (7

Coupled (interactive) buckling with simultaneous overall and local deflections
becomes possible when there appear nonzero solutions ¢, # 0 of the set of Egs (6).
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Let the eigenvalues are found, and let Mk has maxumal absolute value :

=max|7¢|. Note that the sign of 1y determines direction of the overall

g
deflection in accordance with condition ngsy <0. For this value 77 from

: o o0 . .
Eqgs (6) an eigenvector (g,,g3,...,g2 ) is calculated which is normalyzed by

3
the condition 1/ }:(gg)‘ =1, (s=2....,n). Since g,,:c‘gz (s =2.....n),
where ¢ is a constant.
Then from Eq. (31) with account of Eq. (5) value ¢ is determined in depen-
denceon A:
, A LA A A )1
c’=—¢g—H1 1 (8)
B\"7, U N aw)n,

min

where B=%2,,¢7¢% (sign of ¢ | has be choose in the same manner as sign ¢, ).

As the postbuckling path is alwayvs falling (in cubic systems), maximal value
A=A, corresponds to value ¢ =0 (the point of intersection of prebuckling
path (7) and postbuckling path (5). Since A, is determined bv a quadratic
equation following from Egq. 8.

The summary local mode U ,=2g U  =cZg? U, doesn't change its

shape when ¢, increases (the amplitudes raise only ) in this simplified approach,
in distinction from the exact solution of equations ( 3).

3. Numerical analysis

In the numencal analysis compressed panels stiffened with ribs of rectangular
cross-section (an infinitely wide column, Fig 1) were considered. Below there are
presented some results of the analysis for the panel with parameters: b/L =0.2,

h/b=0.025, ti/ b1 =0.05, tibi/hb =0.2. As the parameter A there was taken the

: . : o3
dimensionless stress (average along the cross section): c?=—10".

Spectrum of critical values of 4, = O"g for local modes in the linear approach
is presented in Fig. 2 by the points, connected with curve 1. Minimum critical

»
stress o’L = 2.081, corresponding to the mode with halfwaves number m=m =5,

is close to that of the overall (Euler) mode, which is equal to o' =2.158. Note
that in all local modes displacements of stiffeners dominates and these modes can
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be named as“stiffener buckling”. When the number of halfwaves m is increased
this feature of buckling becomes more pronounced.

]

G

26

1 b .
/ —_ L

t b | 12f rA
7 1 |
\ . ‘
30 4 s 6 T8 9 10 1 1
m
Fig.1 Part of wide plate with longitudinal Fig.2. Relationship beween ¢ and number
stiffeners of halt-waves m

In the nonlinear solution firstly two-modal interaction was considered -
interaction of the overall mode with each of the local mode scparately.
Imperfections were assumed as follows: amplitude of the overall imperfection
(divided on h) ¢ =0.25, amplitudes of imperfections in the local modes¢ = 0.1.
Limit stresses in the two-modal solution are presented in Fig. 2 by points
connected with curves 2 and 3, for the simplified solution (described above) and
the*exact” solution, respectively.

Two conclusions can be drawn from comparison of curves 1-3:

+ the most dangerous local mode in the nonlinear solution may not coincide with
that of in the linear approach (minimums on the curves 1 and 2 or 3 are quite
different);

* the simplified solution, neglecting local imperfections, leads to certain overesti-
mation of load carrying capacity.

Removal of the minimum to larger values of m in the nonlinear solution is
typical for plates with thin stiffeners since the postbuckling coeflicients aw have

maximum (on absolute value) at m=m~ > m , and namely maximum l‘?liil

determines the dangerous mode. Note that if to calculate |311il' using simplified

approximations of the displacements field similarly [4], we obtain values of a

with large error, increasing with increase of m, and then m™ =m or

m~ =m +1. Since an error in values of the limit stresses turns out to be
considerable yet in the case of two interactive modes.

On the second stage of the nonlinear solution there was considered multiple
interaction of buckling modes. Three and five local modes (in various
combinations) were taken into account. The overall imperfection was assumed the
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same (0.25), the amplitudes of imperfections in local modes were assumed to be

proportional to the components of the eigenvector ¢ , and ,/Z(;’t)’ = 0.1

Results are presented in Table | for the two approaches - simplified and “exact”
(both based on exactly calculated local buckling modes).

Table 1. Limit stresses A ;=0 7 in multiple interactive buckling

One local mode | Three local modes Five local modes
halfwaves m=5 |m=l1l|m=3,57 =9, | m=3,3, m=5,7,9, | m=4,6,8
numbers 11.13 17,9, 11 11.15 10,12
simplified 1.85 1.53 1.70 1.43 [.44 [.41 1.43
approach
exact 1.70 1.34 1.47 1.18 1.20 1.18 1.17
solution

Account of three or five local modes leads to nearly the same limit stresses, if

these modes include mode m~ and adjacent modes. When we assumed
approximate shapes of local modes similarlv [4], the calculated limit stresses
turned out to be much higher and close to that of for the two-modal interaction
with the mode m =5.

Data of Table I testify very high imperfection sensitivity of panels with thin
nibs (A4 /A, =0.5-0.6 at rather small imperfections). Computations, carried out
for pancls with stocky nbs, show much lower imperfection sensitivity
(Ax 1A, =0.75-0.8). These theoretical results are in good agreement with the

experimental data, presentedin [ 3, 6].

Thus local buckling modes with prevailing displacements of stiffeners pertinent
to plates with thin ribs (“local buckling of ribs™) can lead to high imperfection sen-
sitivity which may be revealed only when exact profiles of these modes are used at
calculation of the postcritical coefficients (with using a plate model for thin ribs).
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EFEKT SKALI W ZAGADNIENIACH ZGINANIA I STATECZNOSCI
BELKI SPOCZYWAJACEJ NA PODLOZU SPREZYSTYM
O OKRESOWO ZMIENNEJ SZTYWNOSCI

K. MAZUR - SNIADY
Instvtut Inzynierii Ladowej Politechniki Wroctawskief
Wvbrzeze Hvspianskiego 27, 50 - 370 Wroctaw, Poland

W niniejszej pracy rozpatruje si¢ zagadnienia dynamiki i statecznosci belki, spoczywajacej na
podiozu sprezystym o okresowo zmiennej sztywnosci. Znane z literatury réwnanie rézmiczkowe
o pochodnych czastkowych. ktore stanowi opis tego problemu zawiera czlon o okresowo zmiennym
wspotczynniku. Dla malej dlugosci okresu w poréwnaniu z dtugoscia belki pojawiaja sie trudnosci
z uzyskaniem rozwiazania. Homogenizacja problemu pozwala na usrednienie wartosci tego
wspolczynnika. ale otrzymane w ten sposéb rozwiazanie nie zalezy od dlugosci okresu.
Zastosowana w ninigjszej pracy metoda makromodelowania Wozniaka (5, 6) laczy dwie zalety ~
pozwala na sformulowanie problemu w postaci ukladu rownan rémiczkowych o statych
wspolczytunikach. a jednoczesnie uzyskane rozwiazanie uwzglednia efekt skali (4), ktory ginie
w metodach asymptotycznyeh (1 1 szereg innych prac). Dodatkowa zaleta metody jest jej dobra
interpretacja fizycznma. co ma szczegdlne maczenie w rozwiazywaniu zagadnien inzynierskich
(np. przv modelowaniu nawierzchni kolejowey).

1. Modelowanie z uwzglednicniem efektu skali

Rozpatruje si¢ belke¢ o masie jednostkowej m(x) i dlugosci L, spoczywajaca na
podlozu sprezystym o okresowo zmieniajacym si¢ wspélczynniku sztywnosci podtoza
k(x)=k(x+l), gdzie 0<x<L-l, l<<L. Na belke dziala obcigzenie prostopadle do osi
o intensywnosci f(x.t) oraz sily osiowe N(x,t).

Stosujac metod¢ wzbogaconej makrodynamiki Wozniaka (5) zaklada sig, ze
ugiecie belki w(x,t) mozna przedstawi¢ w postaci nastepujacej sumy:

w(x,t) = W(x,t)+h, (x)Q%(x,t), a=12,...,n, €}
gdzie W(x.t) i Q*(x.t) sq nieznanymi makrofunkcjami, natomiast h,(x) sa znanymi
funkcjami ksztaltu.

W niniejszej pracy przyjmuje si¢

h, (x) =12 sin 231’“ , )
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zatem h_(x) €0(1*).h,(x) €0(1).h”(x) €0(1).

Definiujac usrcdniong wartos¢ dla dowolnej catkowalnej funkcji f(x,t)
1
1
(F)x.0 =7 [ feeeyvay, )
0

otrzymuje si¢ dla funkcji ksztaltu (2) oraz jej pochodnych nastgpujace wartosci
usrednione

()= () = (1) =o. @

Zasada prac przygotowanych dla obciazonej dynamicznie belki spoczywajacej na

podlozu sprezyvstym ma posta¢ (przy zalozeniach jak dla belki Bernoulliego — Eulera

wedlug teorii I rzgdu z uwzglednieniem wplywu sil osiowych na momenty

zginajace) (3):
L L

| M(X. t)ow"(x)dx +J. N(x, t)w/'(x)0w'(x)dx =
0 0
L
= | [f(x. ) = m(x)W(x, 1) = k(x)w(x, D)]dw(x)dx + M, (1)dw'(0) -

0
-M [ (0)3wW(L) - T, ()W (0) + T, (t)dw(L), )
gdzie  M(x.t) oznacza moment zginajacy,
My(t). M (1) — wartos¢ momentdw na koncach belki,
To(t). TL(t) — wartos¢ sil tnacych na koncach belki,
N(x.t) jest silg osiowa.
Zasada prac przygotowanych zachodzi dla kazdego
Sw(x) =dW(x) +h, (x)3Q°% (x),

Sw'(x) =8W'(x)+h! (x)3Q%(x) + h, (x)3Q* (x),
dw”(x) = SW"(x) +2h (x)8Q* (x) + h” (x)3Q*(x) + h, (x)8Q*" (x),  (6)
gdzie SW™ 8Q? (x) dla 0<x<L sq dowolnymi niezaleznymi makrofunkcjami.

Po uwzglednieniu (1) i (6) zasada prac przygotowanych (5) przyjmuje nastepujaca
postac:

L
Ve t)['aw "(x) +2h (x)3Q (x) + h7 (x)8Q? (x) + h, (x)5Q*" (x)]dx +

2o

N t)[W’(.\'. t) +hy (0)QP (x, ) + h, (x)Q (x)]-

0
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-[6W'(x) +h! (x)3Q" (x) + h, (x)8Q" (x)]dx =

L

- J{f(x. t)— m(x)[W(x.t) + hb(x)Qb(x,t)] - k(x)[W(x,t) + hb(x)Qb(x,t)]}-

0

-[6W(x) +ha(x)éQ"(x)]dx+M0(t)[6W’(O) + 1 (0)3Q° (0) + ha(O)SQ"'(O)] -
- My (O8W'(L)+ b (L)8Q* (L) + h, (1L)SQ™ (L)] -

=Ty (O[3W(O) +h, (0)8Q° (0)]+ T (h]BW(L) + b, (L)3Q* )], ™

Wykorzystujac mikrooscylacyjny charakter funkcji ksztaltu i wlasnosci
makrofunkcji mozna poming¢ podkreslone czlony we wzorze (7) 1 zgodnie
z procedurg makromodelowania WozZniaka (6) przeksztalci¢ zasade prac

przygotowanych. podobnie jak w pracy (2), do nastepujacej postaci:
L

- H( )X BW(x) + <Mh;’)(.\', 1)3Q? (x)]dx +

+J {[(N)x oW (s 0+ (N )x, 0Q° (x, v ]pw +

0

-+

ey

NALJW/(x. )+ (Nhi b )JQP (x,D]BQ* (x)Jdx =

<
j{[ O)(x. 0= (m)x)Wx.0) = (mhy )9Q" (x, ) -
0

~ (k)W) - (kh JQP(x.LJpW +
+[(M, )(x 0 = (mh, )eOW(x. ) = (mh, b, )0Q® (x,1 -
~(kh, )(\)W(\ 0~ (kh, b, )(9Q" (x,0]5Q* Jax +

+ M ()BW'(0) + M, (1)h (0)3Q? (0) — M (1)dW'(L) - M (t)h, (L)3Q* (L) -
+ T, (1)OW(0) - T, (t)h, (0)3Q? (0) + T (t)dW(L) + T, (t)h,, (L)dQ*(L). ¢))

Poniewaz zasada prac przvgotowanych musi zachodzié¢ dla kazdej wariacji dW

1 8Q zgodnej z warunkami podparcia belki, otrzymuje si¢ nastgpujacy ukiad n+1
rownan ruchu

—(M)"(x.t)—[(N)(.\-,t)W'(x,t)+(Nh;,)(x,t)Qb(x,t)] +
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+ (M)W 0+ {KNOWx ) +(khy Mx)QP(x,1) = {£)(x.1),

= (MR )(x.0) +(Nh; )(x.OW’(x.t) + (Nhyh; )QP (x.t) + (mh, Y(x)Q° (x.0) +
+{mh, }x)W(x.t) + (mh, h, }x)Q® (x,t) +

+(kh Y)W (x.1) + (khyh, }(x)Q® (x.t) = {fh, }(x.1). )

W dalszym ciagu pracy ogranicza si¢ rozwazania do belki o stalej masie
Jednostkowej m=const. stalej sztywnosci ze wzgledu na zginanie EJ=const.
Przyjmuje si¢ takze. ze na belke dziala sila osiowa N=const.

Korzystajac ze znanej zaleznosci
M(x,t) = —-EJw"(x, 1) (10)
oraz z zalozenia (1) 1 zaleznosci (4) otrzymuje si¢ rownania konstytutywne
W nastgpujacej postaci:
(M)(x.t) = -EJ W"(x,1),

(Mh7)(x,t) = —EJ (hyh?)YQ®(x,1). (11)

Réownania ruchu (9) po podstawieniu (11) i uwzglednieniu podanych wyzej
uproszczen przyjmujq posta¢ nastgpujacego ukladu n+1 réwnan rézniczkowych
o stalych wspélczynnikach

EJW™ (x.) - NW'(x.) + (K)W(x, ) + (kh,, JQP (x, ) + mW(x, 1) +{F)(x, 1),
(EJ{hghy)+ N(hyhy)+(khyh, QP (x,t) +
+({kh, YW(x.t) + m{h,h, YQ"(x,t) = {fh, }(x,t). (12)

Uklad réwnan (12) wraz z odpowiednimi warunkami brzegowymi 1
poczatkowymi moze opisywaé caly szereg zagadnien inzynierskich, a nawet zawiera
w sobie model asymptotyczny (dla 1 — 0) i model homogenizacyjny.

2. Przyklad

Zaklada si¢, ze dlugos¢ belki jest nieskonczona L = oo , masa jednostkowa stala
m=const 1 stala jest takze sztywnos¢ ze wzgledu na zginanie EJ=const.

Belka spoczywa na sprezystym podlozu o okresowo zmiennym wspotczynniku
sztywnosci

k=k0(l—esinz—fl§),gdzie 0<e<l. (13)

Przyjmuje si¢ tvlko jedng funkcj¢ ksztaltu
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h = fsmf"l‘—x. | (14)

Wartos¢ sily krytycznej mozna wyznaczy¢ z ukladu rownan (12)
kgeq 1*
32.EJ-n* -P-8x%1% +2-k,1*

Wystepujace w mianowniku wyrazenia P87°1° i 2kol* sa odpowiednio rzedu 1*i I,
zatem mozna je poming¢ w dalszych rozwazaniach.

EJW“'(x)+PW”(x)+{kO— }W(x):O. (15)

W tvm wypadku
k 8214)
P, = [4EJk,|1-—= . (16)
" \/ 0( 321*EJ
Sila krytyczna zalezv od parametru 1 - dlugosci okresu zmiennosci

wspolczynnika sztywnosci sprezystego podloza. Oznacza to, ze otrzymany model
uwzglednia efekt skali. Otrzymana wartos¢ sily krytycznej jest mniejsza od wartosct
sily  kntycznej obliczonej dla modelu uwzgledniajacego homogenizacje
wspolczynnika sztywnosci podloza (odpowiada ona sile krytycznej dla belki na
sprezystym podlozu o stalym wspdlczynniku sztywnosci (7)).
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Summary

A LENGTH - SCALE EFFECT IN BENDING AND STABILITY
OF A BEAM INTERACTING WITH A MICRO - PERIODIC ELASTIC
SUBSOIL

Problem of dynamics and stability of a beam bending in interacting with a micro -
periodic elastic subsoil is analyzed in the paper. Assumptions of Bernoulli - Euler
theory are adopted and influence of axial forces on bending moments is taken into
account.

The partial differential equation which describes this problem contains the
periodically variable coefficient k(x)=k(x+1), and 1 is the length of the period. For
small 1/L ratio. where L is length of the beam, solution of the problem is difficult
to obtain even by numerical methods. Using the homogenization method we receive
the average value of this coefficient. but in this way the length of the period is lost in
the solution.

The analytical approach adopted in the paper is based on the refined micro-
dynamics of periodic structure proposed by Wozniak (5, 6). It leads to length - scale
model. in form of the system of differential equations with constant coefficients.
The obtained length - scale model can describe many particular cases.

As an example the buckling problem of the infinite beam interacting with
subsoil with periodic stiffness coefficient is considered. The presented solution -
critical force. contains the length of this period. Contrary in the classical
homogenization solutions this periodical parameter is omitted.

As a result we can see that presented solution contains the length - scale effect.

The critical force obtained in this paper is less than critical force presented in
other papers.
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STABILITY OF PLATES WITH INITIAL
GEOMETRICAL PERIODICAL
IMPERFECTIONS

B. MICHALAK
Katedra Mechaniki Konstrukcji Politechniki Eodzkiej
AlPolitechniki 6, 93-950 Lodz, Polund

Abstract. The ann of the contribution is to formulate and investigate an
ensineering theory describing stability of thin periodic shallow shell-like
stucrures called slightly wrinkled plates. The obtained equations are
applied to the evaluution of initind geometrical pertodical imperfection
on a value of a critical force. The obtained general results are ilustrated
by an example

1. Introduction

The subject of the paper 1s a stability of thin peniodic shallow shell-like structure made
of a lincar-elastic homogeneous matenal shown on Fig.l and referred to as a shghtly
wrinkled plate. The structure under consideration can be treated as a model of a plate
with wutial periodical geometrical wmperfecton, where /., | [, wave length of
imperfection. It 1s assumed that /, , [, are small enough compared to the minimum
charactenstic length dimension L of the projection of the structure on the plane Oxx, .
[t folows that on a micro-scale (taking into account tenns of an order /) the wrinkled
plate behaves as a thin shell, while on a macro-scale ( neglecting terms of an order /), we
deal with certain special plate behaviour.

The paper 1s a continuation of investigations given in (2) and (4).

/xl
€,

L /
X3

1,
Lz 1 ll« Ll l2<< LZ

Fig.1.1. A scheme of the slightly wnnkled plate
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2.Direct description of sligthly-wrinkled plates

Let the midsurface of the undeformed wrinkled-plate be given by % = z(o!,0%),
(0',0%) e I1, where TT is regular region on the plane Oxx, and x'=0', x* =0,
x3 = :(E)l, OZ) = 2:(6l +1, 6%) = 2(61,61 +4). Under denotatton
A=(0,4)x(0,14), function z(-) isreferred to as the A-periodic function, A being
called the representative plane element of a wrinkled-plate. Setting £:= \J(4)* +(,)* |
it 1s assumed that  /L<< 1, L being the smallest characteristic length dimension of IT.
Hence / will be called the microstructure length parameter. Using the known
denctations: G'a=R',, , g,=Gae, , n=gxg,/ we obtain the metnc

[+ A ]
mlf‘oz

tensor of the undeformed midsurface a3 =G'a Gy , b3 =n G« and a Rica
tensor €45 as the A-peniodic functions.

For shallow shells we then find the following approximations, (3). dqe =33 .
aze=det(e,)=1, b=z, and the Chnstoftel symbols { ‘;d}z 0. The
cisplacement field of the wrinkled-plate midsurface will be denoted by u=1/'(x.t)e,
the external forces by p=p'(x,¢)e, andby p the plate mass  density related to
this midsurface.

In the framework of the technical non-linear theory for thin elastic shallow-shells (3).
(5), we obtan:

(1) strain-displacement relations in which non-linear terms involving gradients of u,
are neglected:

1
Eug = G (a 11,,3)‘*‘5113,“16,8 , Kog =1 U yog (1)
(1) constitutive equations:

n = DH""%¢ ;| m™ = BH"" (2)

where
H®¥ = %{8"“ & +8TEH — (e + ¥,

D=ES8/(1-v}), B= ES’/12(1-v), E,v , being the Young modulus
and Poissons ratio, respectively.
(1) equations of motion (in the weak form ) :

J(rz“s Seeg + m®E Skg) dxt dx? + —d%J.p ' Su, dx! dx? =jpi Su, dxldx? (3)
n

n n
which are assumed to hold for any virtual displacement field 8, , such that S (x) =0

for every x = (x!, x?) € a11.
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3. Macro-modelling

Following (1) we introduce two auxiliary concepts. Let € be a certain small parameter
characterizing computational accuracy related to a certain real-value finction F in the
framework of the proposed macro-description of the shghtly wrinkled plates under
consideration. 1f for every x,y=Il, such that |[x-yf</, condition
IF(X.N-F(y,N|<ez holds then a function F(x.t) will be callled A - macro
function. If F 1s continuous in IT together with all derivatives and if similar conditions
with pertinent comnputational accuracies €q5, € i » hold also for all derivatives of F
then F will be called the regular A-macro function.

Let Ax, y ) be an integrable function, such that f(-,y) is a regular A-macro
function defined on IT and f(x.) isa A - perodic function. In the sequel we shall
use the denotation

. 1 .
<fr=L j £(%3) dndyy &
ih
A

If f isindependentof xthen <f >  isconstant.

Let A°(’), a=1,..,n, bea system of n linear-independent continuous A -
penodic functions defined on R? | having continuous first and second derivatives and
such that < h* > = 0. Moreover, let values A*(X) satisfy conditions A*(x) € O(/),
h e () €0, h*,,5(x) €O(l). Under the aforementioned conditions, functions
h* will be referred to as the micro - shape functions.. Following (2) two basic
micromodelling hypotheses leading to averaged theory of wnnkled plates will be
formulated.

Macro - Kinematic Hypothesis . It is assumed that the displacement field # (x,1),

x €Il of the wrinkled-plate can be approximated by

w(x,) =U,(x,)+ B (x) PA(x1), x=(x',x*)ell, ¢=20, (5)

where U (.,t), V,*(-.t) are arbitrary regular A-macro functions and ha(-) are

the known micro-shape functions postulated in every problem under consideration.
Macro - Modelling Hypothesis (MMH). In the course of an averaging procedure

terms (X(€;) can be neglected as compared to those of F, where F runs over all

macro-functions U, , V'* 88U, , 8", and their derivatives.

In order to explain the meaning of MMH let us observe that for any integrable A-

periodic function f and a continuous /-macro function F defined on [T, the following
formula holds

jf(x) F(x)dgdy, =< f > J‘F(x) dv,de, + O(eg) . (6)
n I

The aforementioned micromodelling hypotheses lead from Eqs.(1)-(6) to a
certain averaged model of a shightly wrinkled plate.
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Substituting the nght-hand sides of Eqs.(5) into Eqs.(3), and applving MMH to the
atorementioned approximation formulae, we obtain the condition

J[NI““-SI.T,QS FNTBU L (N U7 ), U, + (N4 M“)-ava](zx‘ dx?

I
* 5 (<00 08T ke phab - V-5 V2 it :J.P-S[Idxldxl A
t
I

n
which has to hold for every SU , SV

4.Averaged equations of slightly-wrinkled plates

After applying the divergence theorem to Eqs.(7) and using (2), we arrive at the system
of equations in mucrodisplacement U, and correctors }7*  constituting the governing
equatons of the averaged theory of wrinkled-plates. From (7) we obtain the equatons of

motion
M g— N%, ~NOgf U, o +<p-Us=p,
N+ M+ - phhP>Vb=0 . (8)
and the constitutive equations
N(.Y — DQB [I,tg‘f‘ Daa Vm .
N* =D®V* + D¥U,,
M¥=B¥” y,_, +B*¥v*
M* =BV + B*U, ., (9)

here we have denoted
D?=D<H*P g @g >, D* = D< H¥*" g.@g hy; >, ... (10)

It can be observed that the correctors I7,* play the role of internal variables, being

independent of the boundary conditions. The boundary conditions we have only for
macro-displacements U; and this conditions are analogous to the well kown boundary
condifions in of the Kirchhoff theory for homogeneous plates.
In order to calculate critical values of forces N applied to the middle planc of a
wrinkled-plate we assume that there is no external loads p=0 and body forces. Then the
equilibrum equations writen down in the coordinate form take a form

MY, - NT =0,

A._IZ}GE’Q}} _1V30‘,a _]VCYB [JJ’aB =0,

Nty artzo (1)
Solving Egs.(11) for the given boundary conditions for U; , we will find that the
assumed buckling of the wrinkled-plate is possible only for certain definite values of

N The smallest of these vahies determine the desired critical values.
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S.Applications

Using Eqs.(8)-(11) we shall investigate stability of a rectangular slightly-wrinkled plate in
which the wave-lengths of a midsurface imperfections are micro-pericdic and equal:
=4 =1. The system of equations for /, =U,(x,?) and F* =V"(x,7) we obtain
by substituting the night-hand sides of Egs.(9) into Egs.(11). These equations lead to two
mdependent systems of equations for Uy, U, 15" and U, P, P37 If only one micro-
shape function 4*(:) = A'(-) = A(") is introduced then denoting ¥, (x.£) =F*(x,?) and
the system equations describing stability of a wrinkled-plate will take the form

: 112 17 . ”
—B< H'W NI N? 2 Uy 1y - 4B< HYE NI NS 2 Uy 510 2B < HH N3N 5 Uy -
1222\ r 22 r 22
B HP NP N? 5 Uy g + DPMNMNU 4 D322 Uy + DOV + DP22T, L 4

NYU 92N U+ NP 5= 0
DUy, + DY =0,

D*Uu,, + DY, =0, (12)

where we have denoted

D= D < HYM(GY by ) >+ D« HP(GY hy ) >+

11,1 2, 102 1212, 1 2
+B < H'" (0 byt > + 2B< H'Y 2 (Y hy gy >+ 2B< H 7 (n hy,)" >+

+2B< H*2 (1 hy Y >+ B< HP*2 (h' hpy)? >
................... (13)
Let us restrict considerations to the analysis of stability for sumply supported rectangular
wrinkled-plate uniformly compressed in direction of x' and x*. Assume

[T=(0,1;)x(0,L,) in this case we shall look for soiutions of Eqs.(12) in the form

= N . . , .
U, =Z me,, sina, x! sinB,x?, (14)
m=1 n=l
where «a,:= mn/L, and B,:= nm/L,. Substituting the nght-hand sides of Eqs.(14)
into (12) we obtain the cntical value of a compressive forces.

For slightly wrinkled-plate A'!'=1, }I“”:%_\i R

?

N3=1 and the

. ~ e - )
expression for the crtical values of N'! and N2? becomes

(NY) o (e, ) + (N (B =
5 1)? 322 )
= B((Otm)2 '+'([3,,)2)~ | pen_ (LD )_ (o, )+ 3 (DDz:) (B,
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The first term of the above ftormula has the same form as the crtical value of a
compressive forces for a plane plate given in (6).
Now consider a plate with initial geometrical imperfections given by

J2m g 2 \ : : : .
2= — sx'n(_—;n—Ol) sinf —1262) which will be treated as a slightly-wnnkled plate, and
a
11 22 . . . 12 i 2n 1 . on 1
when N = N-°. Assume the micro-shape function A= — sin(=—0") sm(-l_e ).

The smallest value of ( N“)C, will be obtained by taking »#=m equal to 1. Thus the
expression for the critical force, for the square plate ( L, = L, = L ), becomes

—

cr

i {‘ T
9 ~2 “~ p < |
(1) :B%,:,— 2+12(%] 1 (3-v) Gov)/2 '{ o (16)

{ a2, n4(a/L)3(L/u3JJ

I-v

From Eqs.(16) 1t 1s obvious that the smallest value of (_N “) being dependent on the
v

[

imperfection amplitude « and the impertection wavelength /.

S5.Conclusions

From the above example it follows that the proposed averaged theorv of wrinkled -
plates can be successfully applied to the analysis of stability for plates with wnitial
geometnical unperfections. Moreover, this difficult problem analysed in the framework
of the shell theory, was described here by the relatively simple system ot differential
equations with constant coefficients. The results of the stability analysis leads to the
important conclusion that the smallest value of a cntical force is dependent on the
microstructure length parameter / but i3 independent of the amplitude of introduced
micro-shape function. It has be also concluded that the critical value ot a compressive
forces is dependent on the imperfection amplitude a.
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BUCKLING ANALYSIS OF COMPOSITE STRUCTURES -
APPLICATION OF THE NISA II PROGRAM

A. MUC

Instytut Mechaniki i Podstaw Konstrukcfi Maszyn, Politechnika Krakowska
Warszawska 24, 31-155 Krakow, Poland

The aim of the present paper is to discuss various aspects of numerical buckling anal-
ysis conducted for thinwalled 2-D laminated plate or shell structures. In our opinion
the sense of the numerical analysis is mainly dependent on three components: the
theoretical knowledge, numerical description of the analysed problem and the exper-
imental verification. The influence of the above three factors is mainly discussed on
the example of the "NISA-II” program, especially in view of the optimization analy-
sis of composites. Both numerical and experimental results dealing with buckling of
structures illustrate the above problems

1. Introduction

The correctness of the numerical results can be verified by the comparison and
the qualitative estimation of the following three components: (i) the theoretical
model, (i) the numerical model and (iii) the results of experiments. The contin-
uous development and the increasing number of various FEM packages do not
simplify the above verification, since the FEM systems are rather treated by the
users as so-called ”black-boxes” being the sources of reasonably good results.
In the view of the above the objectives of the present paper may be summarized
in the following way:

e to conduct a review of existing FEM programs especially focusing an atten-
tion on the buckling and optimization analysis of composite 2-D thinwalled
structures,

e to present some numerical results obtained with the use of the "NISA-II”
program (version 6) [1],

e to compare theoretical results with experimental ones.

The numerical analysis and the experimental verification have been carried
out for structures made of preimpregnated unidirectional graphite/epoxy com-
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posites. The presented examples deals mainly with the consideration of thin-
walled laminated structures, such as axially compressed rectangular plates and
cylindrical shells.

2. Optimization procedures in the NISA-II program

A broad field of optimization procedures that may be used also for the buckling
analysis is the fundamental advantage of the NISA-II {1] optimization package
(called NISAOPT). In general, the system NISAOPT is a set of optimization
methods applied to the solver being the classical FEM program NISA-II. In our
opinion, the NISAOPT package is much more better than other known FEM
systems, such as e.g. COSMOS, ABAQUS, ADINA, ANSYS or PANDA II. The
multi-objectivity and generality of this system in practice is conducted by the
division into three separated moduli:

e SHAPE - shape optiization. The optimization algorithm is based on the
introduction of the classical Lagrange multipliers. The linear,plane, 3-
D or shell problems can be solved, but the analysis is limited to static,
geometrically linear one. Referring to the composite materials it is worth
to note that this modulus can be applied to the optimal design of 3-D
composite structures where the whole area may be divided into empty and
filled by the material components.

e STROPT - optimization of structures with the prescribed shape with re-
spect to the loss of stability, eigenfrequencies, first-ply-failure etc. It may
be utilized in a broad class of both static and dynamic problems. This
modulus allows us to select among three different optimization algorithms
- gradient method, recursive quadratic method and bounding methods.
Using these procedures one can solve a variety of optimization problems
for composite materials treating fibre orientations and thicknesses of each
individual plies in the laminate as design variables.

e SECOPT - optimization of beams cross-sections. Length and thickness
of each individual beam cross-section are design variables. The gradient
methods are used as optimization algorithms. This modulus enables us to
conduct optimization for a variety of practical engineering problems, such
as a design of cars, planes etc.

In view of the buckling analysis of thinwalled composite structures the NISA-
II program allows us to introduce easily various shell or plate 3-D orthotropic
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material properties and solve it with the use of the first order transverse shear
or classical theories. In addition, there are options for solving buckling problems
and those solutions are in a good agreement with the experimental analysis as
it will be demonstrated later.

3. Experimental analysis of axially compressed plates.

Various experiments have been conducted to analyse pre- and post- buckling
behaviour of axially compressed rectangular plates. In general, two types of
plates have been studied with and with no delaminations. The plates have
been made of four individual layers. Each of them has the identical orientations
related to the axis of the acting external loads, i.e. 0°, £45 and 90°. The
mechanical properties as well as their geometry is summarized below:

El = 128GPO.,E2 = 13.4GP(L,G12 = G.SGPCL,GQ;} = G13 = 3.4GPCL,
vi2 = 0.28a = 250mm,b = 100mm,t = 0.7mm (1)

The experiments have been carried out with the use of the Instron, numeri-
cally controlled machine. Figure 1 is a plot of the external axial load versus the
displacements. As it may be noticed a negligibly small load changes the equilib-
rium state - the prebuckling part of the deformation curve is almost horizontal.
Then, the postbuckling deformations occur that achieve even the value of 50mm
(about 20% of the initial plate length) with no visible failure. Those deforma-
tions have been purely elastic. We suppose that during the loading process the
matrix cracking may occur but it can be recognized only under the microscope
scanning.

Then the experimental buckling load have been compared with the numerical
results obtained with the use of the NISA II program as well as with the analyt-
ical results evaluated with the use of geometrically linear Love-Kirchhoff theory.
In the analysed numerical case a one-quarter of the plate have been discretized
with the use of 40 quadrilateral eight noded elements. The composite elements
(NKTP=32) allow us to take into account first order transverse shear deforma-
tions. The comparison of one result is given in Table 1.

Experimental | NISA - II | Love-Kirchhoff
results

65.2 [N] 31.28 [N] 53.84 [N]

Table 1. Numerical verification of experimental buckling results.
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Figure 1: Deformations of axially compressed plate

Buckling load determined experimentally is much higher then those predicted
by theoretical considerations probably due to not exact realization of theoretical
simply-supported boundary conditions. FEM results are lower then those esti-
mated by linear Love-Kirchhoff plate theory since the Kirchhoff modulus is very
low comparing with the value of the Young modulus E;;. It should be noted
that buckling mode is the same for all cases analysed herein (m = n =1). It
seems to be necessary to verify the whole deformation path plotted in Fig.1 with
the use of the NISA II static nonlinear option. However, it is complicated since
for the considered type of loading the numerical analysis may be conducted with
the use of 3-D elements only.
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4. FEM optimization of axially compressed cylinders

To verify the possibility of numerical FEM optimization with the NISA II pro-
gram let us study the optimization problem subjected to the first-ply-failure
(FPF) and buckling constraints. The FPF load have been evaluated with the
use of the Tsai-Wu criterion. The cylinders wall id made of four layers having
an arbitrary orientation varying in the interval [0,90]. The initial configuration
has been the identical for all cases,i.e. [0/45/45/90] and the first orientation
corresponds to the top layer. The pure FEM results have been compared with
those obtained with the use of the genetic algorithms {2]. It should be empha-
sized that in both cases of the numerical experiments the shell theory (FSDT)
and geometrical assumptions (linear buckling analysis) have been the same. A
one-quarter of the cylinder have been modelled with the use of 1152 triangle
elements. The results are presented in Table 2.

FPF Buckling Buckling + FPF
NISA - 11 FE | [00/0/0/90] | [49.5/60.4/72.1/51.5] | [71.2/54.3/51.1/18.3]
Gen. algorithms | {90/0/0/90] [45/90/90/45] [45/90/90/45]

Table 2. Optimal configurations for axially compressed four layered cylin-
ders.

The comparison shows the similar or even identical character of optimal solu-
tions. However, it should be noted that in both optimization problems different
types of design variables have been used - continuous in the NISA-II program
and discrete in genetic algorithms. On the other-hand it is well-known that for
composites the optimal solutions are not unique.
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OPTIMIZATION OF COMPOSITE STRUCTURES UNDER
BUCKLING CONSTRAINTS

A. MUC

Instytut Mechaniki i Podstaw Konstrukcfi Maszyn, Politechnika Krakowska
Warszawska 24, 831-155 Krakdw, Poland

Finding of an efficient composite structural design that meets the requirements of a
certain application can be achieved by global or local tailoring of their properties.
However, for composite thinwalled structures, a special attention has to be focused
on the formulation of the governing equations describing the analysed problem. In
the present paper we formulate and solve the optimization problem of biaxially com-
pressed sandwich plates subjected to buckling constraints having the faces made of
FRP. Three various plate theories have been used,i.e. higher order (HSDT), first
order (FSDT) transverse shear deformations theories and the classical plate theory
(L-K). The locations of individual plies having the orientations 0°, 45° and 90° are
the design variables. A lot of results obtained with the use of the genetic algorithms
illustrates the influence of theoretical formulations on optimal design of sandwich and
composite plates.

1. Governing equations

The study of the influence and significance of anisotropy on the structural re-
sponce of FRP- faced sandwich plates for bending and vibration was made by
many authors as can be seen in the extensive bibligraphy review presented by
Rao [1].

Consider a laminate plate composed of N orthotropic layers,symmetrically lo-
cated with respect to the midplane of the laminate. In order to reduce the
three-dimensional theory (3-D) to a two-dimensional (2-D) one, let us assume
that the 3-D displacements U,(x,y,z) have the following form:

UP (z,y,2%)) = v (z,y) +5a32V( ) (z,1)®;(2%¥),a =1,2,3 (1)
i=1

where 6,3 denotes the Kronecker symbol. The bracketed subscripts (k=1,2,3)
are used to denote quantities associated with the core (k=1) and the faces
(k=2,3),respectively. For the faces and the core the separate reference systems
of coordinates have been introduced (Fig.l) numbered also by the bracketed

subscripts (k). u (k )(.’L y) are the displacements at the midplanes z(*) = 0. The
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Figure 1: Geometry of a sandwich plate.

formulation (1) represents various sandwich plate theories, generated directly by

the different forms of the functions V](OI:) (z,y) and ®;(2(F) and the total number

of terms P taken into account in the series. In the present analysis we assume
three plate theories,i.e. HSDT suggested by Reddy [1],where:

3 Ak . . 8’113
Vil = @) V0 @) = 0.V (,y) = 1(e.y) + 5
K k K : 4 (20\*
(pl(z( ) = 2l ),Q)Q(z( N = 0,‘1)3(2(")) = _z(k)§ (m) , T=1,2(2)

t(*) denote the total thickness of the core and of the faces,respectively (Fig.1).
Assuming that P=1 one can obtain from eqns (2) the displacement field for
FSDT, and futher simplification,i.e.

8u3
oz,

reduces the above relations to the classical Love-Kirchhoff plate theory (L-K).

Let us note that the normal deflection ugk) (z,y) = w is assumed to be the same

for the core and the faces.

Since the core is)thick and flexible the core material sustains only transverse
1

shear stresses 03", i=1,2. Defining in the classical way transverse shear strains:

S‘k)(x)y) ==

(3)

oUFN(z,y,2%))  Hw
oz + oz;

using the physical relations and continuity conditions for displacements and
transverse shear stress resultants one can reduce the total number of kinematical

ey = =12 (4)
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uknown variables from 7 to three, i.e. w, ’yfl) (i=1,2).

The explicit form of the mentioned above generalized displacements,which char-
acterise completely the sandwich plate response is needed to formulate the buck-
ling problem using the classical Rayleigh-Ritz method. These displacements to
satisfy the simply-supported boundary conditions are chosen in the form of the

following geometric series:

w= Acos(w:r)sin(m),'ygl) = Bcos(wm)sin(dyy),"/él) = Csin(yz)cos(dy) (5)

where 9 = mll/a,é = nlI/b, and m,n are half-wavelength integers, a,b the
length of the plate in the x and y directions,respectively, whereas A B,C the
undetermined coefficients to be evaluated from the condition of minimisation of
the total energy of the sandwich plate.

Due to the lack of the space we do not present the explicit form of the final
governing relations. It should be mentioned that the derivation of them may be
significantly simplified by the use of the symbolic packages, e.g. Mathematica,
Maple.

2. Optimization problem

Each of the top and bottom faces of the sandwich plate is constructed of an ar-
bitrary number N of orthotropic layers of thickness (t-t.)/2N (t.- the thickness
of the core). The laminate is assumed to be symmetric, balanced and made of

9,903, £45° plies, each of thickness (t-t.)/N. As the result only N/4 ply ori-
entations are required to describe the laminate configuration.As it is wellknown
the buckling analysis is always associated with searching for a such wavenumber
that corresponds to a minimal buckling load. However, in optimization prob-
lems of laminates subjected to buckling constraints one can encounter a variety
of solutions where optimal angle orientations (or thicknesses of each individual
plies) are not connected with one wavenumber m or n. The optimum exists as
the buckling parameter A is identical for m and m+1,ie.:

As(m,n) = Np(m + 1,n) (6)

The above condition is called as bimodal solution. For continuous ply orienta-
tions the relation (5) can be satisfied exactly and one can find even analytical
solutions - see Muc [3]. For discrete optimization variables usually eqn (5) is
satisfied in an approximate manner only.
Having all basic relations one can formulate now the optimization problem:
Find

Max Min A (S;;m,n) (7)

S; mpn
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subjected to the inequality constraint:
Ao(Si;m,n) < Ag(Si;m,n) (8)

and the equality constraint in the form given by eqn (4). A is the FPF load
parameter computed with the use of eqns (3),(4) and an appriopriate FPF cri-
terion, whereas S; constitutes a set of 3V/4 locations of plies oriented at 0° or
90° or +£45° in the laminate.

To simplify the optimization problem formulation the problem (5-7) has been

replaced by the equivalent in the following form:
Find

Max Min AP - 1y (A" — A™)2 - pypn (AT — ATVH1)2
S; m,n

(9)

The positive variables ry and rpim control the magnitudes of the penalty terms
in the above objective function.

3. Application of genetic algorithms

The existence of multiple relative or local optima is a characteristic feature
of composite 2D structures,independently on the type of design variables used
in the analysis,i.e. continuous,discrete or integer. Therefore, the problem of the
relative optima cannot be unique to linear programming methods. The solu-
tion of the problem by the latter methods is usually liable to depend on the
initial design from which the design procedures is started.The obvious advan-
tage of genetic techniques over the previously discussed algorithms is based on
probabilistic search method linking both multi-start optimization algorithms,the
possibility of the effective optimization analysis for disjoint or nonconvex design
spaces and the existence of zero-one integer variables simplifying the computer
coding. Mathematical programming methods will find the optimum in convex
problems where there exists a single global optimum.

There are essentially three basic components necessary for the succesful imple-
mentation of a genetic algorithm. At the outset,there must be a code or scheme
that allows for a bit string representation of possible solutions to the problem. It
is assumed that the fibres oriented at 0° are represented as 1, at +45° as - 2,and
at 90° as - 3. Next,a suitable objective function must be devised,for instance in
the form given by eqn (1). The final component is the development of transfor-
mations functions,with the use of random variable generators, that mimic the
biological evolution process,i.e. recombination and mutation. The above three
factors may be easily adopted to the optimal design strategy for 2D thinwalled
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Figure 2: Comparison of optimal buckling loads.

composite structures.

However, it should be emphasized that the correctness of the genetic search as
well as the total number of iterations depend on various factors, such as: 1)
the number of multiple relative and local optima, 2) the length of the bit string
(equal to N/4) - for discrete optimization problems the better results can be
obtained as N increases, 3) the initial population size, 4) the probability and
number of crossover, 5) the probabilty of mutation, 6) the selection rule in the
recombination process. There is not known in advance how for a particular op-
timization problem the optimal values of the above factors can be selected or
prescribed.

4. Numerical implementation

The results presented herein were obtained for a graphite/epoxy plate having
the following material properties:

El = 127590130, E'z = 13.03GP0,,012 = 6410]30,, G13 = 023 = 0.5G12 (10)

The results of the numerical analysis are presented in Fig.2. The plots demon-
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strate the distributions of optimal buckling loads versus the geometrical ratio
a/b for the sandwich (t. = 0.8 t) and the composite (t. = 0) plates. As it may be
noticed the composite plate gives always the lower optimal buckling loads then
the sandwich one. On the other, Figure 2 shows also the influence of the plate
theories on the optimal design. The significant differences in values of critical
loads may be observed particularly for L-K and FSDT and HSDT, and much
lower between FSDT and HSDT. Of course, the differences in the values of the
optimal loads are also associated with the change of the optimal strings (the
optimal stacking sequences). It should be emphasized that the used version of
genetic algorithms seems to be very effective for solving the discussed class of
the optimization problems subjected to buckling constraints.
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STATECZNOSC SPREZYSTO-PLASTYCZNA
STALOWYCH RAM Z NIEDOSKONALOSCIAMI

J. MURZEWSKI
Katedra Teorii Niezawodnosci i Podstaw Konstrukcji Metalowych
Politechnika Krakowska, L-13, Warszawska 24, 31-155 Krakéw

Duzy redukcj¢ nosnosci spregzysto-plastycznych elementéw o $redniej smuklosci zaproponowano
uwzgledniaé przy pomocy probabilistycznie uzasadnionego wspoétezynnika wyboczeniowego (1) .
Dla oceny nosnosci calej konstrukeji przeprowadza sig osobne obliczenia w stanie spreZystym i plas-
tycznym, metody wspotczynnikow czgsciowych. Stosuje si¢ podejscie statycae teorii plastycznosai i
koncepcje momentdw rezydualnych zamiast metody przegubow plastycznydh. Definiuje si¢ momen-
ty zastgpcze Ms(Ns, Vs) dla obliczant warunkowego wspotczynnika bezpieczenistwa v, ramy w stanie
plastycznym z uwzglednieniem przechylu wstgpnego stlupow ¢, jako niedoskonatosci ukladu.
Okresla si¢ uklad obciazen niepowodujacych zginania dla obliczen nosnosci krytyczmej ramy dosko-
nale sprgzyste) z dopelniona niedoskonaloscia ¢ i1 oblicza si¢ drugi wspdlczynnik warunkowy ye.
W koricu definiuje si¢ uogdlniong smuklosc ramy A ioblicza lacy wspdlczynnik nosnosci g.

1. Wstep

Przypuszczalnic kazdy przypadek sprzgzoncj niestatecznosci sprezysto-plastycznej
clementoéw stalowych lub ukladow da si¢ sprawdzi¢ przy pomocy prostej formuly,
1

X = (M)
A

z odpowiednig definicjag wzglednej smuklosci A i specyficznego parametru niedosko-
nalosci n. Niewielkie niedokladnosci zachodza w poréwnaniu z normamni.

Wzér (1) ma podstawy probabilistyczne. Jego wyprowadzenie dla elementéw
osiowo $ciskanych przedstawiono najpierw w roku 1973 na kursie CISM w Udine,
a nast¢gpnie rozwijano we wielu pracach (Murzewski, 1977 itd). Parametr
imperfekcji n rowna si¢ odwrotnosci weibullowskiego wspdlczynnika zmiennosci.
Z badan statystycznych wynika, ze parametr n zalezy od smuklosci A, mimo to stale
warto$ci n=const wprowadzono do normy polskicj PN-90/B-03200 i wykalibrowano
dla wielorakich krzywych wyboczenia. Uogdlnicnic wzoru (1) na ramy przedstawio-
no m.in. na VI-ym Sympozjum Statecznos$ci Konstrukcji w Spale (Murzewski, 1991).
Ostatnio uwzglednione zostaly imperfekcje geometryczne konstrukcji ramowej i
obliczenia drugiego rzedu (Murzewski, 1996). Sprawy te rozpatruje sie w niniejszym
przyczynku 1 wprowadza si¢ kilka dalszych usprawnien obliczen.
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Symbol EC3 stosuje si¢ dla prenormy ENV 1993 czyli Eurokodu 3, a PN - dla normy
polskiej PN-90/B-03200. Indeks R - dla no$nosci, S zas - dla oddziatywan czyli efek-
tow obciazenia. Indeksy k 1 d dodaje si¢ dla oznaczenia wartosci charakterystycznych
i obliczeniowych. Granicg plastycznosci oznacza oy, a nie f, jak to jest w EC3.

2. Zmodyfikowane obliczenia na wyboczenie i zwichrzenie

Zredukowane wartosci wytrzymalosci o, 4/va. TOWNE s3 wartosciom obliczeniowym
f./y\. wedlug EC3, lecz interpretacja wspdlczynnika vy jest tu-odmienna. W nowym
ujeciu uwaza si¢ yy. za wspolczynnik niepewnosci modelu, a nie - za wspolczynnik

materialowy. Median¢ wytrzymalosci krytycznej - G, =nE/32 redukuje do wartosci
obliczeniowej 64 W takiej samej proporcji jak granice plastycznosci ,

Modul sprezystosci E=200 GPa=29000 ksi zostal ustalony w amerykanskiej metodzie

LRFD (Galambos i in., 1978) i t¢ warto$é uwaza si¢ za mediane E . Jest ona bardziej
dokladna niz 205 GPa wedlug PN i jeszcze bardzigj - niz 210 GPa wediug EC3/3.2.5.

E4=200/1,2 =167 GPa. &)

Norma EC3/5.5.1 okresla smuklo$¢ wzgledng A= A1(93,9¢) ze wspdlczynnikiem
g= */235/0Rd dla innych gatunkow stali niz Fe360. Koryguje si¢ ja wprowadzajac E4

i’:i‘/i&zi Ora . _* )
«VE =\yEs 837¢

Smukto$¢ wzgledng mozna zdefiniowaé nie tylko dla wyboczenia stupdw lecz takze
dla zwichrzenia belek. Okredla ja bardziej ogdlny wzor

x=1fﬁpl/ﬁq (5)

gdzie M, - wytrzymalo$¢ plastyczna belki zginane;j,

M., - granica zwichrzenia belki sprezystej (punkt bifurkaciji).
Polskic krzywe wyboczeniowe dla stupow i belek okresla wlasnie réwnanie (1). Jest
ono prostszc niz rownanic Ayrton-Perry’ego przyjete przez EC3 /(5.46)

1

X:
O+ D2 - 22

leczy <1, gdzie ®=0,5[1+a(r -02)+ A12]. (6)
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Jesli wspdlczynnik wyboczeniowy y, jest okreslany rownaniem (1) i wykladnik n jest
odpowiednio wykalibrowany, to roéznice pomigdzy wartoSciami (6) wedlug EC3
inowymi wartosciami y sa niewiclkie. Parametry imperfekcji o wedlug EC3
i odpowiednie wartosci n sa podanc w tablicy 1 dla curopejskich krzywych
wyboczeniowych a, b, ¢, d; takie sa tam parametry n dla polskich krzywych
wyboczeniowych a, b, ¢, oraz wartosci n - dla krzywych zwichrzeniowych a,, a.

Tablica 1. Parametry imperfekgji dla stalowych elementéw konstrukcyjnych

Krzywa a a b c d Norma
wyboczeniowa 0
o - 0,21 0,34 0,49 0,76 EC3
n - 2,2 1,6 1,3 1,0 EC3
n 2,5 2,0 1,6 1,2 - PN

Wartosci n s3 wykalibrowane przez kolokacje dwéch krzywych (1) i (6) w punkcie
*=1, czyli x =93,9/83, =1,12. Krzywe wyboczeniowe (1) sg gladkie, niec ma sztucz-
nie zdefiniowanej wartosci stalej y = 1 dla 2 < 0,2 Jak to ma miejsce w EC3.

3. Niestatecznos¢ plastyczna

Analiza plastyczna wedlug EC3 nie daje doktadnych i bezpiecznych rozwiazan, bo

e podejscic kinematyczne daje zawsze krcs goérny nosnoéci graniczngcj,
o erozja (cfckt sprezysto-plastyczny) zmniejsza nosno$¢ graniczna,
o nic uwzglednia si¢ konsekwencji zniszczenia przy calkowitym zawaleniu.

Natomiast metoda statyczna teorii plastycznosci daje kres dolny no$nosci granicz-
nej. Koncepcja momentéw rezydualnych M, zast¢puje metode przegubdw plastycz-
nych. Obwiednia momentdw zastepczych Ms.(Ms,Ns, Vs) potrzebna jest do redystry-
bucji plastycznej. Najbardziej niekorzystny przypadek obciazen powinien by¢ wybra-
ny do wyznaczenia warunkowego wspolczynnika bezpieczenstwa z uwzglgdnieniem
wspolczynnikow interakcji i wspdlczynnikéw kombinacji. Wynosi on:

¥, = min M Mg ), Mre=Cpra Wy, D

Minimum bierze si¢ dla przekrojow krytycznych, gdzie wystgpuja ekstrema Ms. 4.
Sily wewngtrzne Mgy, Nsy, Vsq 1 odpowiedni moment zastgpczy (Murzewski, 1995)
oblicza si¢ dla obciazen, ktdérym towarzysza ,,urojone” sily poziome Hy=P4.9,.
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4. Niestatecznos¢ sprezysta

Bifurkacj¢ rownowagi ramy doskonale sprezystej mozna wyznaczy¢, gdy dzialaja
tylko sily podluzne Ng4 w elementach ramy, czyli:
Mg =0, Vgq=0. (8)

Tak wigc uklad obcigzen trzeba zmodyfikowa¢. Reakcje podporowe Ng; nic moga by¢
wzigte z obliczen statycznych dla pelnego obciazenia. Dodatkowe, idealne sily
powinny zapewni¢ rdwnowagg nie tylko obciazen pionowych P;, lecz takze momentu
dzialania wiatru W 1 innych sil ze wzgledu na podstawe ramy. Prostym
rozwiazanicm dla ram wiclonawowych jest liniowy rozklad reakcji pionowych od
stupa do stupa (Rys.2). Jesli jest n stupéw w réwnych odstepach, to reakcje wynosza

1 12(xj-b/2) n-1

st —'_-;Zpi +

b2 nmen Ww T0ZRi ), j=12..n, 9

gdzie Pj=y_ G, + WYy Qki - charakterystyczne obciazenia pionowe stale i zmienne,
Yo Yo Yo~ wspolczynniki obcigzenia, Vo Wy - wspdlczynniki jednoczesnosci.
1 * 4 l—a=¢n

vol]

-\F—H = e | T

A A Vi ... ==

——
-

Rys.2. Bezgigtny uklad obcigzen dla obliczen statecznodci sprezystej
Fig2 Bendingless load arrangement for elastic instability analysis

Metoda wspdlczynnikéw czgSciowych i niedoskonalosci geometryczne sprawily, ze

obliczenia statecznosci sprezystej sq trudniejsze, a w szczegdlnoscei trzeba:

o ustali¢ dwie wspdlrzedne kazdej sity pionowej x:, z, zamiast jednej wspolrzednej
Xp jak potrzebne bylo dotychczas,

e sprawdzi¢ wigcej kombinacji obcigzen, bo nie wiadomo z goéry czy dolne czy gor
ne wartosci obciazen stalych ani to, ktore obciazenie zmienne jest dominujace,

o dopelni¢ niedoskonalo$¢ geometryczng ¢ dla ram przesuwnych. Dotychczasowe
metody iteracyjne sg pracochlonne i niedokladne.
Ostatnie zastrzezenie usuwa metoda nieiteracyjna (Murzewskd, 1996). Ostateczny

przechy! ustala si¢ w jednym ctapie obliczen wzorem:
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6= do +Y wOwWwWi

= (10)
1-7686Gyk —71dqwqQk

gdzic 5 - ZSQ d , - przechyl na skutek jednostkowych sil poziomych G=1,v Q=1, W=1.

> TW
Ostateczng warto$¢ przechylu ¢ da si¢ ustali¢ po wyborze vg (wg EC3: 1,0 czy 1,35 ?)
1 dominujacego obcigzenia zmiennego (\pQ=1 albo w =1 7). Wspdlczynniki y 1
trzeba tak wybrad, zeby reakcje shupéw byly najwicksze

mix Ny =agv76 G HagY Qe +9 (bav 7o G +bn Qo Qc +oun ywyw W) - (11

gdzie a_ ,a o~ reakcje stupow na skutck jednostkowych sil pionowych,

O b o’ b, - reakcje stupéw na skutek jednostkowych sil poziomych.
Wspolczynnik bezpieczenstwa ze wzgledu na niestateczno$é sprezysta wynosi
Yer =Nergd /ma-‘NSd (12)

gdzic N, - krytyczna sila pionowa ramy doskonale sprezystej w stanie bezgietnym.

5. Uogoélniona smuklosé¢ wzgledna

Wz6r (1) mozna zastosowaé dla og6lnej nicstatccznosci ramy, jesli wprowadzi si¢
uogdlniong definicje smukloéci wzgledne;j A . Poniewaz uklad obcigzen ramy w sta-
nie spr¢zystym nie jest podobny do ukladu obciazen ramy w stanie plastycznym, to
wzory (4) i (5) nie mogq by¢ zastosowane. Wprowadza si¢ nowa definicje

=Y p1/Yer (13)

Warunkowe wspdlczynniki bezpieczenstwa dla niestatecznosci plastycznej i spre-
zystej sg okreslone wzorami:

Yot =Rp1a/ Spra oraz v =R o/ S g (14)

Spids S - dwa niepodobne uklady dzialan G, Q; ze zréznicowanymi wspdlczyn-

nikami obciazen v; i jednoczesnosci v; ,

Rg1 &= Miyg, Rir g = Nerg- Wartoéci obliczeniowe granicy statecznosci ramy plastyczngej

1 sprezystej, przy zalozeniu, ze skladowe obciazenia rosng proporcjonalnie.
Wspolczynniki wytrzymalosci yg dla plastycznego i sprezystego sposobu znisz-

czenia sa réwne (2), dlatego R, i, R« moga zastapi¢ R 4, Rer 4 , 0dpowiednio. Nie

ma takiej mozliwosci w przypadku S, 4, Sir ¢ , poniewaz poszczegélue skladowe

-215-



ukladu obciazen sa przemnozone przez zrdéznicowane wspolczynniki czesciowe. Nos-
no$¢ sprezysto-plastyczng konstrukeji Ry ocenia sig stosujac x(i) wedlug wzoru (1)

Rq=% R4 (15)

Jesli konstrukcja jest bardzo wazna, to stosuje si¢ wspolczynnik czg¢sciowy v
przewidywany w metodzie polprobabilistycznej projektowania ENV 1991,

Ry/(Ym¥1) 2 Mseyq - (16)
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Summary

ELASTIC-PLASTIC INSTABILITY
OF STEEL FRAMES WITH IMPERFECTIONS

Excessive reduction of ultimate limit resistance of elasto-plastic members of medium
slenderness has been assessed by means of a probability-based buckling factor (. ). Both
plastic and elastic analyses are necessary for evaluation of resistance of the whole structural
system in partial factor format. Statical approach of plasticity is applied with residual moment
concept instead of plastic hinge notion. Effective moments Ms(Ns, Vs) and initial sway ¢, of
the frame are defined for evaluation of a conditional safety factor y, related to plastic collapse.
Bendingless load arrangement is defined for evaluation of critical load of perfectly elastic
frame with amplified imperfection ¢ and another conditional safety factor yq is derived. Final-
ly, the slenderness ratio A is extended to frames and the joint resistance factor yr is evaluated
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UNIFORM CRITERION FOR GEOMETRICAL UNCHANGEABILITY
AND FOR INSTABILITY OF STRUCTURES

J.B.OBREBSKI
Institute of Structural Mechanics, Warsaw University of Technology
Armii Ludowej 16, 00-637 Warsaw, Poland

The paper presents some recent author experiences concerning application of the uniform
criterion to evaluate the geometrical unchangeability and instability of structures.It was applied
well known condition, that the main determinant of the structure equilibrium equations should
be equal zero. Some applications of the above criterion to analytical and to numerical
approaches, for different problems are quoted, supported by some examples and comments. It
facilitates to consider the evaluation of proper choice of structure scheme by application of
computer programs. It is possible to determine a critical loadings analytically but also to estimate
critical loading for complicated space bar structures, numerically.

1. Introduction

After long exploitation of the programs made by the author [7-8,15], and on the
ground of wide overview of literature, it can be expressed an opinion, that the most
general, efficient and effective condition of evaluation of critical loading 1s
comparison to zero of the main determinant of a set of equations describing
equilibrium state of a structure.

On the other hand it should be remembered, that in the case of geometrically
changeable structure, we always have the main determinant of its stiffness matrix (as

whole), det(K)=0-
On these above observations, we can draw the following conclusions.

Conclusion 1. The structure, which in unloaded state, has geometrically
unchangeable scheme and det(K)=#0, can under loading p with frequencies of
free or forced vibrations (, and/or geometrical supports loadings, reach state
when det[K(P,w)]=0, What means simultaneously its instability, but also
possibility to have certain mechanism of motion, similar to geometrically
changeable structure behaviour.

From above conclusion follows the next one.
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Conclusion 2. In each case the fact, that main determinant of the equilibrium
equations of the structure is equal zero, det(K)=0, means that structure has
possibility to reach mechanism of motion. If it is unloaded structure, it means
that it obtains a geometrical changeabulity of its sheme, and for loaded one -
state of critical loadings.

Described above conclusions are valid for problems of any kind of analyses:
- statics, dynamics, stability, dynamical stability;
by any type of loadings:
- statical, dynamical, by influences of any kind of external media [10,12,13,
15];
by any type of solutions:
- analytical solution of differential equilibrium equations (EE),
- by analytical solutions of finite differences EE,
- by numerical displacement methods: FEM [7-9,11,16-18], Difference
Matrix Equilibrium Equations (DMEM), [7-9,11,14).

From mathematical point of view, condition det(K)=0 for EEs of type kx=0Q,
means that (nodes) displacements can be infinite, [7-9,13,15].

By analytical approaches, calculations of the determinant of the matrix follow well
known mathematical way. In numerical applications value of matrix determinant can
be obtained in the easiest way during execution of sequencial Gaussian elimination

N
procedure, where: D=det(K)=H K'(,i) and ki 1)y are the first elements in the first
i=1
row of eliminated matrix, before each i elimination step [6,7]. The same can be
obtained in similar way by matrix inversion by also Gaussian method.

2. Evaluation of geometrical unchangeability of structures

There can be mentioned some other approaches to evaluation of geometrical
unchangeability of first of all space bar structures.

O Evaluation of the order of stiffness matrix g (equal of N - number of unknown
displacements), [3,4], applied succesfully by J.Karczewski [3].

0 Evaluation of geometrical unchangeability on the ground of geometrical conditions,
elaborated by J.B.Obre¢bski, and published in [7,1]. It was well proved in WDKM
program system [8,9,14]. There were formulated 13 geometrical conditions checked
in given sequence, which permit to discover place (node, bar), and reason of defect
of the assumed structure scheme. Itis very useful in practical computations, especially
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from users point of view.

O The most general method for evaluation of existance of motion mechanism is just
condition det(K)=0- It can be applied in any case as it was mentioned in chapter 1.
But from author’s experience follows, that it could happen, that for the structure
geometrically changeable, for the reason of numerical errors, we can obtaindet(X)#0
(small value of det(X))- Such possibility should be also numerically in program
eliminated [7-9]. Moreover, this approach is very easy in application and very
efficient. The next weakness of the method is to general information, not explaining
the reason of scheme defect.

3. Evaluation of critical loading

The problem has very wide literature. It can be shown in quoted references e.g.
positions {2,5-18]. Now we try to clasify some approaches.

3.1. Determination of critical forces by analytical approach

There can be mentioned many analytical methods, but here will be discussed only
those, which are based on condition det(K)=0.
O Main determinant of differential EEs, 1s applied in classical solutions mainly for
single bars. There are assumed functions describing displacements of bar axis,
satisfying bar boundary conditions. It can be applied for bars with full and thin-
walled, homogenous and composite cross-sections [14,15]. In the case, when we
know warping function of cross-section, we can obtain critical forces from:
longitudinal tensioning or compressing force; from bending moments and bimoment
e.g. [13,15]. The last is possible not only for thin-walled bars.

This method can be applied not only for statics, but also for dynamics [5], and for
dynamical stability [10,12,13]. Typical result for the last case is shown in the Fig.3.1.
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13,

Fig.3.1. Critical forces and cigen values for frecely supported bar [10,12,13]
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O Main determinant of finite differences EEs, [2,15], gives set of M algebraic linear
equations, where M - is the number of assumed unknown displacements. It can be
applied for bar loaded by set of forces and with variable cross-sections. In analytical
solution is possible to obtain results by hand-calculations.

3.2. Evaluation of critical loading by numerical approach

The method can be applied by numerical application of any edition of the
displasement methods: FEM [14,16-18], DMEM [7-9,14] or by Finite Differences
Method (FDM) [15]. In all cases we calculate in iterative way value of the D=detK -
For the reason of extremely high value of computed number p, it can be
"normalised” on some ways e.g. [7-9,16-18]. The method is oriented on large space
bar structures [7-9,14]. But first of all the programs [7-9,14] were strongly tested on
the classical compressed bars, where are well known analytical results.

The quoted figures 3.2 and 3.3, present some diagrams with obtained results for
testing examples. @ - computed values, N - number of iteration
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Fig.3.2. Displacements for middle point (B) of compressed bar, by given small imperfection,
(displacement of support A) [7]. and by particular compressing forces, large displacements of nodes
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4. Final remarks

As 1t follows from very short review above, application of the condition D=detk=0
in any cases means abnormally large structure displacements, in other words its
mechanism. For very large structural systems there appears a time barrier, by
iterative computation of D value, especially when is applied nonlinear procedure
with matrix g composed for actual structure configuration. Numerical version of the
method can be applied for any structure analysed by some version of displacement
method.

Some of the numerical examples quoted above were done in the years 1978-1985
in the frames of projects supported by central programs coordinated by Polish
Academy of Sciences.
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STATECZNOSC WIELOWARSTWOWEJ PLYTY KOMPOZYTOWEJ Z
WLOKNAMI Z PAMIECIA KSZTALTU

W. OSTACHOWICZ, M. KRAWCZUK, A. ZAK
Polska Akademia Nauk, Instytut Maszyn Przepbwowych
ul. Gen. J. Fiszera 14, 80-952 Gdansk, Poland

W pracy przedstawiono model wielowarstwowej plyty kompozytowej z widknami z pamigcia
ksztattu. Badano wplyw aktywacji sit ww. widknach SMA (Shape Memory Alloys) na statecznosé
plyty. Przedstawiono zaleznosci pomigdzy napr¢zeniami i odksztalceniami dla pojedynczej cienkiej
warstwy kompozytu, a nastgpnie opracowano specjalny element skonczony dla wielowarstwowe;j
plyty. Wyniki badan wskazuja na znaczny wplyw aktywacji widkien na statecznosé piyty.

1. Wprowadzenie

W  pracy przedstawiono zaleznosci pomiedzy naprezeniami i
odksztalceniami w cienkiej warstwie kompozytu z widknami SMA (Shape Memory
Alloys) i wplyw aktywacji tych widkien na stateczno$¢ wielowarstwowej plyty.
Réwnania réownowagi wyprowadzono na podstawie metody elementéw skonczonych.
Plyta jest modelowana o$miowezlowymi elementami skoiczonymi o pigciu stopniach
swobody w kazdym z wezldw (trzy przemieszczenia translacyjne i dwa rotacyjne). Do
modelowania zaréwno przemieszczen translacyjnych jak tez rotacyjnych zastosowano
bi-kwadratowe funkcje ksztaltu.

W literaturze przedmiotu spotyka si¢ niewiele prac poswigconych temu
zagadnieniu. Zhong, Chen oraz Met [5], zastosowali metode elementdw skonczonych
dla zagadnienia statecznosci i pracy po utracie statecznosci plyt kompozytowych
wzmacnianych widéknami SMA. Ro i Baz [3] wyprowadzili fundamentalne réwnania
opisujace plyty wzmacniane wldknami Nitinolu. Wykorzystujac metod¢ elementdw
skonczonych opisali charakterystyki dynamiczne rozwazanego ukladu.

W niniejszej pracy przedstawiono model bardziej ogdiny. Wyniki obliczen
numerycznych poréwnano z wynikami obliczen analitycznych.

2. Fizyczne i mechaniczne wlasnosci widkien z pamigcig ksztaltu

Wlasnosci fizyczne i mechaniczne stopéw z pamigcia ksztaltu (SMA) w
znaczacym stopniu zaleza od temperatury i naprgzen poczatkowych [2]. Zmiany
temperatur oraz napr¢zen poczatkowych powoduja zmiany udziahu frakcji martenzytu
w obj¢tosci stopu. Podczas przemiany martenzytycznej frakcja martenzytu & w stopie
SMA moze by¢ opisana nast¢gpujacymi formulami [2]:

- dla procesu chlodzenia:
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T<T, &=L T>T, & =1l-exp[by(Ty-T)+c, 0 (1
- dla procesu grzania:
T> ’I;m éd = 0’ T <Tsm E‘dd = exp[ba('rsa —T)+Ca Geﬂ'] (2)

gdzie: T oznacza biezaca temperatur¢ drutéw wykonanych ze stopu z pamigcia
ksztaltu, T,, oznacza temperatur¢ poczatkowa fazy austenitycznej, T, jest
poczatkowa temperaturg fazy martenzytycznej, by, Cn, b, 1 ¢, s3 wspolczynnikami
zaleznymi od temperatury 1 wlasnosci materialu natomiast . oznacza napr¢gzenia
efektywne w stopie SMA. Wspoélczynniki by, ¢y, b, i c, przedstawiamy w postaci:

. In(0.01) . _ by b, = In(0.01) ‘. _b, G)
Tsm - Tfm dm Tsa - Tﬁx da
gdzie Tg, i Ty oznaczaja koncowe temperatury przemiany martenzytycznej i
austenitycznej, d, i d, sq stalymi, ktore okreslaja nachylenie krzywych opisujacych
odpowiednio przemiang martenzytyczng i przemiang odwrotna.
Zakladajac, ze obydwie fazy (martenzytyczna i austenityczna) sa izotropowe,
fizyczne i mechaniczne wlasnosci stopdw z pamiecia ksztaltu SMA mozna opisaé w
postaci liniowej zaleznosci od frakcji martenzytycznej [1}:

M=tM, +(1-8)M, CY)

gdzie indeksy m oraz a okreslaja odpowiednio faz¢ martenzytyczng i austenityczna.
W niniejszej pracy przyj¢to nastgpujace dane (dla Nitinolu Ni - 44.8 %)

E. 30.0 [GPa] Tom 23.0 [°C]

E. 13.0 [GPa] Tén 5.0 [°C]

v 0.33 Te 29.0 [°C]

o, 12.5.10%[1C] | Ta 51.0 [°C]

O 18.5.10° [1°C] |dm 11.3 [MPa/°C}
d, 4.5 [MPa/°C]

3. Opis zagadnienia

Model wielowarstwowej plyty kompozytowej z widknami z pamigciq ksztaltu
przedstawiono na Rys.1. Kazda warstwa plyty zawiera wlokna grafitowe o zaloZzonej
orientacji. Widkna z pamiecig ksztaltu sa rozmieszczone w plaszczyznie srodkowej
plyty.

Przemieszczenia pojedynczej warstwy plyty sa opisane zwigzkami (5).
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Rys.1. Model wielowarstwowej plyty kompozytowej z widknami z pamigcia ksztattu,

Fig.1. A model of a multilayer composite plate with SMA fibres.
u(x,y,z) =u, (\ y) +z E(x,y)

v(x.y.2) = v, (x,y) + 2 B(x,y)
w(x,y,2) = w(x,y)

)

W zwiazkach (5) uy, vo oraz wy 0znaczajq przemieszczenia w plaszczyznie srodkowej,
natomiast pozostale czlony w dwoch pierwszych zwiazkach opisuja obroty. W
rozwazanym przypadku zastosowano plytowy prostokatny element skoriczony o
symbolu PBQ8 [6]. Wspomniany element ma osiem wezlow i pigé stopni swobody w

kazdym wezle.

Zakladajac, Ze rozpatrywana plyta sklada si¢ z N warstw, rownania

konstytutywne dla k-tej warstwy przyjmuja postac:

) [ g, +zx, —o, AT ]
(o'x Xo X x
o, gy, +ZK, -0, AT
<O’YZ}=[6K]< 8)'1 &
C, € |
chyJ Le’% +ZK,, —Ea"y AT

gdzie o, o i oy 0znaczaja wspolczynniki rozszerzalnosci cieplnej, oraz:

(6)



(Kx =00 €y, = 04U €y = %(&—+ axw)
— | /—
1Ky :ayﬁ €y, =6yvo €, =5([3+ayw) @)
1y, — .= 1
Lny =—2~(8ya+6x[3) €1, =5(6yuo +6xvo)
Macierz [Gk] przyjmuje znang postaé [4].
Rownanie réwnowagi wyprowadzono na podstawie zasady prac

przygotowanych. W przypadku plyty kompozytowej symetrycznej wzgledem
plaszczyzny srodkowej 1 nie posiadajacej sprzgzen pomigdzy silami membranowymi
oraz w plaszczyznie zginania, energia sil wewnetrznych dla plytowego elementu
skonczonego zostala przedstawiona w [4].

Praca sil w plaszczyZnie srodkowej plyty, wiaczajac w nie takze sily aktywacji
wiokien wykonanych ze stopu z pamigcia ksztaltu, obciazenia cieplne spowodowane
nagrzewaniem drutow SMA a takze obciazenia od sil zewngtrznych sa sformulowane
nastepujaco [3]:

N
W, = -21-; h, f{ [Nx (0,w)" +N, (ayw)2 +2 N, 0,W ayw} dA (8)
<= (A)

gdzie: N, =P, +P -F,, N, =P, +P N =P +P_. P, orazP_

Wy yxy xy

oznaczaja sily Sciskajace od mechanicznego i cieplnego obciazenia plyty w
kierunkach x, y orazxy. F, oznacza calkowite napiecie we widknach wykonanych z

Nitinolu. Obciazenia cieplne sg opisane zaleznoscia [4]:

[ 3
Pk N OB %
P, =ZI[Qk]< a, +ATdz. 9)
P k=lh,_, 1
by L‘E(Xxy
gdzie: o =0y m? to, n2, o, =0, m® +a, n?, oaxy=(ocl-—oc2)mn,

m=cos(6), n=sin(0).
Wspomniane obciazenie cieplne jest wywolane zmianami temperatury AT,
spowodowane aktywacjq 1 dezaktywacja wiokien Nitinolu.
Stosujac standardowe algorytmy metody elementdw skonczonych tworzymy
macierze sztywnosci i sztywnosci geometrycznej elementu a nastepnic calej plyty.

- 226 -



4. Obliczenia numeryczne

Okreslono warunki utraty statecznosct plyty w funkcji temperatury. Oznaczajac
temperaturg, przy ktorej nastapi utrata statecznosci przez T., réznice temperatur w
zwiazku (9) zapisujemy w postaci:

AT=T,_ -T, (10)

gdzie: Ty oznacza temperatur¢ otoczenia. Stosujac zasady formowania rdéwnan
rownowagi w metodzie elementéw skonczonych na podstawie zwiazkoéw wyzej
opisanych zwiazkdow otrzymujemy:

(]~ [K ] [Ka] - [Kee]) {a} = {0} (11)

gdzie [K,] oznacza macierz sztywnosci rozwazanej ptyty kompozytowej, [Kgn], [Kyl
oraz [Kg] macierze sztywnosci geometrycznej, przy czym indeks m dotyczy sit
obcigzenia zewnetrznego (dzialajacego w plaszczyznie Srodkowej plyty), indeks ¢
obciazenia cieplnego oraz indeks f sil napigcia, ktoére pojawiaja si¢ w wyniku
aktywacji wiokien Nitinolu.

Obliczenia numeryczne przeprowadzono dla plyty wspornikowej oraz dla
plyty swobodnie podpartej na wszystkich krawedziach.

5. Whnioski

Wyniki obliczenn numerycznych ilustruja wplyw temperatury widkien z pamiecia
ksztaltu na statecznos¢ rozwazanej plyty.
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BUCKLING OF A MULTI-LAYER COMPOSITE PLATE WITH SMA
FIBRES

Summary

The paper illustrates the stress-strain relationships for a thin composite lamina
with embedded SMA fibres and their influence upon changes in buckling behaviour
of a composite multi-layered plate. Governing equations based on the finite element
method are presented in the paper. The plate is modelled by plate finite elements
with eight nodes and five degrees of freedom at each node (i.e., three axial
displacements and two independent rotations). For both axial displacements and
independent rotations biquadratic shape functions are used.

Mechanical and physical properties of SMA (shape memory alloys) fibres
strongly depend on temperatures and initial stresses [2]. Changes in temperatures
and initial stresses involve the grow or decline of the martensite fraction in the alloy.
During the martensite transformation the martensite fraction & in the alloy can be
described by Eqs.(1) and (2) for cooling and heating processes, respectively.

A multi-layer composite plate containing SMA fibres is considered, as it is
shown in Fig.1. Each single composite lamina the plate has an arbitrary orientation
of graphite fibres while SMA fibres are embedded only in the neutral plane of the

plate. By considering a lamina composed of N laminae, the k™ lamina of the
laminate has constitutive relations (6), where o, o, and o, are the coefficients of

thermal expansions, and other parameters are described by (7). The matrix [.Qk] has

a well known structure [4].

The equation of motion can be derived from the principle of virtual work.
For the plate that is mid-plane symmetric, and has no coupling, the strain energy
stored in the plate finite element is given in [4].

The in-plane forces which include the recovery forces of the Nitinol fibres,
the thermal load induced by heating the Nitinol fibres and the external in-plane loads

are formulated in (9), where P, and P, . denoting the compressive in-plane
mechanical and thermal loads in x, y and xy directions. F,, denotes the total tension

developed in the Nitinol fibres. The thermal load P, is given by Sierakowski [4].

Applications of SMA Nitinol fibres to control buckling of the composite plate
have been successfully demonstrated in this paper.
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ZACHOWANIE LINIOWO LEPKOSPREZYSTYCH PLYT
PIERSCIENIOWYCH PRZY OBCIAZENIACH ZMIENNYCH

D.PAWLUS
Katedra Podstaw Budowy Maszvn
Politechniki Lédzkiej Filii w Bielsku-Bialej
IVillowa 2, 43-300 Bielsko-Biala, Poland

Przedmiotem analizy jest zagadnienie statecznosci dynamicznej pht pierscieniowych wykonanych z
materiatu liniowo lepkosprezystego. Plyta obciaZona jest w plaszezymie srodkowej cisnieniem o
zmiennej wartosct w czasie. Zagadnienie ugiec phty rozwiazano wykorzystujac standardowa teorie
pht cienkich, przyblizona metode Bubnowa-Galerkina 1 metode réznic skonczonych. Wiasnosci
fizyeme materiatu phty opisano zalemosciami operatorowymn o charakterze czasowym dla dwu
modeli reologicamych: Kelvina-Voigta i Maxwella. Przeprowadzono obliczenia numeryeme
zwracajac szezegblng uwage na wphyw wzajemnego udziatu fazy lepkiej 1 sprezystej materiatu phty

na jej "zachowanie".
1.Wstep

Trwajacy rozwdj inzynierii materialowej wraz z szerokim zastosowaniem
materialow konstrukcyjnych do pracy w warunkach duzych obciazen i wysokich
temperatur wymaga prowadzenia zaréwno badan dos$wiadczalnych, jak i
poszukiwania nowych teorii opisujacych zachowanie materialéw.

Stosowaniec w opisie wlasnosci mechanicznych cial rzeczywistych modeli
idealnych cial prostych, jak np. cialo spregzyste Hooke'a obecnic jest juz dalece
niewystarczajace. Obok sprezystych czy plastycznych cech materialu badanego
koniecznym jest uwzglednienie wplywu efektu czasu, wyrazonego dodatkowymi
lepkimi jego wlasnosciami. Budowa nowych modeli w wyniku laczenia modeli
idealnych cial prostych przybliza material rzeczywisty i jednocze$nie sklania do
ponownego zbadania zagadnien rozwiazanych za pomocg powszechnie stosowanej
teorii sprezystosci.

Przyjetym w pracy problemem wiodacym jest zagadnienie statecznosci
dynamicznej plvt.

2.Postawienie zagadnienia
Przedmiotem analizy jest pierdcieniowa plyvta z materialu lepkosprezystego, ktérej
brzeg lub oba brzegi obciazano w jej plaszczyZnie $rodkowej réwmomiernic

rozlozonym ci$nieniem o zmiennej wartosci w czasie (rys.1).  Przypadkiem
podstawowym jest obcigzenie liniowo rosnace w czasic:
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Rys.1. Schemat phyty pierscieniowe;.
Fig.1. The schema of ring-shaped plate.

Rozw¢j stanu gietnego plyty wskutek przyjetej wstepnej imperfekcji jej
powierzchni Srodkowej $ledzono od chwili poczatkowej jej obciazania wyznaczjac
Krytyczne wartosci czasu, ci$nienia i maksymalnego ugiecia w momencie utraty
statecznosci plyty. Jako kryterium dynamicznej utraty statecznosci plyty przyjeto [3].
1z nastapi ona w chwili, gdy punkt maksymalnego jej ugi¢cia osiagnie po raz
pierwszy najwigksza predkosé.

Poniewaz mozliwe wartosci ugie¢ plyty traktowanej jako element cienki wynosza
do kilku jej grubosci narzuca to koniecznos$¢ przyjecia w rozwiazaniu nieliniowych
zwiazkdw  geometrycznych  ograniczonych jednakze do przypadku, tzw.
umiarkowanie duzych ugieé.

Fizyczne wlasnosci materiatu plyty okreslono bazujac na modelowej interpretacji
osrodka liniowo lepkosprezystego, ktérego charakterystyczne wilasnosci sprezyste i
lepkie s efektem oddzialywania ukladu - sprezyny i ttumika o charakterystykach:

de
o(t) = E g(t) o(t) =7 m (2)
E - modul sprezystosci [Pa] n — modul lepkosci [Pa- s]

Obliczen numerycznych dokonano dla dwu podstawowych modeli rcologicznych
opisujacych material plyty: modelu Kelvina-Voigta i modelu Maxwella.

W zapisic matematycznym cechy materiatu plyty wyrazono operatorowa postacia
zwiazkow fizycznych [1] liniowego osrodka lepkosprezystego.
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Wyznaczono zastgpczy wspolczynnik Ez sprezystosci podluznej 1 zastgpczy
wspolczynnik vz Poissone'a:
E.( _8_} __ 300, ( 3 ) _ R2,-RQ, )
\&r/ RO, +2R0, &t/ RO, +2R0,
gdzie: P.Q, 1 P,,Q, - operatory dewiatorowe 1 dylatacyjne okreslone dla danego
modelu reologicznego [1] wykorzystujac odpowiednie stale sprezyste E' » E" oraz
stale lepkosci ', ' materiatu.

3.Rozwigzanie zagadnienia ugi¢é pierScieniowej plyty lepkosprezystej

Ugigcia plyty pierscieniowej opisuje nieliniowy uklad réwnan rézniczkowych
[B1.[+].[2]:
D [ Li(w+2 La(w)+L3(w) ] =h Ly(w, @) - ph wy,

L (D)+2 Lo(P)+L3 (@) =-0.5 E [ Ly (w,w)-Lyg (w5 ,Wo) ] 4)

gdzie: Ly, L, L3, L, - operatory opisujace zaleznosci ugie¢ i funkcji naprezen;
D - sztvwnos¢ phytowa;
h - grubos¢ plyty;
p - masa wlasciwa materialu phyty;
W, W) ,W, - ugiecie calkowite, dodatkowe i wstepne plyty;
@ - funkcja naprezen;
t - czas;
wyprowadzony - przy spelnionych zalozeniach Kirchhoffa-Love'a nakladajacych
ograniczenia na deformacje i stan napr¢zen ustroju powierzchniowego plyty - na
podstawie:
- rownan réwnowagi dvnamicznej;
- zwiazkow geometrycznych nieliniowe;j teorii ptyt Kirmana;
- zZwigzkow fizycznych uogdlnionego prawa Hooke'a.

Zastosowanie przyblizonej metody Bubnowa-Galerkina do wyeliminowania
zmiennej katowej 0 1 metody réznic skonczonych do wyeliminowania wspdlrzednej
promieniowej r poprzez dyskretyzacj¢ w N punktach wzdluz jej promienia; sprowadza
uklad réwnan rézniczkowych (4) po wykorzystaniu operatorowego zapisu wielkosci
materialowych Ez , vz (3) do nastgpujacej postaci:

4
12 'l-%“ b' 03Uy =12 0;Q -0, [ Ly(u);+ kyLs(u)+ ks ¢ u,]
2
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Baol (—?_] a = “ (
0
B.O, (‘;‘) Y, = O, ij

B.O, ( JY 0O, (6_) (3)
gdzie:

U, Y.,Y, Y. - wektory ugiecia dodatkowego u; 1 skladowych ya; . ¥, . Vo pravjete)
funkgji naprezen w punktach dyskretvzacjii=1,....N;
Q. X. ., X, X. - wektory odpowiednich wyrazen ugigC i skladowych stanu naprezenia;
B. ,B, B. - macierze o elementach wyrazonych wielkoscia a;=b/p; ( b-dlugosc
podprzedzialu w metodzie dyskretyzacji. p—bezwymiarowy promien plyty):
Oy, O,, O3, O4 - operatory okreslone dla danego modelu reologicznego osrodka
liniowo lepkosprqzwstego wyrazone wielkoéciami stalvch sprezystych E. E' i
lepkich materialu ' , n" ;
k;, ks - wspolczynniki: k;=2m?2+ 1 »=m?2 (m?2 -4 )

m - liczba sfalowan poprzecznych w kierunku obwodu plyty.

TN
JO

o

4.Wyniki obliczen numerycznych

Zachowanie plyty, tzn. sposob jej reagowania na zmienne, zadane warunki jej

pracy przeanalizowano biorac pod uwagg:

- zmienng geometri¢ plvty;

- rozny uklad podporowy;

- zmienne wartosci i posta¢ funkcji p=f(t) dvnamicznego obciazenia zewngtrznego;

- mozliwa postac ugigc plyty w chwili utraty jej statecznosci dla réznych wartosci m
fal;

- rozny typ modelu reologicznego opisujacego materiat plyty: model Kelvina-Voigta i
model Maxwella;

- wlasno$ci materialu plyty ujgte zmieniajacym si¢ udzialem faz skladowych, tj. fazy
lepkiej 1 fazy sprezystej.

Jednym z waznych spostrzezen (Rys.2) wydaje si¢ zaleznosc, iz wraz ze wzrostem
lepkosci materialu plyty (spadek wartosci parametrow materialowych K1, K2, K3)
wydluza si¢ krytyczny czas utraty jej statecznosci ty, (okreslony dla wyrdznionego
punktu wykresu £jma=f (t*) ) 1 rosnq wartosci dvnamicznych obciazen krytycznych
P*krdyn Okreslonych w chwili utraty statecznosci plyty.



10.00
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rodel Haxuella
Rys.2. Wplyw udzialu fazy lepkiej materiaku plyty na przebieg krzywych & max=1 (t*)
Clmax - bezwymiarowe, maksymalne ugiecie dodatkowe plyty - bezwymiarowy czas
Fig.2.The influence of value of viscosity constant to run of curve Jmax=F (t*).
C1max - nondimensional, maximum deflection t*- nondimensional time
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Summary

THE BEITAVIOUR OF VISCOELASTIC RING-SHAPED PLATE UNDER
VARIABLE LOAD

This paper presents the dvnamic stability of viscoelastic ring-shaped plate. The
plate is thin and isotropic and is subjected to compressive lateral stress which is
evenly distributed on its perimeter (Fig.1). The load rises at a uniform rate in time
according to the formula:

p=st
where: p- compressive stress;
s - rate of plate loading growth,;
t - time.

The plate has preliminary deflection and the bending state can be observed from
the initial moment of load application.

As the criterion for loss of plate stability the Wolmir's criterion [3] was adopted
which says that the loss of stability is in the moment of time when the speed of
deflection has a maximal value.

The linear viscoelastic Kelvin-Voigt or Maxwell model has been accepted as a
material of the plate. Using an analogy between constitutive equation of linear
viscoelastic medium and adequate equation of isotropic elastic material [1] the
substitute material parameters Ez, vz were accepted:

E(aj 300, (o) RO, - RO,
= V) — ===
“\o&t/ BQ +2R0, \o&t/ B +2R0,
where: P, Q, - deviatoric operators;

P,, Q, -dilatation operators.

The problem of loss of stability was solved based upon an application of the
standard theory of thin plates. The Bubnow-Galerkin method and finite difference
method were used.

The nonlinear, differential equations of bending curve of the plate were solved
numerically.

The results have been presented graphically. The main observations (Fig.2) are:

- with the increase of the viscosity constants of the material of the plate the critical
time to loss of plate stability is longer;

- with the increase of the viscosity constants of the material of the plate the critical.
dynamical load increases.
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DYNAMIC POST-BUCKLING BEHAVIOUR
OF THIN-WALLED PANEL

J. RAVINGER

Department of Structural Mechanics, Civil Engineering Faculty
Slovak Technical University, Radlinského 11, 813 68 Bratislava, Slovakia

A linear elastic material is assumed and a geometric non-linear theory, taking into
account of the influence of imperfections, is applied. By including inertia forces, the

problem of the post-buckling of slender webs with flanges (stiffeners) is extended into
dynamics.

Theory

A total description is used. In accordance with the von-Karman theory (the plate
displacements are much larger than in-plane displacements) we take into consideration
the inertia forces acting only in the direction of the plate displacements. Using
Hamilton’s principle we obtain a system of conditional equations

Kyap+Keop + (K + Kgp = Kgpg Jop + Kpgo s = Py + Py (1)

Kspap + Kisag = Ps + Py, (2)
where
K, - the mass matrix,
K - the damping matrix (the damping is considered proportional to the speed
of motion),
K - the linear stiffness matrix of the web,

Kp - the non-linear stiffness matrix, the interaction between the in-plane and
the plate displacements parameters,

P, - the vector of the transformed in-plane forces due to the initial
displacements,

K ps - the non-linear stiffness matrix, the interaction between the plate and the
in-plane displacement parameters,

K ¢p - the geometrically non-linear stiffness matrix of the plate,

K ¢po- the matrix of the increase of the bending stiffness of the plate due to the
initial displacements, the non-linear part,

K p - the linear stiffness matrix of the plate,

P,, - the vector of the transformed plate internal forces due to the initial
displacements,
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2n
P. = P —po(l—cos-T—t) ()
where T is the period of applied load; and finally we have a differential equation

d’a
dr’?

=\p((s,+sa(1—cost)—1+k502)5~ka'3+Eo) (6)

where
2

Y= % - the frequency ratio,

2 :
o, Q= —TE - the circular frequency of free vibration and the applied load,

respectively ,
T=Q.t -the non-dimensional time,
3
Sl:._pl_, soz_&)_., k:—.——-—-—-—-—z—zkl
Pcr Pcr 8(1 -V )

Taking out cubic terms (k=0) we get a Mathieu-Hill differential equation which
is valid for the parametric resonance of a column. For this equation we can arrange the
Ince-Strutt diagram for stable and non-stable zones of the parametric resonance. ([1]).

For further evaluation we distinguish the slender web as the non-linear system
(k # 0) and the column as the linear system (k=0).

Fig. 2 shows the results when Wy = 2 and we are inside the non-stable zones
(zones of parametric resonance) and for Wy = 3 out of the parametric resonance.
Differences between behaviour of the linear and non-linear system are clearly shown.
Maximum amplitudes of the buckling surface versus frequency ratio are plotted 1n
Fig.3. The zones of the parametric resonance are plotted for the linear system and it is
also shown that the amplitudes of dynamic buckling surfaces for a non-linear system
are limited.

To evaluate the problem of the parametric resonance from a point of view of a
design of aircraft structures means to investigate the first or the second zone of the
parametric resonance (low value of the frequency ratio) The author’s idea is to
investigate the behaviour of a slender web as a part of steel structure, such a bridge or
a crane-way girder. The natural frequency of the steel panel is rather high (e.g. a steel

plate 1000x1000x10 mm, o = 309,9s™') and so the results with higher frequency
ratio are interesting for the author.

Fig. 1 and 4 show that increasing value of the initial displacements decreases the
non-linear dynamic effects.
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P, - the vector of the transformed external load of the plate,
P - the vector of the transformed external load of the web (the in-plane
forces),

Q@ p, - the plate, in-plane displacements parameters, respectively.

The linear increase of the load in terms of time

We use an example of a slender web loaded in compression. Assuming the linear
increase of the load in terms of time we obtained the differential equation

1d% _)( iy m __J
— +(a-o,fI-ala+a -at|=0 3)
s (e ( ")85CR
where the parameter of the dynamic buckling 1s defined
_; mcEr’
S = Pea(—)° @
sa
and
a(t)=wC(t)sinEsin7—W—, o, = Wy sin= sin ™
a a a a
cz_‘[_é, a(,)zw’ ag=a_0' f.;ﬂ_
u h h Pcr
oy = n’En’ _ _pCRaZ_ n’
@ i -vhat PR T e T 3o

E, v, p - the Young’s modulus, the Poisson’s ratio, the mass density,

respectively,
s - the velocity of the increase of the load.

Fig. 1 shows the influence of the initial displacement for the dynamic post-
buckling behaviour of the slender web subjected to the linear increase of the load in
terms of time increments.

The harmonic load

Assuming the external load as a harmonic one,
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Fig. 1. Dynamic buckling of a slender web for different values of initial displacements
- the hinear increase of the load in terms of time increments.
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Fig. 2. Dynamic buckling of linear and non-linear system subjected to a
harmonic load for the stable zone (\y = 3) and for the non-stable zone (\u = 2).
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Fig. 3. Maximum amplitudes of buckling surface versus frequency ratio for linear
and non-linear system.
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Vibration of an imperfect thin-walled panel

Generally for the solution of the mfluence of residual stresses it is necessary to
take into account the material non-linear assumptions. In some special cases we can
obtain an approximate solution even with the model of a linear elastic material.

Liibiide h =2505mm
w 0,=7.44 Nmm’  K=8.86 286155
< -
| p =224 0,=0.38 47
- n - »———f/
Peg- HHHIDJ/%‘/S /
(4] °
/
2 -2 2
THEORY_
EXPERIMENT
1 1
N .
—_ W . O':,\~ =_ N
0 ly h [s] ) Ia P- e»
o 1 2

0 1 2

Fig. 5. Comparison of theoretical and experimental results for the steel panel.

Conclusion

The non-linear dynamic of thin-walled structure presents very complex problems.
The presented theory and results give some information about the behaviour of the
slender web as the thin-walled panel assuming them to be a part of thin-walled steel

structure.

Acknowledgements

This research has been supported by a Grant No 14-08-96.

References
1. Bolotin, V. V., Dynamic Stability of Elastic Systems (GITL, Moscow, 1956 in

Russian, English translation by Holden-Day, New York, 1964).
2. Ravinger, J., Journal of Constructional Steel Research 21 (1992), 175-184

3. Ravinger, J., Thin-Walled Structures 19 (1994) 1-22, 23-36.

- 240 -



SOME ASPECTS OF WEB CRUSHING BEHAVIOUR
IN THIN-WALLED BEAMS

J. RHODES, D. NASH
University of Strathclyde, Glasgow, Scotland

M. MACDONALD
Glasgow Caledonian University, Glasgow, Scotland

An mitial investigation of the collapse behaviour of webs of thin-walled beams under
concentrated loads applied to both flanges is carried out. The predicted load capacities given by
various design specifications are shown in comparison with the results of finite strip analysis and
finite element analysis for channel section beams, and it is seen that there is quite a large
variation m the predictions.

Introduction

Web crushing at points of concentrated load or reaction in thin-walled beams is a
significant problem, particularly in the case of beams with slender webs. At support
points, or points of concentrated loading severe lateral load can result in a local
buckling of the web as illustrated in Figure 1. This type of buckling generally has the
effect of producing failure of the beam, and there are two different types of loading
and two different types of load locations which are of prime interest. The different
types of loading are (a) Loading through one flange only, as shown in Figure 1, and
(b) Loading through two opposite flanges as shown in Figure 2. The two different
load locations which are studied separately are loads applied near an end of a beam
(sometimes termed exterior loading) and load applied within the span of a beam
(termed 1interior loading). In general loading applied near the end of a beam is more
severe than the same load applied in the interior.

The new Eurocode dealing with the design of cold formed steel members and
structures, EC3: Part 1.3 (1), has recently been finalised. In this document the design
rules dealing with web crushing in thin walled beams have been modified
substantially from the previous draft. The modifications have been largely such that
the new rules are very similar to those of the corresponding British Standard (2),
which is largely based on the AISI Specification (3) with respect to web crushing. On
close examination, however, it can be observed that the types of member covered by
the modified rules are different from those of (2) or (3) with respect to the same
rules, so that the new Eurocode has not come into line with other existing codes, but
has in some cases moved farther away from these other codes. It seems possible that
insofar as the Eurocode document is concerned the rules have been stated without
full consideration of their applicability. So far as the other codes are concerned the
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governing design formulae seem to be completely empirically based, having been
derived on the basis of many experiments without any reference to basic theoretical
analysis.
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Figure 2.
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This does not apply to the parent Eurocode for steel, EC3: Part 1.1 (4), which
advocates the use of column curves together with an effective width of web which
acts as a column under the concentrated lateral loading. Reference (4), which has
been based on the British parent steel code, BS 5950: Part 1 (5), 1is orientated
towards consideration of I section beams, whereas the cold formed steel
specifications have rules which govern I type beams as well as rules for other types
of beam. In the case of cold formed steel, however, the design codes have been based
completely upon empirical rules, although theoretical investigations have been
reported, e.g. (6). It was therefore felt worthwhile to examine at least some of the
existing design code predictions in comparison with theoretical analysis to gain
some feeling for the applicability of theoretically derived design rules to deal with
web crushing behaviour.

Theoretical Investigations

To gain some insight into web crushing behaviour in beams under two flange
loading two theoretical approaches were initially considered, one which used a finite
strip analysis of a beam web, assumed simply supported on the loaded ends, and a
finite element analysis of plane channel sections using the finite element package
ANSYS. In the finite strip approach a bifurcation buckling analysis was used and the
buckling loads obtained were incorporated in a column analysis using column curve
“c” of the Eurocode. This curve was used since the Eurocode itself (4) suggests curve
“c” together with an effective width of web. Typical results of these analyses are
shown in the following figures. In all the figures the material thickness is taken to be
Imm.

Figures 3 and 4 show some results for the exterior loading case. These are in the
forms of graphs of the variation of predicted buckling load or failure load with
variation in loading length N for a relatively compact web, i.e. d/t=50 in Figure 3
and a relatively slender web, d/t=200, in Figure 4. The thick curves shown here give
the finite strip results for a single web, which is assumed simply supported at the
loaded ends and of such a length that the deflections reduce to zero within the span
of the beam. Also shown in the figures are the crushing load predictions from BS
5950: Part 5 (and also the AISI specification), those of EC3: Part 1.1 using the same
assumptions of simply supported web boundaries as in the finite strip analysis, and
alternative predictions postulated by Wing and Schuster (7). In the case of the BS
5950: Part 5 rules, two curves are given, one pertaining to shapes having single
thickness webs and the other for I beams and other beams with substantial restraint
on web rotation.

It is evident from Figure 3 that for the compact web the theoretical values from the
finite strip analysis become substantially greater than the design specification values
as the width of the concentrated load increases. For the slender web, however, the
design specification predictions are substantially greater than the theoretical
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capacities over the full range. It may be noted that d=200t is given as the maximum
web slenderness ratio covered by the rules of BS 5950 Part 5 and the AISI
Specification. It may be observed that the EC3: Part 1.1 rules, which are based on
buckling analysis, are in good agreement with the finite strip and related
predictions.

Web crushing load in kN Web crushing load in kN

12 5
— Per(F-S) »
10 _ pwi(ss sos0) 41— :rn(Fsé)ssso o
L+ Pw2(BS5950) - Mgssgso)) g
g L PW(EC3:1.1) A + PWEC3:1.1) o
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3 r prdl
6
2
4
2 1
x‘{
7
O ] i | | 1 ! | t ) 0 , 1 ) | , i . | ,
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Width of load "N" in mm Width of load "N" in mm

Figure 3. Exterior Loads-50mm deep web Figure 4. Exterior loads -200mm deep web

In the case of the other design specification rules there are two main possibilities
covering the large differences between the empirically based rules and the
theoretically derived rules. These are:- 1) There may be substantial post-buckling
reserves of strength in slender webs, and 2) the rotational restraint provided by
flanges may well be sufficient to improve the buckling resistance substantially.
While the nature of the loading is such that postbuckling reserves should be much
less than for uniformly compressed plates, it is possible that there is a degree of
postbuckling strength. It is very likely, however that the main source of increase in
strength comes from the improvement of buckling resistance by the rotational
restraint provided by the flanges. To check this out finite element analysis was also
used in the examination of the cases of interior loading. In the finite element
analysis, carried out using the ANSYS package, the web was considered to be the
web of a plain channel section which had flanges of width equal to one half of the

-244 -



web depth. Figures 5 and 6 show the variations in web crushing loads with variation
in loading width for members with web depths of 50t and 200t. Also shown in these
figures are the results of relatively simple analysis using energy methods together
with approximate deflected forms for the compressed web. Three different conditions
were studied, webs simply supported on the loaded ends, webs of plain channel
sections as investigated by ANSYS and webs fully fixed on the loaded edges. This

last condition specified the upper limit of restraint which could be expected from
adjacent elements.

Web crushing load in kN Web crushing load in kN
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Figure 5. Interior loading-50mm deep web Figure 6. Interior loading-200mm deep web

Figure 5 shows that in the case of compact webs the empirical design formula of BS
5950: Part 5 is less than the analytical values for relatively long load bearing lengths
but greater than the analytical values for short bearing lengths, The finite element
results show that the restraint on rotation given even by the unstiffened flanges of a
plain channel improve the buckling resistance by a fair amount. The finite element
results here were reasonably well approximated by a simple energy analysis, which
could be modified to give almost identical results to those given by ANSYS. The
upper limit given by the fixed edged webs is very high for the 50mm deep web, but
does show that for certain types of member the web crushing resistance can be

increased substantially beyond that which could be determined on the basis of simple
support of the web.
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In the case of deeper webs Figure 6 shows the range of variation in buckling
resistance which can be expected from different degrees of rotational restraint on the
web. Here the empirical rule of BS 5950: Part 5 lies towards the fixed edge web
results. The calculated buckling loads for a plain channel web using the energy
approach were not in quite such good agreement with ANSYS in this case, although
the average disparity between the ANSYS results and the energy approach was only
about 10%.

Summary

The theoretical investigations mentioned here form the start of a study aimed at
setting out a rational design approach to the web crushing preblem. In cold-formed
steel design empirical rules have been promoted, modified and relied on to such an
extent that it would appear that no thought has been given in the recent past to the
application of engineering principles to this problem. It is hoped that with further
study the capability to accurately evaluate the web crushing capacity of different
types of section by analysis of the relevant properties of each section will be
demonstrated and rational design rules produced.

References

1. Eurocode 3: Design of Steel Structures. Part 1.3: General Rules. Supplementary
rules for cold formed thin gauge members and sheeting. European Prestandard.
ENYV 1993-1-3. English version February 1996.

2. BS 5950: British Standard for Structural use of steelwork in building: Part 5.
Code of practice for design of cold formed sections. British Standards Institution,
1987

3. American Iron and Steel Institute. Specification for the design of cold formed
steel structural members. 1986 Edition.

4. Eurocode 3: Design of Steel Structures. Part 1.1 General rules and rules for
buildings. DD ENV 1993-1-1:1992

5. BS 5950: British Standard for Structural use of steelwork in building: Part 1.
Code of practice for design in simple and continuous construction: hot rolled
sections, 1985

6. M Z Khan and A C Walker. “Buckling of plates subject to localised edge loading”
The Structural Engineer, Vol. 50, No. 6. June 1972. pp 225-232

7. B A Wing and R M Schuster. “Web crippling of decks subjected to two-flange
loading.” Proc. Sixth Int. Conf. on Cold-formed Steel Structures, St. Louis, USA,
1986. pp 371-402

- 246 -



DYNAMICZNA STATECZNOSC PLYTY WARSTWOWEJ

F. ROMANOW
Instytut Budowy Maszyn i Pojazdow Politechniki Zielonogorskiej
Podgérna 50, 65-246 Zielona Gora, Poland

M. MALINOWSKI
Instytut Inzynierii Produkcji i Materiatoznawstwa Politechniki Zielonogorskiej
Podgodrna 50, 65-246 Zielona Gora, Poland

W pracy analizuje sig¢ statecznos¢ dynamiczna ptyty warstwowej mocowanej przegubowo na dwéch
przeciwlegtych krawgdziach. Dla rdzenia przyjgto hiperboliczna hipotezg tréjosiowego stanu prze-
mieszczen, natomiast dla okladzin stan przemieszczen jak dla cienkich jednorodnych plyt. Przyjeto,
2e obciaZenie wzrasta ze staly predkoscia. W oparciu o geometrycznie liniowa teori¢ wyznaczono
dynamiczny ukiad réownan rownowagi plyty. Przedstawiono na przykladzie zjawiska wystepujace
podczas dynamicznego $ciskania plyty warstwowej oraz wplyw wybranych parametréw na przebieg
dynamicznego wyboczenia. Wyniki analizy zilustrowano za pomoca wykresow.

Podstawowe oznaczenia:

a- dlugosé piyty, w wspot. Poissona okladzin, Vi- wspot. Obciqgzenia piyty,

b- szerokoscé piyty, P gestosé materiatu rdzenia, Wo- wstgpne ugigcie okladzin,

h- grubosé okladzin, Po-gestosc materiatu oktadzin, u,v,w- przemieszczenia okladzin,
2¢- grubos¢ rdzenia, E- modut Younga okiadzin, U, V., W, przemieszczenia rdzenia.
Vi~ wspot. Poissona rdzenia, G,- modut Kirchhoffa rdzenia,

1. Wstep

Szybki rozwdj nowych technologii w budowie lekkich konstrukcji oraz szerokie ich
zastosowanie w budowie maszyn, urzadzen, w Srodkach transportu oraz budow-
nictwie spowodowal duze zainteresowanie nowymi metodami obliczania i projek-
towania wysokowytrzymatlych i efektywnych konstrukcji warstwowych. Takie kon-
strukcji w postaci plyt , powlok, pretdw, itp. w poréwnaniu z klasycznymi elemen-
tami no$nymi posiadajq znacznie wigcej pozytywnych cech. Przy stosunkowo ni-
skim cigzarze sztywnos$¢ i wytrzymalo$¢ nowoczesnych konstrukcji warstwowych
Jest znacznie wigksza od klasycznych, w ktérych gléwnym materialem konstrukcyj-
nym jest stal. Problemy zwiazane z obliczaniem powlok warstwowych przy dyna-
micznych obcigzeniach zostaly oméwione migdzy innymi w pracach polskich auto-
réw Szyca i Twardosza [1,2]. W pracach tych przyjeto geometrycznie nieliniowa
teori¢, natomiast dla rdzenia przyjgto hipoteze linii }amanej (zalozenie o niescisli-
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wosci rdzenia). Z prac autoréw zagranicznych mozna wymieni¢ m.in. pracg Boloti-
na [3], Gersztajna [4] dotyczace klasycznej powloki 1 plyty jednorodnej. Bardziej
ogoélne zagadnienie wyboczenia dynamicznego omoéwiono w pracy Narasimhana
[5], Chelu [6] (drgania plyt dynamicznie obciazonych), Vaughana 1 Lindberga [7]
(wyboczenie w zakresie plastycznym powlok warstwowych zamknigtych).

Istotnym aspektem niniejszej pracy jest to, ze dla rdzenia zastosowano nielinio-
wa hiperboliczng hipoteze stanu przemieszczen rdzenia (NHH).

2. Podstawowe zaloZenia i zwiazki

Przedmiotem rozwazan jest prostokatna plyta warstwowa S$ciskana sila zmienng w
czasie i zamocowana przegubowo na obcigzonych krawedziach (Rys.1). Obcigzenie
zewnetrzne jest rownomiernie rozlozone na obu okladzinach. Sposéb obliczania
plyty uwzglednia poprzeczne odksztalcenie rdzenia (hipoteza NHH), natomiast dla
okladzin obowigzuje stan przemieszczen jak dla cienkich jednorodnych piyt
(hipoteza K-L). Okladziny i rdzen wykonane s3 z izotropowych, jednorodnych 1 li-
niowo spr¢zystych materialéw. ,

z 4

o/ %
-

2¢
Z
,><\
+
|
|
N
™~

Nix(t) ©

Rys.1 Schemat plyty warstwowej
Fig.1 Geometry of sandwich plate

Zwigzki geometryczne mig¢dzy przemieszczeniem i odksztalceniem dla okladzin i
rdzenia odpowiadaja geometrycznie liniowej teorii. Przemieszczenia rdzenia w kie-
runku osi X, y, z (odpowiednio u,, vy, w,) w przypadku ogdlnym opisuja nieliniowe
funkcje zmiennej z [8,9].

uxy.2t) = -2 - 2wirc),

(1)

valxy.zt) = -2 (v - 2w )sq2),
w,(x,y,z,t) = wl(z),

gdzie: u = u(x,y,t), v=v(x,y,t), w = w(x,y,t) - przemieszczenia okladzin,
h - grubos¢ okladziny, ( )°, ()’ - pochodne odpowiednio po x, y.
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3. Réwnania réwnowagi dynamicznej i réwnanie ruchu

Rozwiazujac zadanie dotyczace dynamicznej statecznosci plyty postugiwaé sie be-
dziemy metoda energetyczng. Energia kinetyczna E,, sklada si¢ z energii rdzenia
(indeks wu) i energii okladzin (indeks o).

E, = O.Sp‘,“'(w‘;®2 +u2? v )av, + pc,j(w®2 +u® +v®2)av,; (2)
v,

L} VO
gdzie V, - objetos$¢ rdzenia, V, - objetosé jednej okladziny,
()® - pochodna po czasie t.
Po wstawieniu zaleznosci (1) do (2) i pewnych przeksztalceniach otrzymano

E, = [umk1 +v®k, + (F,w"m + AW/ )k, + (F1w"’3’u® + Fyw’ ®V®)k4 + Wk, }:dey, 3)

O tavey
O Loy >

gdzie: F;-w pracach [8,9],

puh’

_ qu1
8c? "’

F
o =25 4 by, kg =25 4 iy, Ky =

_ oh Ak
=25

— 52 ks =5 +hp,.

k4=

Do rozwiazania zagadnienia wykorzystano metod¢ wariacyjna Hamiltona.

s{{m-EJt =0, €y

Potencjal energetyczny plyty warstwowej IT okreslony jest tak samo jak w pracach
[8,9]. W dalszych rozwazaniach uwzgledniono tylko sily bezwladnosci w kierunku
normalnym do powierzchni plyty (wspéirzedna z), gdyz w zagadnieniach stateczno-
$ci bedq one wyraznie przewazaly nad pozostatymi skladowymi. Uwzgledniajac za-
lezno$¢ (3) i rownanie wariacyjne (4) i po odpowiednich przeksztalceniach (m.in.
tw. Greena) otrzymano uklad réwnan rownowagi dynamicznej plyty warstwowej (5)
(brak przemieszczenia w kierunku osi y, v=0). Réwnania réwnowagi dynamicznej
réznig si¢ od réwnan rownowagi statycznej [8,9] jedynie dodatkowymi czlonami
bezwladnosciowymi.

L3 GU Yy YY) @@
(Apy = A w* + —5 Fott = 24" — Aw™™ + Fikw®® =0,

Ao + A + (Agy = A Ju + A Asg = Arg ™ + 28w + A" =N (tpw™ )

+ 2ksw®® + 2F kW™ ®® =,

gdzie: A, - zamieszczono w pracach [8,9].
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Na przebieg utraty stateczno$ci maja znaczny wplyw poczatkowe odchylenia od

geometrycznie idealnego ksztaltu plyty. Przyjeto, ze plyta (okladzina) posiada

wstepne ugiecie wo(x,y). Wprowadzono skladnik (w+wg) do rownan (5) w miejsce

przemieszczenia w. Zalozono funkcj¢ aproksymujaca ugiecie okladzin w postaci:
u(x,t) = A(t)cos px, (6)
w(x,t) = C(t)sin px.

Wstepne ugigcie okladzin wzdluz osi x opisuje ponizsza formula.

wo(X) = Cq sin pX, ()
gdzie: p=nm/a, A(t), C(t)- funkcje czasu okreslajace reakcj¢ plyty na obciazenie
dynamiczne, C, - wstepne odchylenie.
Przyjeto, Ze obciazenie N,(t) w chwili t=0 wynosi zero i wzrasta proporcjonalnie do
czasu t:
Ny(t) = Vit (8)

Rownania réwnowagi dynamicznej (5) przy uwzglednieniu (6), (7), (8) dadza si¢
sprowadzi¢ do réwnania ruchu postaci:

C(t)®® + k(t)C(t) = f(t), (®)

gdzie: k(t) = Q, +tQ;; f(t) = Q, +1Q,,
("‘% “‘3("’%) B, _ _Cav.

n =205G,Fyg / ¢+ f7Ay), 1y = flAyy — Ay + B*As). 13 = Fifi,

o = 285 = 2% (Aig - Ais) + 28 Ay, 15 = ks + FiKs).
Pozostale wspolczynniki oznaczono jak w pracach [8,9]. Liniowe réwnanie roz-
niczkowe (8) rz¢du drugiego przedstawia zalezno$é¢ pomigdzy funkcja ugigcia 1i
czasem t, jaka zachodzi podczas utraty statecznosci ptyty pod wplywem obcigzenia
dynamicznego N,(t). Réwnanie (8) rozwigzano metoda numeryczng w oparciu 0
metode stalego przyspieszenia [10] stosowana w zagadnieniach dyskretnych 1 zmo-
dyfikowanq dla zagadnien dynamicznej stateczno$ci. W algorytmie tym stosuje si¢
warunek kolokacji w centralnym punkcie kroku catkowania w celu okreslenia nie-
znanego przesuniecia w kazdym kroku.
Przyj¢to nastepujace warunki poczatkowe (t=0):

Ct)=Co, C(t)® = 0. )
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4. Przyklad

Do analizy wybrano plytg o nastepujacych wymiarach i parametrach materialo-
wych: a=0.285m, b=0.185m, h=0.5mm, ¢=0.005m, C;=(0.1-0.01)mm. v,=0.17,
v=0.3, p,=168.6 kg/m’, p,=7280 kg/m’, E=6.8695 10* MPa, G,=25 MPa, V,=(20-
S8O)MN/m s.

Na rys.2 przedstawiono rodzing krzywych bedacych rozwiazaniem réwnania (8)
dla réznych wskaznikéw m, okreslajacych postaé wyboczenia (liczba potfal) plyty w
kierunku osi x. Zawsze z calej rodziny krzywych jedna posta¢ pojawia si¢ szybciej
niz pozostale. Dla przyjetych parametréw plyty jak wyzej, m=19. Ta postac decy-
duje o przebiegu dynamicznego ugigcia plyty. Na rys.3 przedstawiono rozwiazanie
réwnania (8) dla wybranych wartosci wstepnych imperfekcji Co. Wzrost wstepnych
ugie¢ C, powoduje, ze ugigcie plyty rosnie znacznie szybciej niz dla mniejszych
wartosci parametru C,,.

m=19, ¢=0.005m, Vx=60MN/m*s

200
40 - m=19 *10-6
106 4 N m=18 )
- ,'/ ~---- m=20
// D Co=0.1mm
I —
20 " 100 &  Co=0.05mm
C(t)-Co im_| /[, C(t) -Co O  Co=001mm
/; /m
/
0 T T 0 4
0 0.20 0.40 b ‘ l A I
0.0 0.2 04
t /ms t/ms

Rys.2 Amplituda ugiecia C(t) w funkcji czasu t Rys.3 Amplituda ugi¢cia C(t) w funkcji czasu t,

Fig.2 The vanation of deflection of the plate as a Co=(0.1-0.01)mm
function of time t (for different values of number of  Fig.3 The results of solutions of eq.(8) obtained for
waves m). (We note that the most rapid growth of the three values of the initial deflection

deflection in time occurs for m=19)

Na rys.4 zinterpretowano geometrycznie wpltyw wspoélczynnika predkosci obciaze-
nia V; na przebieg dynamicznego ugigcia plyty.

Z wykresow przedstawionych na rys.4 mozna wyciagna¢ wazny wniosek. Wspot-
czynnik V, nie wplywa na warto$¢ maksymalna ugigcia, natomiast ze wzrostem V,
krzywe przesuwajq si¢ w prawo.
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C(t)-Co /'m

8 & <
o (=)

o t/ms

Rys.4 Amplituda ugigcia C(t) w funkgji czasu dla réznych wspétezynnikow V,
Fig.4 The variation of deflection with parametr V, (h=0.5mm; C¢=0.05mm)
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Summary

DYNAMIC STABILITY OF SANDWICH PLATE UNDER COMPRESSION

This paper presents an energetic method of analysis in a linear approch to dynamic
stability of sandwich plate subjected to compression. Basing on hyperbolic hypote-
sis (NHH) of core displacement triaxial state and Hamilton principle, the equations
of motion of the plate element are derived. Under the assumption of linear increase
of load in time, a differential equation is derived combining initial defflection and
time. The results of analysis are represented by diagrams.

-252-



ON BIFURCATION OF THE SECOND ORDER DEFORMING PROCESS IN
THE THEORY OF STABILITY

WV.N. SHVAYKO, V.I TARNOVSKILY

Department of Strength of Materials, Ukrainian
Technology University

of Chemical,320005 Dniepropetrovsk, Ukraine

In the theory of stability of elastoplastic bodies the Kamman's and Shanley’s concepts are
sufficiently invesugated. In works [1.2] 1t is shown, that at complex essentially nonmonotoncus
loading the secand order bifurcation of deforming process occurs, that is 2 break of uniqueness of
the boundary problem solution of the plasticity theory in accelerations. In the present work on the
basts of one vanant of the theory of slicing [3] there are investigmted general rules on the example
of a compressed-tusted thin-walled tule. It is shown, that the corresponding catical foad coincides
with the Shanley’s cnitical load.

1. Statement of the problem

Let’s consider a thin-walled tube of average radius R, length X, wall thickness h
and cross-section area F under compressing force P (t) and tuisting moment
M { t ), arbitrarily varied in the time t beyond elasticity range. At critical values
P, M,, dependent upon history of loading, the initial deforming becomes unstable
and buekling occurs. Critical values of flexibility parameter A = 1/ R, correspond-
ing to certain values (P , M) on the trajectory of external loading in the plane (P M)
are determined. Prebuekling stress state of the tube is uniform and in a polar coordi-
nate system 1s determined by stresses ©,=P()/F , T, = M()/RF.

Intheplane (53,53 (S:=v2/306, , §3= \fit,, ) of Tjushin’s five
dimensional space to their change there corresponds a trajectory of loading
ORAZA; (Figl), which is similar to the trajectory of external forces P (t),
M(t) .

Let d8° is the increment of a loading vector along the trajectory OA A A5
dS is avariation of additional loading from given pointonit,and ABLC; (i =
1,2, 3 )-areangles of complete overloading (4] Depending on geometry of the
trajectory of loading the vector dS? can lie inside (point A ,), outside (pont Ap) or
be tangent (point Aj) to the angle of complete overloading The first case takes place
at monotonous and quasimonotonous loadings; second - at break of a trajectory with
violation of the monotony condition; third - on smooth portions of a trajectory at
essentially nonmonotonous deformation [2].

According to the theory of sliding [3] connection between components of vector
d S and increment of the deformation vector d® (3, = 273 (1+V)g,,93 =
= /03 Yo ) In the local system of coordinates 8,3, is possible to present in the
form [5]
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Fig 1
dS3=Gp() dD;,  dS3=G () dD 5, (1.1)
/G, =1/G#+L T,  1/G=1/2G+L, /L.

Here S, is the bisector of the angle 2B, of complete overloading (fig.1), II is the
plasticity function {3}, L, L. depend on function of stretchening F { @) , charac-
terizing sensitivity of the material to deformational anizotropy (6,7}, In projections
on axes of coordinates § ;8 3 relations (1.1) take the form:

ng =Ad32+ B d'33 ’ ng =B d93+ C d33 ’
A=G, cos® 1+Gysin’ 1, B=0.5(G,-G,) sin2y, C=G, cos’ 1+G,sin’y, (1.2)
where functionals of loading process « and ¥, are determined by boundaries of a set

of directions of sliding

Let u, v arcdisplacements of the tube axis. Let’s form equations of equilib-
riurn in 2 infinitely small vicinity of the bifurcation point [8]

aN=[d o, dF= P, dL,=[d tpdF=aM, dL,~[d o,y dF, dL,= [d o, xdF,
F F F Y

L,-*-l\ridu P 0 +Mdv + P 0 (1.3)
— - Pv=0, —_— u=0, :
dz Y Ly dz
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According to a hypothesis of plane sections, increments of deformations in a
infinitely small vicinity of the bifurcation point (dey , dy,,* correspond to the vec-
tor dS ° along the trajectory OA;A9A3 ) can be presented as follows:

— '-0 -~ 3 — 3 0 e ,_0_.. ¢ 0
dgz—' g +5c,z, d'fw" d'fw +8fW’ dc.x = a d‘;w ’ (14\

where a =05 \/§ QI(+v), &=7y-6,
Q=G, siny cosS-G, cosy sinG, J=G, cosy cosS-G,sinysing, (1.5)

$ is the angle between the normal (n) to the trajectory of loading OA JAA3 and
axis S 2

As at bifurcation of loading process the resultant of overloading increment 48
on all cross section of the tube is directed along the given trajectory of external
loading, since except equations of equilibrium (1.3), it is necessary that

[ds.dF={(Jd0;+Qdoy) dF =0 . (1.6)

r F

The system of Egs (1.2), (1.3}, (1.5), (1.6) represented the is complete for the

problem of determination of a bifurcation point of deforming process of the first, as
the well as second order.

2. Bifurcation the first order deformation process

The first order bifurcation occurs on ways of cornplete overloading, i.e. incre-
ment of Joading d § for all points of cross-section lies inside of a cone of complete
overloading [1]. Hence it may occur at monotonous and quasimonotonous loadings.
Then functionals of the loading process do not depend on direction of load increment
d S and accept constant values for a fixed point of the loading trajectory. Passing in

(1.2) to components of stresses and deformations one obtain do, , d’t_.q, (Here and
hereinafter symbol “-” denotes quantities corresponding to overload vector

dS=dS ", which is directed inside of the cone of complete overloading, and “+” -
to vector dS=dS *, which lies outside of this cone.)

Bending moments at bifurcation of the first order with account (1.5) are ob-
tained by integration:

L,=DhR’8p, L,=DhR’8q, D=n(1+V) A", Sp=dwdZ, 8q=dwdZ (2.1)
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Thus the system of Egs (1.3) under known boundary conditions decides a prob-
lem of bifurcation of deformation process of the first order. In particular, at simple
support of the tube ends (U=V=0 at z=0 , L) we obtain similarly to [8] parame-
ter of critical flexibility A:

A=D/(1 +2Dc, )*. (2.2)

The influence of loading history on A is determined by the factor D, which de-
pends from preceding loading path.

3 . Bifurcation of the second order deformation process

Let’s consider now the case, when the overload vector 48 °® externally touches
to the cone of complete overload (point A 3 on fig 1). To satisfy condition (1.6) it is
necessary, that the vectors of overload d8 at bifurcation of deformation process

on some part F * of cross section were outside of the angle of complete overload 28,
or on the whole cross section from outside and from inside aimed to its boundary.

Thus inside of angle 28, connection between increments dS; and d23; does not de-
pend on the direction d§ and is given by formulas (1.2), and increments do, and

dt,,,‘ are given by (2.1). To find do," and d‘t,,; one has replace index “-" by "+" and
take into accourtt, that functionals & and ¢ in this case depend not only from load-
ing history up to bifurcation point, but also from the direction d 8 * (fig.1). For small
values AP = P-Ba, according to [8] we get

do,'=do, + K, AB, dig = dt,, + K, (e-x ) AB, (3.1)

where Ky 1 K, - known fagtors.

Increment AP along coordinate x in connection with its smallness may be ap-
proximated by the linear function AR =(e-x ) AP/ (e - R). The largest value
ABax 18 reached in a extreme fibre of the tube at x = R. In view of the last rela-
tions, after integration, we receive

L,=DhR38p, L,=D;hR*8q, D; =D+ f* ABpax- (3.2)

Relations (3.3) and (2.2) coincide with accuracy to factors D and D, .Hence, the
critical value of flexibility A is determined by the formula (2.2), in which the quantity
D should be replaced by D;. Obvioously, that the minimum value minD; = D reaches
at APrax — 0. Then the overloading vectors d 8 in the whole tube cross section are
tangent in a bifurcation point of undisturbed loading trajectory. Such form of
branching of elastoplastic deformation is named as the second order bifurcation [2).
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Here branching of not first, but second derivatives of internal parameters occurs
( displacements and stresses ). Specified bifurcation 1 takes place at essentially non-
monotonous loading. I is important, that the critical parameters, corresponding to
the first and second order bifurcation, are determined by the same formulas. Hence
determination of the second order bifurcation point in the formal manner is reduced
to a more simple problem of search of the Shanley bifurcation point.

4. Influence of loading history

Dependence A from ™=t/%, , constructed for three double-link trajectories of
loading OAB of thin-walled tube from steel EI-415 9] is shown in fig 2 by solid
lines. The length of the first link OA=1,050,, the break angle @; equals 57/12, ®/2
and 7nt/12 for curves 1, 2 and 3 respectively. For construction in the point C (its
location is simply defined by stress T,) of second link of trajectory values o u
are determined, and rigidity D and parameter of critical flexibility A are calculated
by formulas (2.1) and (2.2). The result of calculations by the theory of small elasto-
plastic deformations for proportional ways of loading OC, emerging from the origin
of coordinates under various angles, are shown in fig. 2 by dashed lines. For their
construction directions @, of ray OC were specified and was determined the criti-
cal value A corresponding to proporticnal loading.

It follows from fig. 2, that the dependence A fromt for complex ways of load-
ing considered here has basically two characteristic ranges. The first interval (a;b;)
corresponds to such values of flexibility, for which stable deformation on the second
link of the trajectory OAB can be achieved at imposing up to additional temporary
connections, hindering bifurcations of the process up to a moment of the trajectory

N
/

T

0.4

0.2f
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break ( compulsory hardening ). On the second interval ( bjc; ) thehardening due to
complex overloading i3 reached without any special measures at movement along the
first link of the trajectory ( natural hardening ).

The divergence on critical flexibility, received at simple and complex loading, in

a vicinity of a break point of the trajectory equals from 15 up to 50% in relation to
simple loading.

5. Conclusions

On example of compressed-twisted thin-walled tube laws of bifurcation of the
second order deformation process are studied and it is shown, that corresponding
critical load coincides with the Shanley critical load. It can be shown, that this con-
clusion remains in force for any bodies at uniform prebuckling sress state. This
holds, probably also in general case at non-uniform stress state.
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WPLYW PRZEPON NA WARIACJE SILY KRYTYCZNEJ WYBOCZENIA
SKRETNEGO PRETA O PRZEKROJU BISYMETRYCZNYM

C.SZYMCZAK
Katedra Mechaniki Budowli Politechniki Gdanskiej
G. Narutowicza 11, 80-952 Gdansk, Poland

Praca dotyczy wplywu zmiany sztywnosci bimomentowej i lokalizacji przepon poprzecznych na
wariacj¢ sily krytycznej wyboczenia skretnego $ciskanego osiowo prgta cienkosciennego o
przekroju bisymetrycznym. W zakresie klasycznej teorii pretdw cienkosciennych o przekroju
nicodksztatcalnym wyznaczono wariacje sily krytycznej wyboczenia skretnego przy zmianach
sztywnosci bimomentowej oraz lokalizacji przepon. Wykorzystano przy tym metody rachunku
wariacyjnego. Wyznaczona linia wplywowa zmian sily krytycznej od zmiany lokalizacji
przepony o jednostkowej sztywnosci bimomentowej pozwala na jej racjonalne usytuowanie. W
podanych przykladach numerycznych zwiazanych ze swobodnie podpartym pretem pokazano
wykorzystanie przedstawionej analizy wrazliwosci oraz zbadano dokiadnosé¢ otrzymane;j za jej
pomoca aproksymacji zmian sily krytycznej.

1.Wstep

Jak wiadomo z klasycznej teorii pretéw cienkosciennych (1) wyboczenie skretne
osiowo $ciskanego preta cienko$ciennego o przekroju bisymetrycznym jest niezalezne
od innych gigtnych postaci wyboczenia. Sila krytyczna wyboczenia skretnego, w
przeciwienstwie od sily zwiazanej z wyboczeniem gietnym, jest zalezna nie tylko od
wymiaréw geometrycznych preta i cech mechanicznych jego materiatu ale takze od
lokalizacji 1 wymiaréw przepon poprzecznych.

W niniejszej pracy wyznaczono wariacj¢ tej sily wskutek zmiany usytuowania
przepony o jednostkowej sztywnosci bimomentowej oraz dla zmian tej sztywnosci
przy znanym potozeniu przepony. Wykorzystano do tego celu metody rachunku
wariacyjnego (2). Ponizsze rozwazania sa wazne w liniowo-sprezystej fazie pracy
materiatu preta.

2. Wariacja sily krytycznej przy zmianie sztywnosci lub lokalizacji przepony
poprzecznej

Rozpatrywany jest pret osiowo S$ciskany pret cienkoscienny o przekroju
bisymetrycznym o dtugosci I (Rys.2.1), w ktérym, w ciagly sposob, rozmieszczone sa
przepony poprzeczne o sztywnosci bimomentowej kg. Suma energii potencjalnej
odksztalcenia sprezystego zgromadzonej w precie i energii potencjalnej sit
zewnetrznych, przy zatozeniu matych odksztatcefi, ma postac

1 ! )
V= % [(E1,8"% + G107 + kBG’Z)dz—%Pk, [r,26"%dz (1
0 0
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gdzie El, oznacza sztywnosc¢ skrecania skrgpowanego preta, Gly - sztywnosé czystego
skrecania, © - kat skrecenia preta, ro - biegunowy promiefi bezwladnosci przekroju
poprzecznego, Pj; - sil¢ krytyczna wyboczenia skrgtnego a przez (...)' okreslono
pochodna (...) wzgledem wspéirzedne;j z.

t

Pkr Z Pkr
_______________________ «— t h=02m

=

X 02 m t=0.0Im

1=8m

E =210 GPa, v=03

Rys. 2.1. Sciskany osiowo pret cienkoscienny o przekroju bisymetrycznym
Fig.2.1. Axially compressed thin-walled column with bisymmetric cross-section

Wariacja energii potencjalnej wzgledem zmian sztywnosci bimomentowej przepon
Okg, po pewnych przeksztalceniach, pozwala na wyznaczenie poszukiwanej wariacji

sity krytycznej dPy,
5P, = | F, (2)0kydz @)
gdzie funkcja podcatkowa, ktéra ma po:taé
Fy(z) = 9'2/} r,> 62dz 3)
0

jest linia wplywowa zmian sily krytycznej od wstawienia przepony o jednostkowe;j
sztywnosci bimomentowej w pewnym przekroju z = z. Mozna to wykazaé przez
podstawienie do wzoru (2) w miejsce wariacji
kg =9(z; - 2) 4

gdzie 8(z;-z) oznacza delte Dirace'a.
Wykorzystujac ten wynik mozna teraz okresli¢ wariacje sily krytycznej przy
przesunigciu przepony o sztywnosci Kp, usytuowanej pierwotnie w przekroju z = z;, o
dz; . Poniewaz przepona ta redukuje bimoment w przekrojach przyweztowych z lewej
i prawej strony to przyrost wartosci bimomentu AB wynosi

AB=B, -B; =-Kz0'(z) (5)

gdzie B, i B, sa bimomentami z lewej i prawe;j strony przekroju z = z;. Jednoczesnie
przyblizona warto$¢ zmiany pochodnej kata skrgcenia preta wskutek przemieszczenia
przepony o dz; wynosi

8’ =06"%z, (6)
Wykorzytujac zaleznosci (5) i (6) we wzorach (2) i (3) otrzymujemy poszukiwang
wariacje sily krytyczne;j
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1
OP, = —KBO'G”Bzi/f r,> 6"2dz @)
0

Uzyskany w ten spos6b wynik mozna wyprowadzi¢ takze w inny sposob stosujac
metody rachunku wariacyjnego o koncach ruchomych (2,3).

3. Przyklady numeryczne

Rozpatrzmy osiowo $ciskany swobodnie podparty pret o przekroju dwuteowym
pokazny na Rys.2.1. Sita krytyczna wyboczenia gigtnego preta bez przepon wynosi
Pi,=2.047 MN. Na Rys.3.1 przedstawiono lini¢ wplywowa wzglednej wariacji tej sity
krytycznej od wzmocnienia preta przepong o jednostkowej sztywnosci bimomentowej
(2). Odniesiono je do podanej powyzej sily krytycznej preta bez przepon.
Maksymalne rzgdne tej linii wystgpujace na podporach preta wskazuja miejsca
najwigkszej efektywnosci przepon.

2.0E-2

Fs/Pi
[kN'm?] _

N\ /

0.0E+0 T T T T

0 2 4 z[m] 6 8

Rys.3.1. Zaleznos¢ wzglednej wariacji sity krytycznej od polozenia przepony o jednostkowej sztywnoéci
bimomentowe;j
Fig.3.1. Relative critical buckling load versus location of stiffener with unit warping stiffness

Naste¢pnie zbadano zmiany sity krytycznej powstale po wstawieniu dwoch przepon w
przekrojach podporowych preta. Sztywnos¢ bimomentowg przepony uzalezniono od
bezwymiarowego wspotczynnika B

B =Ksl/El, (8)
Na Rys.3.2 przedstawiono wyniki analizy wrazliwosci sity krytycznej wzgledem
zmian wspélczynnika B. Wartosci zmian tej sity odniesiono do silty krytycznej preta
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bez przepon. Ponadto w celu okreslenia dokladnosci otrzymanej w ten sposéb
aproksymacji liniowej zmian sity krytycznej obliczono doktadne wartosci tych zmian i
podano na tym samym rysunku. Rys.3.3 przedstawia wzgledne wariacje sity
krytycznej przy przemieszczeniu obu przepon podporowych o 8z w kierunku $rodka
przgsta dla réznych wartosci wspdtczynnika sztywnosci bimomentowej . Odniesiono
Jje do sit krytycznych preta z przeponami umieszczonymi w przekrojach podporowych.

0.40
3P
—analiza wrazliwosci
Pi — = wyniki Sisle
0.20
_ -
P4
e P
-
rd
”
“d
0.00 [ ,
0 9) B 4

Rys. 3.2. Zaleznos¢ wzglgdnej wariacji sily krytycznej od wspolczynnika sztywnoéci bimomentowej
przepony
Fig. 3.2. Relative first variation of critical load versus coefficient of stiffener warping stiffness

4. Whnioski koncowe

Wyprowadzone w pracy wariacje sity krytycznej wyboczenia skretnego preta
cienkosciennego o przekroju bisymetrycznym wzgledem zmiany sztywnosci oraz
zmiany polozenia przepon poprzecznych pozwalaja na wyznaczenie zmian sily
krytycznej bez koniecznosci powtarzania caltej analizy statecznosci dla zmienionych
parametréw uktadu. Podana analiza wrazliwosci sity krytycznej oparta jest na teorii
pretéow cienkosciennych o przekrojach nieodksztalcalnych. Wyniki przyktadéw
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numerycznych wskazuja na dobra aproksymacje tych zmian w znacznym zakresie
zmian sztywno$ci bimomentowe;j i potozenia przepon.

0.00
8Pkr - &
~
S
Py 4 \§ -
- ~\\ -
\\\ -~
T <
0.04 23
-0. N
N O \\
\ ~ -~ |
- . ~
_ N
-0.08 I B
oz /1
0.00 0.02 0.04

Rys.3.3. Zalezno$¢ wzglednej wariacji sily krytycznej od przesunigcia przepon do srodka preta
Fig.3.3. Relative variation of critical load versus change of stiffener location towards middle of column
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Summary

EFFECT OF TRANSVERSE STIFFENERS ON TORSIONAL BUCKLING
LOAD OF THIN-WALLED COLUMNS WITH BISYMMETRIC CROSS-
SECTION

Sensitivity analysis of the critical load of torsional buckling Py of thin-walled
columns with bisymmetric open cross-section is presented. The stability problem is
formulated according to the classical assumptions of the theory of thin-walled beams
with non-deformable open cross-section (1). The first order variations of the critical
load dPy; due to a change of the stiffener warping stiffness Kg and a change of the
stiffener location &z are derived. The considerations are based upon calculus of
variations.

Numerical examples dealing with an axially loaded simply supported thin-walled
I-column of length 1 (Fig.2.1) are given. The influence line of the critical load
variation obtained (Fig.3.1) allows us to choose the best location of the transverse
stiffener. The higher values of the influence line the great effect of the stiffener. It is
obvious that in the case of the column under consideration the best places are the
column ends. Moreover, it is possible to calculate an approximated value of change
the critical load due to some variations of the stiffener cross-section or its location.
Fig.3.2 shows the relative change of the critical load of torsional buckling due to the
variation of the warping stiffness of the stiffener located at the end cross-section of the
column. The warping stiffness of the stiffener is determined by means of a
nondimensional coefficient B. The values of the critical load changes are refereed to
the critical load of the column without the stiffeners. The results of the sensitivity
analysis and exact calculation of the critical load changes are presented. Comparison
of these results enables us to draw a conclusion that the approximation of the change
obtained with aid of the critical load variation is reasonable good. In Fig.3.3 the
variations of the critical load due to change of the stiffener location are shown for
some different values coefficient of the warping stiffness p.

The sensitivity analysis of the critical load of torsional buckling elaborated may be
useful in optimal design, identification and probabilistic analysis of thin-walled
structures.
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STABILNOSC UKLADU NIELINIOWEGO POD STOCHASTYCZNYM
OBCIAZENIEM NIEKONSERWATYWNYM

P. SNIADY, W. GLABISZ
Instytut Inzynierii Ladowej Politechniki Wroclawskiej
Wybrzeze Wyspianskiego 27, 50-370 Wroclaw, Poland

Obciazenia niekonserwatywne sy czgsto przyjmowanym modelem oddziatywan w  wielu
zagadnieniach wspolczesnej inZynierii. Wplyw tego typu obcigzen jest szczegélnie istotny
w zagadnieniach statecznosci i jest malo zbadany dla obciazen niekonserwatywnych o parametrach
opisywanych procesami stochastycznymi. W pracy podano algorvtm badania stabilnosci
momentéw probabilistycznych opisujacych zachowanie ukladu o jednym stopniu swobody pod
dynamicznym, stochastycznym obciazeniem nickonserwatywnym.

1. Wprowadzenie

Najczeseiej spotykanym modelem sit czynnych w analizie konstrukcji sa zachowaw-
cze sily niezalezne od stanow odpowiedzi konstrukcji. Taki model sil nie jest
odpowiedni do opisu na przyklad oddzialywania osrodkow, gdzie wielko$C tego
oddzialywania moze zmieniac si¢ wraz ze zmiang konfiguracji ukladu obciazanego.
Tego typu oddzialywania, dalej zwane niekonserwatywnymi, pojawiaja si¢ miedzy
innymi w wyniku oddziatywania na konstrukcj¢ na przyklad wiatru, osrodkow
svpkich, badz akcji oplywajacego konstrukcje ptynu. Sily niekonserwatywne wyste-
puja takze w wielu zagadnieniach robotyki, aerodynamiki, a takze w problemach
kontroli i sterowania ukladéw. Znaczenie obciazen niekonserwatywnych, cyrkulacyj-
nych jest podstawowe w zagadnieniach statecznosci i staje si¢ szczegélnie istotne
wtedy, kiedy w ukladach poddanych ich dziataniu powstaja duze przemieszczenia.

Podstawy analizy, gléwnie liniowych, deterministycznych ukladéw z sitami
niekonserwatywnymi podal Zigler (1), Bolotin (2), Leipholz (3, 4), Gajewski
i Zyczkowski (5) i Zyczkowski (6). Obszerny, krytyczny przeglad literatury gléwnie
z zakresu analizy statecznosci ukladow z silami niekonserwatywnyvmi znalez¢ mozna
w pracy Bogacza i Janiszewskiego (7). Niwielu autorow analizowalo zachowanie si¢
ukladéw pod dynamicznie zmiennym obcigzeniem nickonserwatywnym. Przyklada-
mi prac z tego zakresu s3 artykuly Dzygadlo i Solarza (8), a ostatnio Glabisza (9).
Zaledwie kilku autordéw - i to w ograniczonym zakresie - analizowalo zadania ze sta-
tycznymi silami nickonserwatywnymi dzialajacymi na uklady o stochastycznie
zmiennych parametrach (np. Ramu, Ganesan i Sankar (10).Celem pracy jest analiza
stabilnodci probabilistycznych momentéw nieliniowego ukladu o jednym stopniu
swobody poddanego dzialaniu niekonserwatywnego obciazenia dynamicznego
o losowo zmiennym parametrze $ledzenia.
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2. Sformulowanie problemu

Rozpatrzmy uklad o jednym stopniu swobody (Rys.2.1.). w ktorym nieodksztalcalny
i niewazki pret o dlugosci 1 z masa skupiong m na géornym koncu, jest na dolnym
koncu sprgzyscie zamocowany. Sztywno$¢ K(t) sprezyny przyjeto w postaci
K(t)=ko +k(P), gdzie k, jest stala, nie zaleznq od czasu skladowa sztywnosci,

ak(P) jest skladowa sztywnosci, ktéra moze by¢ dowolna, periodyczna funkcja

dzialajacego obciazenia P. Pret obciazony jest skupiona. niekonserwatywna statvezng

badz dynamiczng, periodycznie zmienna sila P(t), ktdrej mozliwe odchylenia od

kierunku pionowego opisane jest parametrem S$ledzenia o(t). Zaklada sie. ze

parametr Sledzenia jest rowniez funkcja zmieniajaca si¢ w czasie. Jako wspdlrzedna

uogolniona q przyjeto kat. ktory jest miara wychylenia preta z polozenia pionowego.
a(t)*q

/ P(1)

Rys.2.1. Schemat analizowanego zadania
Fig.2.1. Diagram of the analyzed model

Rozpatrujac warunek réwnowagi dynamicznej, przy zalozeniu ze wychylenia
masy m sa male, otrzymujemy réwnanie ruchu w postaci przedstawionej przez Hilla

g(t +c00[1 K(t) ]q (1)
gdzie
S
Jezeli zalozymy, ze w ukladzie wystepuje thumienie proporcjonalne do predkosci
wychylenia 1 charakteryzowane wspdlczynnikiem tlumienia ¢, to réwnanie (1) po
dokonaniu zamiany zmiennych typu g(t) = e ™¢(t) przyjmie posta¢

&(t) +o*[1-F ()]s(t)=0 3)
gdzic 0 =0f —h% a Fy(t)=(0, /o) F(t),a h=c/(2mi?).
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Jezeli zalozymy, ze funkcja Sledzenia o(t) zawiera przypadkowe zakldcenia.
a wigc jest procesem stochastycznym to przedstawi¢ ja mozna jako

o(t) = o + DE(t) C)

gdzie o, jest wielkoscia stala, D>0 okresla odchylenie standardowe zakldécenia

losowego, a &(t) jest gaussowskim procesem stacjonarnym typu ,bialy szum”
o wlasnos$ciach

E[2(1)] =0, E[5(t,)5(t2)] =5(t, - ;) (5)

gdzie E[...] oznacza warto$¢ oczekiwana, a 3(...) jest delta Diraca.

Przy takim modelu funkcji Sledzenia powstaje problem stabilnosci ukladu na
zaklocenia stochastyczne £(t). Dalej badana bedzie momentowa stabilno$é uktadu
(np. $rednia, $redniokwadratowa lub z uwagi na momenty wyzszego rzedu).

Uwzgledniajac relacje (4) w réwnaniu (3) otrzymujemy

«s(o+mz{1-(.f*’_o)z[(l_ao)%‘)—l‘ﬁp—)]}¢(t>+mgni(—‘l’a(t)¢(t>=o ©

® 1 kg 0
a wprowadzajac nowe zmienne ¢(t)=z,(t)i ¢(t)=2z,(t)otrzymuje si¢ uklad
réwnan stochastycznych typu Ito
dz, =2,dt +0

dz, = -0’ {1 - (91) 2[(1 - ao)iL:l) - kép) }}z,dt + “’kgllj P(t)z,aw ¢

® 0 0

gdzie dW jest procesem Wienera (Sobczyk (11)). Oznaczajac momenty
my(t) = E[zi(t)zg(t)], (i=0,1,2) zmiennych z,(t)=¢(t) i z, = (t) i stosujac znang
formulg rézniczkowania dla wektora Markowa (zl ,z,) okreslonego uktadem réwnan

(7) (Sobczyk (11))oraz wykonujac operacje wartosci oczekiwanej otrzymuje si¢
deterministyczny uklad réwnan

dm

2
i : ® P(t) k(P)
o M -@21{1'(—(3 [(1‘“0)1(—01“ K, }}‘“ s

2

1. . D
'Z‘J(J - 1)0)3 k—olpz(t)mi+z,j—z
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Z zaleznosci (8) otrzymujemy separowane uklady réwnan dla momentow: na
przyklad pierwszego rz¢du (=1, j=0; 1=0, j=1), drugiego rz¢du (i=2, j=0; i=1, j=1;
§=0, j=2). trzeciego rzedu (1=3, j=0; i=2, j=1; i=l. j=2. i=0, j=3) czy tez rzedu
czwartego (i=4, j=0; 1=3, j=1, i=2, j=2; i=1, j=3; i=0, j=4).

3. Przyklad numeryczny

Przedstawione w punkcie poprzednim, w postaci ukladow réwnan rézniczkowych
zwyczajnych o periodycznie zmiennych wspolczynnikach, relacje (8) na momenty
badanego ukladu moga stanowiC podstawe analizy ich stabilnosci. Analize t3
prowadzi¢ mozna wykorzystujac teori¢ Flogueta dla prostych funkcji wymuszenia
P(t) i funkcji sztywnosci k(P), badz - co tutaj wykorzystano - na drodze
systematycznego, numerycznego calkowania ukladow (8) dla interesujacych nas
zmian parametrow badanego ukladu. Tego typu analiza nie daje oczywiscie
odpowiedzi w sensie globalnej stabilnosci badanych momentow, ale moze dac poglad
na ich zachowanie dla wybranych wielkosci opisujacych niekonserwatywna sile P(t),
funkcj¢ sztywnosci k(P), wielko$¢ odchylenia standardowego losowego zakldcenia
parametru Sledzenia, jak réwniez przyjmowane w analizie wartosci poczatkowe
momentow.

67 g,
-1. 1a7.s lmxlﬁz_s 10

Rys.3.1. Zmiany wariancji dla P(t)=5sin(ot) i k(P)=0.49P(t)

Fig.3.1. Vanance variation for P(t)=5sin(ot) i k(P)=0.49P(t)
Dalej przedstawiono dla ® = =3,y = 05,m,((0) =000Lk, =1=1, D=2 oraz
P(t)=5sin(wt) 1 k(P)=0.49P(t) - Rys.3.1. i P(t)=1.5sin(wt) i k(P)=0.1P(t) - Rys.3.2.

jedynie wyniki zmian w czasie wariancji Xx= Var(q,q)=m20 -ml,.

y= Vaf(Q»Q) =My, — mgl iz= Var(q,c'l) =My — My My, .
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Rys.3.2. Zmiany wariancji dla P(t)=1.5sin(wt) i k(P)=0.1P(t)
Fig.3.2. Variance variation for P(t)=1.5sin(ot) i k(P)=0.1P(t)

4. Podsumowanie

W pracy przedstawiono algorytm analizy stabilnosci probabilistycznych momentéw
dowolnego rzgdu dla ukladu o jednym stopniu swobody pod dzialaniem
dynamicznego obciazenia niekonserwatywnego o wspolczynniku sledzenia opisanym
procesem  stochastycznym. Wyprowadzone uklady réwnan rdézniczkowych
zwyczajnych o periodycznie zmiennych wspolczynnikach pozwalaja - na drodze
numerycznego calkowania - bada¢ wplyw parametrdw ukiadu na jego stabilnosé
itym samym umozliwiaja okreslenie jego stanu krytycznego na bazie przyjetego
kryterium.

Literatura

1. Ziegler H., Die stabilitdtskriterien der elastomechanik, Ing. Archiev Vol. 20
(1952), 49-56.

2. Bolotin V. V., Nonconservative Problems of the Thory of Elastic Stability,
Pergamon Press, Oxford (1963).

3. Leiphoz H. H. E., Uber die konvergenz des Galerkinschen verfahrens auf
nichtkonservative stabilititsprobleme des elastischen stabes, Z. Angew. Math.
Phys., Vol. 13 (1962), 359-372.

4. Leipholz H. H. E,, Stability Theory, John Wiley and Sons, Stuttgart (1987).

5. Gajewski A., Zyczkowski M., Wphw jednoczesnego niejednorodnego tarcia
wewnglrznego i zewnelrznego na statecznos¢ uktadow niekonserwatywnych,
Mech. Teor. Stos. Yol 10 (1972), 127-142.

- 269 -



6. Zvczkowski M., Stability of elastic structures. Part III, ed. Leipholz H. H. E.,
Springer-Verlag, Wien-New York (1978).

7. Bogacz R., Janiszewski R., Zagadnienia analizy i syntezy kolumn obcigzonych
sitami $ledzqcymi ze wzgledu na statecznosé, Prace IPPT PAN, Warszawa.
(1986). ‘

8. Dzygadlo Z., Solarz L., On nonautonomous vibrations of self-excited system with
tangential force, Proc. Vibr. Problem Vol. 11 (1970).

9. Glabisz W., Stability of simple discrete systems under nonconserwative loading
with dynamic follower parameter, Comp. Struct. Vol. 60 (1996), 653-663.

10.Ramu S. A., Ganesan R, Sankar T. S., Stability analysis of stochastically
parametered nonconservative columns, Int. J. Solid Structures Vol. 29 (1992).
2973-2988.

11. Sobczyk K., Stochastyczne réwnania rézniczkowe, WNT Warszawa (1996).

Summary
Stability of nonlinear system under stochastic nonconservative loading

Nonconservative forces are frequently applied model of interaction in contemporary
engineering. The analysis of systems with this type of forces has been the subject of
numerous papers. The majority of them deal with the problems of static, dynamics
and stability of linear or nonlinear, continuous or discrete systems usually under
static nonconservative loads. The influence of nonconservative loading is specially
important in stability analysis and wasn’t investigated when we describe this forces
as a stochastic process.

In thts paper an algorithm of stability analysis of stochastic, any rank moments
for nonlinear one degree of freedom system was presented. The follower parameter
of applied dynamic, nonconservative force is described as ,,white noise” stochastic
process. Obtained differential equations system with periodic coefficients for
stochastic moments creates the basis for analysis on the way of numerical
integration. Some results for dynamic varying force and stiffness parameter as a
simple function of applied loading were presented in the form of curves in three-
dimensional second order moments space.
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INFLUENCE OF LATERAL LOADING
ON THE ULTIMATE CAPACITY OF SHIP HULL

M. TACZALA
Ship and Ocean Technology Institute, Technical University of Szczecin
Al. Piastow 41, 71-065 Szczecin, Poland

A problem of assessment of the ship longitudinal strength is presented. A method for evaluation of
the ultimate bending moment is given. A short description of the algorithm and computer code for
evaluation of the ultimate capacity are presented. An effect of the lateral pressure is than
investigated using Perry-Robertson formula and results of the finite element computation. The
results of calculation of the ultimate capacity of compressed beams are than used for evaluation of
the ultimate bending moment of a ship hull.

Introduction

The conventional assessment of the longitudinal strength of ship hull girder
subjected to bending moment due to ununiformity in distribution of cargo and
complex shape of the hull (still water bending moment) as well as bending moment
due to waves is to compare the maximum stress resulting from longitudinal bending
to the permissible value. Thus the cross section modulus is regarded as a measure of
strength of the ship hull. A new attitude to the estimation the strength has recently
appeared based on the calculation of the ultimate bending moment of the ship hull -
collapse load. Value of the ultimate (limit) capacity provides with the information on
the real safety margin of the ship hull.

Typical ship structure is composed of plates and longitudinal stiffeners which
form longitudinally stiffened panels supported by longitudinal girders and transverse
frames. A method of determination of the ultimate capacity is generally used based
on the ultimate capacity of the individual stiffened panels (1-5) or rather their
behaviour under various types of loading with dominant axial compression. A
number of factors which influence the load-carrying capacity of stiffened panels can
be listed including type of support supplied by transverse frames (boundary
conditions), initial deflections, residual stress, material properties. Local bending
arising from the lateral pressure should also be considered investigating ultimate
capacity of compressed panels.
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1. Analysis of ultimate capacity of ship hull

A simple algorithm was employed for investigation of the ultimate capacity of ship

hulls (5,6) based on simplifying assumptions

e transverse cross-sections of the ship hull remain plane and perpendicular to the
neutral surface,

e collapse occurs for panels situated between transverse primary members,

e interaction between adjacent panels is not taken into account.

A ship hull is divided into separate elements: plates and stiffeners which
compose panels. Elastic-plastic behaviour of each panel is found under tension and
compression based on the simple well-known formulae for stiffened plating given by
Gordo and Soares (7). It is assumed that stiffened panel can buckle in either
o plate induced buckling or
o flexural buckling of stiffeners
failure modes.

1.1 Plate failure mode

Behaviour of panels collapsing in the plate failure mode is given by the following

equation

Ag + @y, ()bt
Ag +bt

d. in the above equation is an edge function dependant on relative strain and ¢,

is an effective width of attached plating which is also calculated according to
approximated formula (8).

Dy = O (1)

1.2 Flexural buckling of stiffeners

Formula for the behaviour of stiffened panel buckling in stiffener failure mode is
based on the well-known equation for Euler buckling stress including the Johnson-
Ostenfeld correction for plasticity. Finally the equation takes the form

As + D, ()bt
Op= O 2
b 10 Ag +bt 2)
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Typical curves for plate and flexural buckling modes obtained using Egs. (1)
and (2) are presented in Fig. 1.

1.3 Evaluation of the ultimate bending moment

Once the stress-strain curves (relationships) for all structural members (panels) of
the cross-section of a ship have been established, evaluation of the bending moment
for a given curvature can be performed solving non-linear equation

F=Z_[oj(sj,zo)-dA=o 3)
J A,

using Newton-Raphson procedure to find actual position of neutral axis and after
convergence has been achieved the bending moment is evaluated
M=chj(sj,zo)-(z—zo)-dA @)
J A j

A moment-curvature relationship obtained by the method is presented in Fig. 2.

Based on the above-specified relationships a computer code was produced for
calculation of the ultimate bending moment of a ship hull. The code - RESULT - is a
part of MARS - a French Bureau Veritas computer program for analysis of ships’
cross-sections. Verification of the computer code was performed by comparison of
results with other computer codes (6). A regular, full-scale experiment is hardly to
imagine, however, there was a famous case of Energy Concentration, an oil tanker
(VLCC), which broke its back while being discharged in Rotterdam in 1980 (3).
Taking into considerations many uncertainties concerning actual state of the ship
(corrosion) which had been done in service for ten years, level of residual stress,
initial deflection etc. the value of the bending moment obtained using RESULT is
satisfactory.

2. Influence of lateral loading on load-carrying capacity of pinned beam

Investigation of influence of lateral loading is a difficult task due to complexity of
equations describing the problem. Hughes (9) using the concept of magnification
factor defines the bending moment M, acting in the beam as the bending moment
due to lateral load, M,, plus that due to eccentricity, including initial deflection y,
and deflection y, caused by the lateral load. The maximum compressive stress is thus
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P M_.
max — A + W (5)
where M.« is a bending moment due to lateral load and eccentricity of compressive
force. Applying simplifying assumption that the beam will collapse when the
maximum compressive stress reaches the yield point and introducing non-
dimensional parameters

o)

+y,)A

chm;lzlgi;n=WOYQ ;pzhgﬂv ©

Gy Og W Cy

we arrive at
2

1( 1+n) 1( l+r|) I-p
R=—|l-p+———|=,|={1l-p+ - 7

1 Gl ¥ -J; M 2 ¥ (7)

Eq. (7) is valid for the case of the simply-supported beam which is also a model for
evaluation of the ultimate capacity for stiffened plates buckled in the flexural failure
mode.

While the above described approach provides simple and convenient formula its
accuracy can be doubted since it is based on simplifying assumptions and may not
reflect complexity of non-linear elastic-plastic behaviour of compressed stiffened
panels with lateral pressure. This is why the ultimate capacity of stiffeners with
attached plating was also investigated using the finite element method. The
computer code for non-linear analysis of plates FENAPP was applied (10). Values of
the ultimate capacities of a stiffener being a part of the bottom structure of the
analysed ship subject to lateral pressure of 0.15 MPa were collected in Table 1.

Table 1. Values of ultimate capacities

Cu/Cy
no lateral pressure lateral pressure included
Perry-Robertson 0.74 0.67
FEM 0.76 0.74

Difference between the obtained values may be due to the assumption that the
ultimate capacity is reached when the first yield takes place while there is still a
reserve of strength of compressed beam.
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3. Investigation of influence of lateral loading on ultimate capacity of ship hull

Calculation of the bending moment was performed for the oil tanker of length 234 m
for hogging (bottom compressed and deck in tension) and sagging (reverse)
conditions. Calculation was first performed for the case without lateral pressure -
Fig. 2. Then the modified value of the ultimate bending capacity according to
Hughes’ formula - Eq. (7) was taken into account for outer and inner stiffeners.
Finally, the value of the FEM computation was applied. The results are presented in
Table 2.

Table 2. Values of ultimate bending moments in hogging and sagging conditions

Values of ultimate bending moments
hogging sagging
no lateral pressure 9034. 9297.
lateral pressure effect 8279. 9228.
according to Hughes
lateral pressure effect 8810. 9277.
according to FEM

It can be seen that assumption of decrease of the ultimate capacity of
compressed beam causes significant reduction of the ultimate bending moment
especially for hogging condition - by 8%. This attitude is more conservative than
employing the result obtained by FEM. In the latter case reduction is about 2.5%
which means that influence of the lateral pressure is not significant for estimation of
the bending moment of ship hulls with stiffeners of similar properties as considered
one. More systematic investigation, concerning both the ultimate capacity of beams
and its influence on the ultimate capacity, should be however performed before

producing final conclusion.

/o 10000. [MNm} +
1.0 —F be

05 + T hogging

e/es curvature
4 I 4 1.

1.0 20 S-107 {1/m]

sagging

plate mode

Fig. 1. Typical curves for plate
and stiffener failure modes Fig. 2. A moment-curvature relationship
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STABILITY AND VIBRATION OF A CANTILEVER COLUMN LYING
ON THE ELASTIC FOUNDATIONS LOADED BY A GENERALISED LOAD

L.TOMSKI, J PRZYBYLSKI, LPODGORSKA
Instytut Mechaniki i Podstaw Konstrukcji Maszyn Politechniki Czgstochowskiej
Dqbrowskiego 69, 42-200 Czestochowa

In this work the stability and vibration of a cantilever column loaded by the transverse force and
bending moment which depend on both the displacement and the slope angle at the free end of the
column. Performed analysis concemns the influence of the physical and geometrical parameters as
well as the foundation stiffhess on the critical force for the system. It has been proved also that the
system is of the divergence-pseudoflutter type.

1. Introduction

Elastic systems such as columns and frames can be classified into one of two
types: the flutter systems (FT) - Fig. 1a, which loses its stability due to flutter [1],
or the divergence type systems (DT) - Fig. 1b, of the divergence instability [2].

A different course of eigenvalues against the external load, as shown in Fig.Ic,
for cantilever columns loaded by a certain type of the general loading, was obtained
theoretically and supported by an experiment [3]. Those systems cannot be treated in
the sense described in [2] as the flutter type or divergence type systems. Similar
theoretical results with experimental verification concerning a planar frame loaded
in this same way as the column are given in [4]. Experimental results of the natural
frequency curves accordingly to the function from Fig. 1c were presented in [5,6],
however there were not stated the boundary conditions resulting from the way of the
applied load.

P M1 t'12 P MZ P Mz M1
p O
My 5%’% &
<
Q) © b © ) «

Rys. 1. Natural frequency curves for different types of column

On the basis of results included in [3,4] the following features of the systems of
the eigencurves as in Fig. 1c can be indicated
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- for the external load P—P; , where P, is the divergence critical load. the
eigenvalues curve has the negative slope, whereas for P € <0, P.) that slope can be
either negative, zero or positive

- along the eigenvalue curve a change in eigenmodes appears, as it is for the system
of the eigencurves sketched in Fig.lc, where M1 and M2 describe the first and
second mode, respectively. That change in the eigenmodes appears for flutter type
systems also.

Because the columns of the natural frequency curves as in Fig. lc, lose their
stability due to divergence and from the other hand, change their mode shapes along

eigencurves, are classified as the divergence-pseudoflutter systems (comp. [7,8])).

2. Statement of the problem

The main purpose of this work is to study the stability and natural vibration of a
cantilever column loaded by a longitudinal force in such a way that the bending
moment and the transverse force at its free end are dependent on both the transverse
displacement and the slope angle at that end. This type of the load is one of the
generalised load (comp. [4]). The column along the length 1; is resting upon the
Winkler elastic foundation of the stiffness coefficient K. The bending rigidity of the
column is EJ and its mass per unit length is pA. This case of loading can be realised
in three constructional variants (Fig. 2).

x x LM

Wit ¢
Wity B ™

o -/
R [, G{ A
: , 0/
le L

X X ) \ Wixt
Q) W(xt) b) Wixt) 'C) )
Rys. 2. Schematy obciazenia kolumn
The boundary conditions are
W(0,t) = W' (0,t) = 0 (1)
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WL+ pW (1,t) + vW(L.0)] = 0 ,
(2)
W (L 1) + A1 W (1L 1) +YW(L, 0] =0

where A = P[EJ ]'l

The values of p, v, p and y are stated in Table 1.

Table 1.

Column P v B Y

Fig. la R r R 1

R-r R-r R-r R-r

Fig. lbic | 1. (. +1y) I (I +1y) ]

Iy ly b4 lq

The Euler-Bernoulli differential equations are as follows

62\M(x, t)
N

EJ, FWi(x.t) o TW, (2\ t) 0

5\,4
4 . ~2 . 2 .
ox Ox o’

+KW(x.t) +p,A,
3)

E,J, 0

The column performs the small vibrations so

W(x, t) = y(x)e' 4

In further considerations E,J; = E,J, = EJ.
The condition for the system to be conservative is

v+u-1=0 (&)

3. The critical force. Natural frequency curves

The divergence critical load parameter A. may be obtained from the condition of
setting to zero the total energy of the system (comp. {3])

! |
[y o dx +K] y2(x)dx
A= 0 0

<7
[y (x)dx~[py'® +vyO]y M = [(1- 1)y’ ® -y D]y )
0

>0 (6)
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The course of the natural frequency curve can be obtained after performing the
variational operation of the functional

1 L
F(y) = ] (E3" () + Py"(x) - pA@ y()Jy(x)dx + K[ y (x)dx (M
0 0

what leads to

] 2
do I[yelx-v'O+ply'®] +2vyDy @) ©
= : —
a [y} (x)dx + = y3()
0 pA
Taking into account equation (6), relation (8) for A — A, takes the form
| 2 J
40 I[y"(x)] dx+k [y (x)dx
_0 0 (9)

a, [, )
¥ xc[f y'(x)dx+—m—y-(l)]
0 pA

From (7) after integration by parts, taking into consideration the boundary conditions
(1,2) as well as equation (9), one derives

| A
. j(;[y"(x)z]dx+k (j)y'(x)dx

Q=27 +
dA

, (10)
[ y2(x)dx + —y*(1)
0 PA

4. The critical force of the divergence instability

The transcendental equation for the critical load when omitting the influence of
the elastic foundation is as follows

o xclc)=[,/i:(—1c ~1+¢)coslyA, +

(Al + 1+ A dee) sinlag }(—Ic +¢)"'=0

where ¢ =1.+1, = const and c# 1.

(11)
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The first derivative of the above implicit function is

5G \/Zlc COS(lﬁ:) +(7\.‘C2 -Alc+ l) Sin(l\/;\:)

al, (c-1)

(12)

There is no extremum for the function of the critical load because the numerator of
(12) is independent from 1

In Fig. 3 an exemplary change in the critical force is plotted against l./c for
different values of c.

~32F

10. A LY | | T | A | e Y 1 i ! i |
00 01 02 03 04 05 06 07 08 09 10

ﬁl-‘

Fig. 3. Cnitical value parameter versus I, andc =1, +14

5. Conclusions

Three constructional variants of the column having identical boundary
conditions has been presented.

The influence of the ratio between the length of the system elements upon the
value of the critical load has been shown.

It has been proved that the elastic foundation has no effect on the slope of the
natural frequency curves, however it influences the critical force - the increase in the
stiffness coefficients results in the increase of the critical load.
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STABILITY AND VIBRATION OF A THREE-ROD COLUMN
OF THE DIVERGENCE-PSEUDOFLUTTER TYPE

L. TOMSKI, J.PRZYBYLSKI, M.GOLEBIOWSKA-ROZANOW
Instytut Mechaniki i Podstaw Konstrukcji Maszyn Politechniki Czestochowskiej
Dqbrowskiego 69, 42-200 Czestochowa

In this work it has been proved that the considered column is the divergence-pseudoflutter type
system. The courses of the natural frequency curves for different geometrical and physical
parameters have been presented. Theory and numerical results have been verified by an
experiment performed on an especially designed stand. The value of the critical instability force
has been analysed as a function of certain geometrcal and physical parameters.

1. Introduction

The divergence-pseudoflutter systems loaded by a certain generalised load were
described in [1]. In this work a three-rod column was selected for an investigation of
its stability and natural vibration to prove that this system is of the divergence-
pseudoflutter type also. The experimental set-up for the verification of numerical
results is sketched in Fig. 1.

b it

2({) 2(2) Ir 1 REL
] l 8(1)“/]1] [j}g.g

! 7(3)
}7777J” —_—

Fig.1. Experimental set-up
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The presented stand is equipped with the loading head (1), which can be horizontally
shifted in two perpendicular directions along guides 2(1) and 2(2). Load to the
column is applied by means of a built-in screw system and measured by an
extensometer (3). The column (4) which is compound of two identical rods 6(1) and
6(2), as well as the rod 7(3) of different flexural rigidity, is clamped at one end by
the holder (5). All rods have the circular cross section. At the other end the rods are
connected by means of a rigid element (8) of mass m, in such a way that the
displacements and deflection angles of the rods are to be equal. The rod 7(3) is
joined by a needle bearing to the beam (9), which is mounted in the holder (10)
pinned to the external support. A force created in the head (1) is transferred to the
column (4) by means of the beam (9).

Vibration tests were performed with the use of the two-channel vibration
analyser (11) of 2035 type and the accelerometer (12) of 4381 type made by
Bruel&Kjaer. The system was activated by the impactor (13).

2. Equation of motion. Boundary conditions

The equation of motion for the column are as follows

4 2
ET 0'w; N 0w, A Fw,

171 ax4 1ax2 +p1 1 612 =0 (1)

where E; J; is the flexural rigidity of the i-th rod (rods 6(1) and 6(2) have identical
properties and dimensions), p; A, is the mass per unit length of the i-th rod, S; is the

longitudinal force in the i-th rod, S, =B/ ; 8, =-P; EJ, =E)J, =EJ;
PiA =P A, =pA; w=w(xt).

The boundary conditions are
w1(0) = W,(0) = W, (0) = W, (0) = w3(0) = w3 (0)
EJyw, (L) + E T, w, (L, t) + Ey T wi(l;, 1) =0
EJyw, (L) +E T, wy (L) + EgJow; (15, 1) =0

where 1 is the length of the rods 6(1) and 6(2), 1, is the length of the rod 7(3).
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For the small vibrations
wi(x,t) = y,(x)e™ .
3. Natural vibration frequency curve

The value of the critical load P. can be obtained from the conditions of nulling
of the entire energy of the system. This leads to

P

[

B EJ i[(yx) + (y;)z]dx +EJ ;(j: (y;)zdx
- 1

T L, >0 (2)
(Y1 +Y, )dx—{)Y:» dx

Oty

2
Let take into account the functional (comp. [2])
Fly} =Ry, ]+ Ely,] +Ely;]1=0
' v " 2
where E[y;] = I[EiJiYi +Siy; - piA® Yi]yidx-
0

The variation of this functional gives

IJ‘.( 2 .zd lf 4
-=fly, +y )x+ y,dx
dmz_ 2\ 2 A 3

dp

i I
pA| ()’12 + y%)dx +p3A; [ y3dx+me*y ()
0 0

The numerator of this expression can take positive, negative and zero values what
depends on the relation between its addends.

Taking into account (1) and (2) the slope of the natural vibration curve for P—P, is
as follows

I w2 .2 Iy .
do? -EJI(yl +Y2 )dHIysdx
== : <0 3)
dF, b2, 2 I
PA| (Y1 +y2)dx +p3A; [ y3dx+m
0 0
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This is a prove that the column presented in Fig. 1 fulfils the criterion for the
divergence-pseudoflutter system.

4, General remarks

The present investigation has been directed towards the following objectives:
- to compute the divergence critical load for different length of the rod 7(3)
- to find courses of the natural frequency curves as a function of the applied load for
different geometrical and physical parameters of the column
- to analyse the changes of the mode shapes along the eigenfrequency curves.
Experimental tests of the natural frequency for different loading have been carned
out also. For the boundary values of the bending rigidity E;J; of the rod 7(3) i.e. for
E;J3=0 or for 1/E3J5=0, the column becomes a column loaded by a force passing
through a fixed point or a column loaded by the follower force passing through a
fixed point [3].
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METODY SZACOWANIA OBCIAZEN NISZCZACYCH UZWOJENIA
TRANSFORMATOROW W SYSTEMIE SPN

M. WIECZOREK, E. SZYMCZYK
Instytut Materiatoznawstwa i Mechaniki Technicznejf WAT
Kaliskiego 2, 01-496 Warszawa, Polska

Analiza wytrzymatosci mechaniczne] uzwojen transformatoréw z uwzglednieniem luzow i
zjawiska tarcia jest zagadnieniem nieliniowym. Obciazenie niszczace okresla si¢ na podstawie
nieliniowej analizy statycznej (przyrostowe réwnania rownowagi) oraz w sposob przyblizony
metoda liniowej analizy statecznosci i metoda analityczna oparta na rozkladzie rozwigzania w
bazie wektoréow wlasnych.

1. Wstep

System SPN przeznaczony jest do nieliniowej analizy statycznej uzwojen
transformatoréw, poddanych obciazeniom promieniowym. Umozliwia analize
numeryczng konstrukcji, ktdrych model mozna zbudowaé z plaskich elementéw
pretowych o osi krzywoliniowej oraz z elementdw sprezystych. Elementami
krzywoliniowymi modeluje si¢ fragmenty uzwojenia. Moga one pracowaé zardwno w
zakresie sprezystym jak i sprezysto-plastycznym. Elementy sprezyste opisujg kliny
podpierajace oraz podatnosc izolacji. Pracuja one tylko w zakresie spr¢zystym, ale
ich podatnos¢ moze mie¢ charakter nieliniowy. System umozliwia modelowanie
zjawisk kontaktowych z uwzglednieniem tarcia.

Dokladne okreslenie obcigzen niszczacych (krytycznych) dokonuje sie w wyniku
pelnej analizy nieliniowej. Ze wzgledu na czasochlonno$¢ obliczen wygodne jest
szacowanie obciazen krytycznych na dowolnym poziomie obciazenia.

2. Nieliniowa analiza statyczna
Z uwagi na nieliniowy charakter zachowania konstrukcji analiz¢ numeryczng opiera

si¢ na zlinearyzowanych na kroku przyrostowych réwnaniach réwnowagi [2,3] z
uwzglednieniem tarcia [8].

[K._P(q(f))JrKo(cu))] AqE) = AptD _ A (1)
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gdzie: Ka_p(q(')) - macierz sztywnosci  konstrukgji, Kd(c('))- macierz

poczatkowych naprezen, Aq” - przyrost wektora przemieszczen, Ap” - przyrost

wektora obciazen. At - przyrost wektora sil tarcia.
q

Uklad réwnan (1) rozwigzuje si¢ metoda zmiennej sztywnosci. Macierze
tworzone sq na kazdym kroku przyrostowym dla aktualnej konfiguracji. W celu
dostosowania macierzy sztywno$ci do zmieniajacych si¢ warunkow pracy konstrukcji
po wybraniu luzéw 1 wlaczeniu si¢ sil tarcia, w systemie SPN wprowadza si¢ opcje
skracania i powtarzania kroku.

Calkowity wektor przemieszczen q* oraz obcigzen @ otrzymuje sic
sumujac odpowiednie przyrosty zgodnie zaleznoscia

q(i) - ZAq(j) ) £O = ZAf(j) )
j=1 j=1

Rozwigzanie rownan réwnowagi (1) mozna przedstawi¢ na wykresie f(q) w
postaci sciczki rownowagi.

Af Punkt G na  Sciezce

n. .G rownowagi jest punktem

granicznym (rys 1). Macierz

itl N [K”+K™(o)] obliczona dla n-

: AFG*D P fc tcj konfiguracji, odpowiadajacej

! punktowi G jest osobliwa (nie

Aq™D mozna  uzyska¢  rozwigzania
,q réwnania (1)).

Obxiazenie f; = > Af (3)

Rys.1. Sciezka réwnowagi s

Fig 1. Equilibrium path
odpowiadajace punktowi granicznemu jest obcigzeniem niszczacym (uzwojenie
transformatora obciazone takg sila ulega mechanicznemu uszkodzeniu).
3. Szacowanie obciazen granicznych
Polozenic punktu granicznego na $ciezce réwnowagi okresla si¢ ,.dokladnic” na
podstawic pelnej analizy nieliniowej. Uzyskanic takicgo rozwiazania jest zwykle

czasochlonne. Z tcgo wzgledu stosuje si¢ przyblizone metody szacowania obciazen

krytycznych.
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3.1. Liniowa analiza statecznosci

&

Rys.2. Sciezka rownowagi ( £= Af" = LAf)
Fig, 2. Equilibrium path ( f= Af" = 1Af)

Klasyczng metoda oceny obciazen krytycznych jest analiza statecznosci poczatkowej
[1,2]. Sprowadza si¢ ona do rozwiazania uogllnionego zagadnienia wlasnego z
macierzami sztywnosci i poczatkowych naprezen odpowiadajacymi konfiguracji
poczatkowej. W systemie SPN liniowa analiza stateczno$ci odnosi si¢ do dowolnego
poziomu obciazenia. Uwzgledniono dwa sformulowania zagadnienia wiasnego :
wersj¢ globalng (A) i lokalng (B). W wersji globalnej (A) obciazenie krytyczne jest
wielokrotnoscia aktualnego poziomu obciazenia. Wspélczynnik proporcjonalnosci
A? wyznacza si¢ z réwnania

[K‘_p(q(i))+ (i)KU(G(i))]VS:) =0 (4)
gdzie : K, _ p(q(')) - macierz sztywnosci sprezysto-plastyczne;j, Ko(c(’)) - macierz

poczatkowych naprezen, v¢ - wektor reprezentujacy postaé wyboczenia konstrukgi,

A - mnoznik definiujacy obciaZenic krytyczne zgodnic ze wzorem
fk(:) - /?.gi)f-, £ =2Af(j) (5)
=1

W wersji lokalnej (B) obcigzenie krytyczne jest suma aktualnego poziomu
obciazenia i wielokrotnosci przyrostu obciazenia.

(K., (0) +K, (") + 4K ,(AcP)VY = 0 ©)
gdzie u® - mnoznik definiujacy obciazenie krytyczne zgodnie ze wzorem

f((;) - f(i*l) _*_M(i)Af(i) i fO-D iAf(j) (7

J=1
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Do rozwigzywania zagadnienia wlasnego stosuje si¢ metody bezposrednie lub
iteracyjne [7]. W analizie konstrukcji, ze wzgledu na duzy wymiar macierzy oraz
potrzeb¢ wyznaczenia tylko jednej lub kilku najnizszych wartosci wlasnych,
preferowane s3 metody iteracyjne. W implementacji numerycznej uwzgledniono
dwie z nich : Lanczosa [6] i Stodoli [5]. Wybdr metody zalezy od wlasnosci macierzy
sztywnosci i poczatkowych naprgzen. W rozwazanym przypadku obie macierze sa
symetryczne, ale moga by¢ dowolnie okreslone (moga miec jednoczesnie dodatnie i

ujemne wartoéci wilasne). Macierz sztywnosci K{” moze nie spetnia¢ warunku

dodatniej okreslonosci w przypadku uwzglednienia obciqzen wstgpnych. Znaki
wartosci wlasnych macierzy poczatkowych naprezen K (o)zaleza od tego czy
elementy konstrukcji sg $ciskane czy rozciggane.

3.2. Metody oparte na rozwinieciu rozwiqzania w bazie wektoréw wlasnych

Prezentowana metoda ma
charakter  analityczny  [4.9].
Pozwala ona na podstawie
poczatkowego fragmentu $ciezki
rownowagi prognozowac
polozenie punktu granicznego.
Metoda ta moze by¢ stosowana do
szacowania obcigzen krytycznych

na podstawie danych
cksperymentalnych lub
numerycznych.

Przyblizona wartosé
obcigzenia granicznego wyraza si¢

Rys.3. Sciezka rownowagj wzorem :
Fig. 3. Equilibrium path fG - '?’Gf(n , (8)

Mnoznik obciazenia krytycznego wyraza si¢ wzorem

_ 'z’j/‘{’k (a(A -1~ (/1,- -1)

= €)
@l (4 -D=- L4, -1
gdzie
q_/ —;"Jql
a=——"7
Qi — 244
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oznaczenia
£ - obciazenie porownawcze odpowiadajgce A =1,
q. q.,q, - wartosci wybrane) sktadowej przemieszczenia
odpowiadajace punktom rownowagi I, , j ,
A, 4, A; - mnozniki obciazenia krytycznego f  odpowiadajace
punktom réwnowagi j, k, G (rys 3).

Skuteczno$¢ (efektywno$¢) niniejszej metody jest tym wigksza im bardziej
nieliniowa jest $ciezka rownowagi dla rozwazanej konstrukgcji.

4. Analiza numeryczna - uzwojenie cylindryczne

Rys.4. Model uzwojenia cylindrycznego i obciazenie radialne
Fig 4. Model of cylindrical winding under radial forces

Analiz¢ numeryczng przeprowadzono dla uzwojenia cylindrycznego wykonanego z
pieciu par miedzianych przewodow, ktore opisano 210 elementami
krzywoliniowymi. Oddzialywanie klinéw oraz izolacji reprezentuje 179 elementow
sprezystych. Lacznie model dyskretny zawiera 666 stopni swobody.

Obciazenie radialne osiagnigte w probie zwarciowej podzielono na 150 réwnych
przyrostow Af. W analizie nieliniowej utrat¢ stabilnosci stwierdzono dla obciazenia
113 Af. W wyniku liniowej analiza statecznosci uzyskano oszacowanie 118 Af.

Szczegblowe omowienie wynikdw przeprowadzonej analizy zostanie
przedstawione podczas referowania.
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Summary

THE ESTIMATION OF CRITICAL LOADS OF TRANSFORMER
WINDINGS IN SPN SYSTEM

The paper presents theoretical base of the computing system SPN. This one affords
possibilities for the critical loads calculating and the nonlinear analysis of the
transformer windings which are loaded by the radial short-circuit forces.

The SPN system is based on the finite element method. A discrete model
consists of the beam curvilinear elements with two nodes and the springy elements.
Curvilinear elements are used for a modeling of wires of windings. The vertical
spacers and the insulation of conductors are modeled by springy elements.

Critical loads are obtained from nonlinear static analysis (incremental
equilibrium equation (1)) . They can be estimated in two ways. The former is based
on the linear stability analysis and the later is the analitical method. The stability
analysis leads to generalised eigenvalue problem (4,6) which is solved by Lanczos or
Stodola methods. The results of the analitical method (8) are obtained according to
the distribution of the nonlinear problem solution in the base of eigenvectors. This
method can be used for numerical and experimental data.
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FLEXURAL STRENGTH OF STEEL PANELS USING HIGH-STRENGTH,
LOW-DUCTILITY STEEL

SHAOIJIE WU
Sargent & Lundy, Chicago, IL 60603, U.S.A.

WEI-WEN YU and ROGER A. LABOUBE
Department of Civil Engineering, University of Missouri-Rolla, Rolla, MO 65401, U.S.A.

Ninety-three cold-formed deck panel specimens were tested using the Structural Grade 80 of
ASTM A653 steel (formerly ASTM A446 Grade E steel) to evaluate the flexural strength of the
deck panels and their performance as affected by high-strength and low-ductility of the steel.
The panels were tested in both two-point and one-point loading conditions. The test results
indicated that for the panel specimens with small w/t ratios, the tested yield moments were
reached and are compared reasonably well with the calculated effective yield moments.
However, for the panel specimens with large w/t ratios, the tested ultimate moments are lower
than the calculated effective yield moments, but much larger than the calculated moments using
the specified value of 60 ksi (414 MPa). A modified yield strength reduction factor was
developed for the design of flexural strength of members with yield strength exceeding 80 ksi
(552 MPa).

1. Introduction

Cold-formed steel decks have been widely used in buildings as a load-carrying
structural element, such as floor and roof decks (Yu 1991, SDI 1992, USD 1994).
One of the main structural functions for the steel decks is to carry live and dead loads
and transfer the loads to beams or girders. As a result, the decks work as flexural
members. The steel decks usually consist of several hat-shaped ribs formed together
in their cross section. When such decks, either in single-span or multi-span, are
subject to uniform or concentrated loads, the overall stability of the decks, such as
lateral torsional buckling, often does not control the moment capacity of the member.

In the United States, it is a common practice that steel decks are made of the
Structural Grade 80 of ASTM A653 steel (formerly ASTM A446 Grade E steel). The
unique property of the Structural Grade 80 steel, as compared to the conventional
steels used for cold-formed members, is that it has high specified yield strength F,=80
ksi (552 MPa) and a low tensile-to-yield strength ratio (F/F,=1.03). The ductility of
the steel is unspecified (ASTM A446) and was reported to be smaller than the ductility
requirements for the conventional steels (Dhalla and Winter 1971).

Due to the lack of ductility and the low tensile-to-yield strength ratio of the
Structural Grade 80 steel and considering the required ductility for adequate structural
performance, Section A3.3.2 of the Specification for the Design of Cold-Formed Steel
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Structural Members (AISI 1996) permits the use of the steel for particular
configurations provided that (1) the yield strength, F, used for the design of elements,
members, and structural assemblies, is taken as 75% of the specified minimum yield
point or 60 ksi (414 MPa), whichever is less, and (2) the tensile strength, F,, used for
the design of connections and joints, is taken as 75% of the specified minimum tensile
strength or 62 ksi (428 MPa), whichever is less.

In the past, studies on the strength and performance of structural components made
of the Structural Grade 80 steel were limited (Wu et al, 1995). The reduction of the
specified material properties by 25% for design purposes is based on the fact that the
structural performance of cold-formed members and connections made of such a steel
has not been fully investigated and understood. Therefore, since 1995, a research
project on the strength of flexural members using Structural Grade 80 of A653 steel
has been carried out at the University of Missouri-Rolla to further study the strength
and performance of flexural members and connections made of such a steel.

2. Test program

The deck panel specimens consisted of single and multiple hat-shaped ribs in their
cross sections with a thickness varying from 0.015 to 0.029 inches (0.381 to 0.736
mm). All ninety-three panels were simply supported, among which seventy-two panels
were tested in two-point loading condition, sixteen panels in one-point loading
condition, and five panels with screws penetrating through tension flanges in two-point
loading condition. Three yielding conditions were considered in the design of the
panels, namely, first yielding in the compression flange only, yielding in both
compression and tension flanges simultaneously, and yielding in the tension flange
only. The actual w/t ratio ranged from 17.93 to 189.95 and the actual h/t ratio ranged
from 17.67 to 104.43. The actual angle between planes of the web and bearing
surface varied from 59.06 to 62.21 degrees. The actual yield strength of the sheet
steels varied from 103.9 to 112.5 ksi (716 to 776 MPa). Six to eighteen strain gages
were used for each panel to measure extreme tensile and compressive fiber strains.

3. Evaluation of test results

For the two-point loading condition, the test results indicated that for the panels with
small w/t ratios (17.93 to 61.07), the tested yield moments were reached and compared
reasonably well with the calculated effective yield moments using actual dimensions,
actual yield strength of the steel, and the 1996 AISI Specification. However, for the
panels with large w/t ratios (102.86 to 189.95), the tested ultimate moments were
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lower than the calculated effective yield moments using the actual yield strength of
the steel, but much larger than the calculated moments using the specified value of 60
ksi (414 MPa).

The panels in the one-point loading condition developed higher ratios of the tested
ultimate moment to the calculated effective yield moment using the actual yield
strength of the steel, but demonstrated less overall ductility in the load-displacement
relationship as compared to the panels in the two-point loading condition.

The tested ultimate moment and displacement for the panels with screws
penetrating through tension flanges were nearly equal to those of the panels without
screws. Only one 22 gage panel with 27% reduction in the tension flange and
designed for first yielding in the tension flange experienced tensile fracture and
necking near the screws after the panel entered a plateau in its load-displacement
curve. Fracture was not observed in all of the panels with no screws after tests.

A modified yield strength reduction factor, ¢, was developed to account for the
reduced flexural strength for members with large w/t ratios. An earlier study (Pan,
1987) on the effective design width of high strength cold-formed steel members
indicated that a correlation exists between a yield strength reduction factor and a factor
of (w/t)(F/E). This reduction factor was modified to include the test data obtained
in this program (Wu et al, 1996). The modified yield strength reduction factor is
written as follows:

04
@ =1-026 wh 1 (1
t E 15

In predicting the flexural strength, the actual yield strength, F,, is multiplied by the
reduction factor, ¢, to obtain a reduced yield strength, @F,, that replaces F, in the
AISI effective width formula. A comparison between the tested moments and the
calculated moments using the modified yield strength reduction factor is shown in Fig.
1. In the figure, the legend "g" is for the ratio of the tested yield moment obtained
by Pan (1987) to the calculated moment using the yield strength reduction factor
developed by Pan; the legend "*" for the ratio of the tested yield moment obtained in
this project to the calculated moment using the actual yield strength of the steel; the
legend "a" for the ratio of the tested yield moment obtained in this project to the
calculated moment using the modified yield strength reduction factor; and the legend
"m" for the ratio of the tested yield moment obtained by Pan (1987) to the calculated
moment using the modified yield strength reduction factor. It is shown in the figure
that reasonable agreement is reached between the tested moment and the calculated
moment using the modified yield strength reduction factor.
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4. Conclusions

It is conservative to design the flexural strength of cold-formed members made of the
Structural Grade 80 of ASTM A653 steel by using 75% of the specified minimum
yield strength of the steel or 60 ksi (414 MPa) (whichever is less), especially for the
members with small w/t ratios. A modified yield strength reduction factor was
developed for the design of flexural strength of members with yield strengths
exceeding 80 ksi (552 MPa). Reasonable agreement is achieved between the tested
moments and predicted moments using the modified yield strength reduction factor.
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STABILITY OF AN ELASTIC-PLASTIC SANDWICH CYLINDRICAL
SHELL UNDER COMBINED LOAD

J. ZIELNICA
Institute of Applied Mechanics,Poznan University of Technology,
Piotrowo 3, 60-965 Poznan, Poland

The paper deals with elastic-plastic stability analysis of a sandwich cylindrical shell of cicrular cross
section under combined external load. The shell consists of two load-carrying faces made of
isotropic, compressible work-hardening material and they are of different thicknesses and made of
different material properties. It is assumed that the shell is loaded by three-parametrical external
loading and the shell can be deformed into the plastic range before buckling. The physical relations
used in the analysis are those of the incremental Prandt!-Reuss plastic flow theory with Huber-Mises
yield condition. The virtual work principle is the basis to obtain the governing stability equations and
the orthogonalization method is used to solve the differential equations of the considered problem.

1. Introduction

Thin-walled sandwich shells have a high structural efficiency and they are often used
in the design of aerospace vehicles. They are characterized by a comparatively high
load to weight ratio and they have thermo and vibroisolation properties. From a
practical point of view one can find a very interesting case of sandwich cylindrical
shell under combined, axisymmetrical, external loadings.

The objective of the paper is the analysis of the stability paths of a sandwich
cylindrical shell under combined load basing on the assumptions of moderately large
deflections (geometrically nonlinear theory) and elastic-plastic properties of the
material of the faces. In Refs (1,2) the linear and nonlinear prebuckling and
bifurcation buckling analyses of elastic plastic cylindrical and conical shells are
described and discussed. The considered shell consists of two load-carrying faces
made of isotropic, compressible, work-hardening material and they are of different
thicknesses and made of different material properties (see Fig.1). The Kirchhoff-
Love hypotheses hold for the faces, and the active deformation processes are
considered. The core is assumed to be elastic, incompressible in the normal z
direction and it resists transverse shear only. The physical relations used in the
analysis are those of the incremental Prandtl-Reuss plastic flow theory with Huber-
Mises yield condition, so, the factors of local stiffness matrix depend on mechanical
and geometrical properties of the material and also on the stresses in the prebuckling
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stress state. Prebuckling stress state is taken to be membrane one and the virtual
work principle is the basis to derive the strain energy expression. The nonlinear
stability equations are solved by Galerkin method and the results are presented in a
diagram.

2. Assumptions, geometrical and constitutive relations

The subject of the analysis is a sandwich cylindrical shell of circular cross section;
the element of the shell is shown in Fig.1.

upper face

core
V)

~.

lowar face \
B ——— -

Fig. 2.1 Cylindrical shell element

The following basic assumptions hold for the accepted model:
- the shell is thin-layered, the core is elastic, incompressible in the z direction, the
faces are of different thicknesses and they are made of different materials
- the shell is shallow, the radii of curvatures of the layers are assumed to be equal
- strains in the shell are described by nonlinear geometrical relations of the theory
of moderately large deflections
- the strains in postbuckling stress state are elastic or elastic-plastic
- the displacements in normal direction does not depend on the z coordinate, and
prebuckling stress state is the membrane one
- constitutive relations in the analysis are those of the J, Prandtl-Reuss plastic
flow theory with the H-M-H yield condition and bilinear stress-strain relation.
The above assumptions allow us to apply te so called broken line hypothesis to
describe the geometrical relations between the displacement vector components u, v,
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and w of arbitrary point of the shell and the displacements of the points on the
middle surfaces of the specific faces: u,, Ug, W (,f=1,2). Using these assumptions
one may describe the displacements of arbitrary points in the specific layers:

- inner face (h<z<h+h))

1
w- = Wl, u— =u‘—{z—(h +Ehl)}wl,x’ V_ =vl-{z—(h+%hl)}‘vl'ya (l)

- outer face (h+hy;)<z<-h

}V+ = Wz, u+ = u2 —[Z +(h +%h2)}W2’x, V+ = V2 _[Z'{'(h +‘2{h2)}wz’yy (2)

-core (-h<z<+h), w.=w

-

1 1 z|1 1
u, = E(l‘x +uy) +Z(hl _hZ)Wc,x '*';-‘2‘(”1 "”2)‘*‘2(;’1 "'hz)wc,x} )

1 1 zi1 1
v, = -2—(v1 +V2)+Z(h1 —hz)wc,y +71-_§'(V1 -Vz)'*'z(hl +h2)wc,y]’

The analysis in this paper is based on energy minimization, where the total strain ¢
in the shell can be expressed in terms of middle surface strains and changes in
curvature and these reference surface quantities can then be expressed in terms of
displacement vector components. By the assumption that the variation of
displacements accross the thickness of the core is linear, the following expressions
are derived for the variations of strains in faces of the shell

1 2
o =uwi+o(Wi)f, & =vieewing,
+ + w14\ + +
5&';, =u, ——E-*"Z—(w'y) , 5}’;2 =w,+v,, 4

+
5}31 =w, +v3,
where J¢,, J¢, are the strains along the x, y coordinates, respectively, dy,,, &7,,,

07, , are the shear strains in the shell. Here the superscripts + and - denote the upper

and the lower faces, respectively. As it follows from the assumptions, the effective
stress in the shell faces can exceed the yield stress for the shell material. Thus,
physical relations of the appropriate plasticity theory must be used. In this work the
use 1s made of the incremental plastic flow theory to derive the stability equations.

In the J, incremental plastic flow theory the stresses and stress increments are
related with strain increments by constitutive flow rule and yield condition,

- 301 -



generalized on the case of stress hardening. The basic equations of this theory of
plasticity are as follows

1 . 1 . <
D‘;: = ADO.+2—5D;7, e; = /?.S‘U- +E-Sij (5)
Here D, 1 D, are the deviators of strain and stress rates, A is a parameter of stress

hardening that can be determined from the yield condition. The increments of plastic
strains can be represented in the form of

1 3v
dg; =E(do-ij B u 1+ v J+3d’1(°’ é‘uo'm)
1 1 dé? ©
Om =7 Ok » d/l-—‘g_
3 2 o

The resultant middle surface forces and moments in the shell are defined as follows

h+h,
ONup= ONgs+ 6N 5= J&o‘aﬁd J&o‘
~(h+n,) 7
h+h, )
M o= M tp+ M5 = j& 0, pd + _[5 5l
h+—h2

We mention that these expressions reflect the fact that the shell thickness is small
compared to the radius. After integration Eqns (7) reduce to the form of

ON, =b),08, +b),065, — by307,5, M, = —d 6K, — dy,6ic; + dy36k,,
ON o, = =b3108)) — b3,065; + b330, OM,, = +d; 6k, +d3, 0k, — dy30K,

The coefficients of the local stiffness matrices bij and dij are as follows

bll——dll Wo{2(1+v)+'//t[1;v(26 —O—) +9_I§zpjl}’

12 12 I+vi— _ y.— _— -
by, = b, =_t§'d12 e d21 %{2 V(l‘*' V)‘ Wz[T(ZUs‘ %)(2%‘ O's)+9f3¢]}

6 12
by; = by, =7§‘d|3= 2 —dy;, =3y, p,T, w[(Z v)o, -(1-2)5, ] (%)

Here y, is a function of stress parameters and y, = E/E, —1.

Barred symbols in (9) are the relative prebuckling stresses related with the effective
stress oj. The constitutive relations are the functions of tangent modulus E;.
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3. Equilibrium equations

We use the wirtual work principle to derive the equilibrium equations for the shell
element (see Fig.2.1).

STI=6(U-4)=0 (10)

From Eqn (10) we conclude that if the shell is given the small virtual displacements,
the equilibrium still persists if an increment of the total potential energy of the
system OIT is equal to zero. Relation (10) is the basis to derive the variational
equation of equilibrium of a shell. For cylindrical sandwich shell the total potential
energy of internal forces is equal to the energy of the specified layers.

U=U*+U" +U, (11)
The terms in Eqn (11) and the work of external forces A4 are as follows
! 2m‘i’
——f _[ SNZSE: +ONESss +6NL 67~ Jdvdy, (12)

=_J[

1 2R 2R
A=I j qwdxdy +{ J. [N;’(ua+hl [__[hz uﬂ‘*‘h(h;;th)w,x)'*'
00

(562 +68,, +2v,0¢6,.6¢, +1 yzxyc)+Gc(5r;c+5yfm)}dV

0

, (13)
. N;[va h I—{hz byt h(h;;{hz) v ﬂ dy}
0
Using the above relations we can represent Eqn (10) in the form of
ol = j.zr—é‘u dxdy =0 (14)

where L is a function of the dxsplacement vector components ;. Equation (14) has to
be satisfied for arbitrary values of du;, thus we get a set of five equilibrium equations
for the considered cylindrical shell. Also, using (14), we obtain a set of boundary
conditions. We satisfy identically the first two equilibrium equations if we introduce
a stress function F. Next, we introduce the displacement functions

W=ug, +vg,, @=uUg,—Vg, (15)
and the equilibrium equations are transformed into the set of three differential

equations with unknown functions: F, y, ¢, w. However, the use is also made of the

deformation compatibility equation. In the general solution we take ¢=0. The
following function is accepted to represent the deflection of the shell
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: : 1 . :
w+w, =(f; +f,)sin axsmn9+5f2 [(smi@smllx ~C0sifcos A x) -
(16)
~(sini@sin A,x - cosifcos A,x)| + f; sin’ m—lﬂx—
The displacement function and stress function are determined from equilibrium
equations by direct integration. The last equation of equilibrium, using Eqn (15), and

the determined displacement and stress functions, is integrated by Galerkin method.
As a result we get a set of three nonlinear algebraical equations of the general form

- = . RH&?
G +m2[p+ >

‘}]*'és =f1(f1 "‘2.;10)62 +f22G3 +.f32é4,

~ -~ - 2 ~ ~ ~ ~ ~ A;’ -~
16+ Guo+ (B0 4 1)p4Eg 245 = (4 f)Go+ JGe + J3G,, D)
~ -~ ~ ~ A ~ ~ ~ ~ ~ 2 ~ A ~ ~ ~ ~ - A’ ~ -
S35G6 +f3j2P = (fl +2f10)flGn N '*‘flo) Gz +(fl +f10)f3G13 +f22G14 + f3 f3Gys
g, A .
5o Here G, are integral

expressions  which  are
determined by numerical
40 integration.

The above set of
equations allows wus to

E
N

S ’ determine the nonlinear
S 2 / / ) equilibrium paths for the
8 TN considered shell. Numerical
3 20 T\k\\\\w// / / / calculations were performed
s P\W \\\——/ / / / by an algorithm where the
\ " / branching is introduced for

10 NN elastic or plastic paths. Fig
\\ / 3.1 shows an example of

the numerical solution for a

0.0 ¢ sandwich cylindrical sheel
0.0 40 8.0 12.0 with the faces made of
deflection aluminium alloy PAIN,

Fig. 3.1 Nonlinear equilibrium paths loaded by uniform external

pressure and axial force.
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